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15.1. Introduction

We have already discussed various d.c. network theorems in Chapter
2 of this book. The same laws are applicable to a.c. networks except that
instead of resistances, we have impedances and instead of taking algebraic
sum of voltages and currents we have to take the phasor sum.

15.2. Kirchhoff’s Laws

The statements of Kirchhoff’s laws are similar to those given in Art.
2.2 for d.c. networks except that instead of algebraic sum of currents and

voltages, we take phasor or vector sums for a.c. networks.

1. Kirchhoff’s Current Law. According to this law, in any electri-

Gustav Kirchhoff

cal network, the phasor sum of the currents meeting at a junction is zero.

In other words, 1 =0 ...ata junction

Put in another way, it simply means that in any electri-
cal circuit the phasor sum of the currents flowing towards a
junction is equal to the phasor sum of the currents going
away from that junction.

2. Kirchhoff’s Voltage Law. According to this law,
the phasor sum of the voltage drops across each of the con-
ductors in any closed path (or mesh) in a network plus the
phasor sum of the e.m.fs. connected in that path is zero.

In other words, IR + Ye.m.f. =0 ..round a mesh

Example 15.1. Use Kirchhoff’s laws to find the
current flowing in each branch of the network shown in
Fig. 15.1.

Solution. Let the current distribution be as shown in
Fig. 15.1 (b). Starting from point A and applying KVL to
closed loop ABEFA, we get

40(x +y) —20x+100 = 0 or 3x+y=10

A X B y C
ik 4 4
100/0 50 /90° 100 /0° 50 /90°
%10 %10
20 5 20 3

| | |~ |

F E D
(a) (b)

Fig. 15.1

Similarly, considering the closed loop BCDEB and starting from point B, we have

50 £290°+5y +10 (x+y)=0 or 2x+3y=jl0
Multiplying Eqg. (i) by 3 and subtracting it from Eq. (ii), we get

7x = 30—-j10 or x=4.3 -j1.4 =452 £18°

(1824-1887)

(i)

(i)
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Substituting this value of x in Eq. (i), we have
y = 10-3x=5.95 £ 119.15°=-2.9 + j5.2
X+y = 43-j14-29+j52=14+j3.8

Tutorial Problem No. 15.1

1. Using Kirchhoff’s Laws, calculate the current flowing through each branch of the circuit shown in
Fig. 15.2 [I=0.84 £47.15° A; 1, = 0.7 £—-88.87° A; I, = 1.44 £ 67.12°A]

Vi>5L0° E |:] vi>)20LO° 10L90;§‘>) ISLOO_

Fig. 15.2 Fig. 15.3
2. Use Kirchhoff’s laws to find the current flowing in the capacitive branch of Fig. 15.3 [5.87 A]

15.3. Mesh Analysis

It has already been discussed in Art. 2.3. Sign convention regarding the voltage drops across
various impedances and the e.m.f.s is the same as explained in Art. 2.3. The circuits may be solved
with the help of KVL or by use of determinants and Cramer’s rule or with the help of impedance
matrix [Z,,].

Example 15.2. Find the power output of the voltage source in the circuit of Fig. 15.4. Prove
that this power equals the power in the circuit resistors.

Solution. Starting from point Ain the clockwise direction and applying KVL to the mesh ABEFA,

we get. 3
81, 446) (I, —1,) + 100 £ 0° = 0 4 W B ¢
or _ I (8_—]6) + 1, (1_6) = 100 £ O_° (D) 100 /0° . 3
Similarly, starting from point B and applying KVL to - -16
mesh BCDEB, we get T(" L | — L
4,3 +j4) -(6) (I, -1)=0 + j4
or L3 +1,3-2) =0 (D)
The matrix form of the above equation is F E D
. T Fig. 15.4
8- j6) j6 _ | 11| _[100 <00
j6 G-i2 ~ L] -0
_| (8- j6) 6 ] _ . : o2 _
A=| (8- | — (g _ _i9) —(i6)? = / 30.80
[ i6 3-j2)] (8 —j6) (3 —j2) —(j6)" = 62.5 £ 39.8
_ [10040° j6 - i = -
A —‘ 0 @3- ~ (300 —j 200) = 360 £— 26.6°

A |- j6) 100£0°
=

i6 0 600 £90°
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_ A _360£-266° _ o= Ay 6002900

[ = L= 992 = 576/132°; 1, = —==—""—"—"-—— =0.6£129.8°
LA 6252-39.8° 2 A 625/-39.8°

Example 15.3. Using Maxwell’s loop current method, find the value of current in each branch

of the network shown in Fig. 15.5 (a).

Solution. Let the currents in the two loops be I, and I, flowing in the clockwise direction as
shown in Fig. 15.5 (b). Applying KVL to the two loops, we get

Loop No. 1

25 —1, (40 +j50) —(4 100) (1, -1,) =0

25 —1, (40 —j50) —j 100 1, =0 (1)
Loop No. 2

—60 1, —(4100) (I, -1,) = 0
§100 1, —1, (60 §100) = 0

_ —jlo0l,  _ 100£-90°1,

27 (60— j100) ~ 116.62/-59°

= 0.8575./31°I, ..(ii)

40+i50 40+j50

L L]
6’5 ——-j100 §60 & D — :ID §6OQ

(@) (b)

Fig. 15.5
Substituting this value of I, in (i) above, we get 25 —I, (40 —j50) —j100 x 0.8575 £31°1, =0
or 25-401,+j501, -85.75 £59° 1, =0 (j100 = 100 £ 90°)
or 25-I,(84.16 +j23.5) = 0.

25/ 0°

25/ 0°
+

-j100

25 25
|, = : = 0.286 £15.6° A
17 (84.16+ j235)  87.38 Z15.6°
Also, l, = 0.8575 £ 31° I, x 0.286 /- 15.6° = 0.2452 £ 46.6°A

Current through the capacitor = (1,4,) = 0.286 £ 15.6° -0.2452 £46.6° = 0.107 + j0.1013 =
0.1473 £ 43.43° A.

Example 15.4. Write the three mesh current P
equations for network shown in Fig. 15.6.

Solution. While moving along 1,, if we appl | +

KVL, we get ’ o PPy 10— 3 §10 3 Télobo"
5
-

{410) 1, 40(1, —1,)5 (I, ~15) = 0 s i

AW
or 1, (15410) =101, -51;=0 (1)
In the second loop, current through the a.c. (V 20l ;
source is flowing upwards indicating that its upper l ‘ ’

end is positive and lower is negative. Aswe move 3 s
along 1, we go from the positive terminal of the W T
voltage source to its negative terminal. Hence, we Fig. 15.6
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experience a decrease in voltage which as per Art. would be taken as negative.
451, =10 £30° -8(1, —1;) =10 (1, -1,) = 0
or 101, I, (18 +j5) + 81, =10 £30° (i)
Similarly, from third loop, we get
20 £0° =5(l;—1,) -8 (I;-1,) =1; 3+ j4) =0
or 51, +81,—l;(16 +j4) = 20 L0° (i)
The values of the three currents may be calculated with the help of Cramer’s rule. However, the
same values may be found with the help of mesh impedance [Z,] whose different items are as under :
Z, = -j10+10+5=(15-j10); Z,, = (18 + j5)
Zys = (16+)5);2,,=2,=-10;Z,;=7,,= 8
Z,; = Zy =5 E, =0; E, =40 £30°% E;=-20 £0°
Hence, the mesh equations for the three currents in the matrix form are as given below :

15— j10)  -10 -5 I, 0
-10 ~ @8+j5) -8 |=|lI,|=|-10-300
-5 -8 (16+j5)] |I,| | —2040°

Example 15.5. For the circuit shown in Fig. 15.7 determine the branch voltage and currents
and power delivered by the source using mesh analysis.
(Elect. Network Analysis Nagpur Univ. 1993)
Solution. Let the mesh currents be as shown in Fig. 15.7. The different items of the mesh
resistance matrix [E ] are : ™ >
2 J ] 1
le = (2 + J]_ + 12 —J]_) = (2 + JZ) A_Wv\_fw B H AW D
Zy = (2+1-1+j2)=(1-1)
Z, =Z,=-(G2-j1) =41

. . . e 2 o
Hence, the mesh equations in the matrix form ()10L0° D % D C>5L3Oo
—il

P =) 5] T

are

@
A= Q+j2)(1-1)+1=5 Fig. 15.7
A, = [_( ra3 25 (1—_1'111)} = 10(1 —j1) —j1(4.43 + j2.5) = 125 —j 14.43 = 19.1 £ 49.1°
— (2+ JZ) 10 = i 1 i = — —j
A, _|: -l —(4.43+ j2.5) (2+j2) (443 +j2.5) +j 10 3.86 — 3.86

5.46.4 135° or £225°
I, =A/A = 19.1 /-49.1°/5 = 3.82 £49.1° = 2.5 — j2.89
l,=A,J/A = 546 £ 135%5 = 1.1 £-135° = -0.78 —j0.78
Current through branch BC = |4, = 2.5 §2.89 + 0.78 + j0.78 = 3.28 —j2.11 = 3.49 £ 32.75°
Drop over branch AB = (2 + j1)(2.5 —j 2.89) = 7.89 —j 3.28
Drop over branch BD = (1 —j2) (-0.78 —j0.78) = 2.34 + j0.78
Drop over branch BC = j, (I, -1,) = j1 (3.28 <j2.11) = 2.11 + j3.28
Power delivered by the sources would be found by using conjugate method. Using current
conjugate, we get
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VA, =10(25+j2.89) = 25+j28.9; .~W,=25W
VA, =V, x |,—because -, is the current coming out of the second voltage source. Again, using
current conjugate, we have
VA, = (4.43 +]2.5) (0.78 -j0.78) or W, =4.43x 0.78 +25x 0.78 =54 W
total power supplied by the two sources = 25 + 5.4 =30.4 W

Incidentally, the above fact can be verified by adding up the powers dissipated in the three branches
of the circuit. It may be noted that there is no power dissipation in the branch BC.

Power dissipated in branch AB = 3.82°x 2=29.2 W
Power dissipated in branch BD = 11°x 1=121W
Total power dissipated = 29.2 + 1.21 = 30.41 W.

Tutorial Problems No. 15.2
1. Using mesh analysis, find current in the capacitor of Fig. 15.8. [13.1 £70.12° A]

I B I

}59 Dw QR Dm
== I Dm ) 8 == Ef’D

~)100 £0° T<~>10L0° |:|1+j2 9100L0°

1
[
3+j4
1
| I

M)
M)

Fig. 15.8 Fig. 15.9 Fig. 15.10

2. Using mesh analysis or Kirchhoff’s laws, determine the values of I, I, and 1, (in Fig. 15.9)
[[=272£-588"A ;1 =0.1297" A; I, =2.8 £59.6°A]
3. Using mesh current analysis, find the value of current | and active power output of the voltage source

in Fig. 15.10. [7 £Z-50° A ; 645 W]
4. Find the mesh currents I, I, and I, for the circuit shown in Fig. 15.11. All resistances and reactances
are in ohms. [I, = (1.168 + j1.281) ; I, = (0.527 —0.135); I, = (0.718 + J0.412)]
20 2 10L60°V 10 40 25
3
> i8 | s0/0°v 70 L0°V I+
al 3 ::»jm@ @ Q’) léls l§20 @
4 - /i L -
=20 [0°V
Fig.15.11 Fig. 15.12
5. Find the values of branch currents 1.1, and |5 in the circuit shown in Fig. 15.12 by using mesh
analysis. All resistances are in ohms. [T, =2.008 £0° ; I, = 1.545 £0° ; I, = 1.564 £0°]
6.  Using mesh-current analysis, determine the current I, I, and I, flowing in the branches of the net-
works shown in Fig. 15.13. [I, =87 £137° A; 1, =3 £48.7° A ; I, =7 £17.25° A]

7. Apply mesh-current analysis to determine the values of current I, to I in different branches of the
circuit shown in Fig. 15.14.

[, =2.44525°A51,=1.0 £46.18° A 51, =1.4 £57.17° A ; 1, = 0.86 £166.3° A ; I, = 1.0 £83.7° A]
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L I i L2

e e B f

Tésom’ 30£90°(~) T@zobw

b In Is

Fig. 15.13 Fig. 15.14

15.4. Nodal Analysis

This method has already been discussed in details Chapter 2. This technique is the same although
we have to deal with circuit impedances rather than resistances and take phasor sum of voltages and
currents rather than algebraic sum.

Example 15.6. Use Nodal analysis to calculate the current flowing in each branch of the net-

work shown in Fig. 15.15. p ] 5
Solution. As seen, there are only two principal nodes out of
which node No. 2 has been taken as the reference node. The nodal I |
equations are : 20 5
V(A+i+l)_10040°_50490°=0 . S0 4
120 10 5 20 5 100£.0° 50/90°
0.35V,=5+j10;V, = 5;3’;0 |
= 14.3 +j28.6 = 32.£63.4° Fig. 15.15
| = 100£0°-V, _ 100-14.3-j28.6
1720 - 20

=43 -j1.4 = 4.5 /- 18° flowing towards node No. 1
(or 4.5 £ —18° + 180° = 45 ~£162° flowing away from node No. 1)
AV 0
Iszﬁ:%S= 3.2/63.4°= 1.4 +j2.9 flowing from node No. 1 to node No. 2
0 _) H - _ .

1, = 504950 Vi 150—14-53— 286 _ 14-3; 1214~ 586 +j43=516,1236°

flowing towards node No. 1
£ 123.6° —180° = 5.16 £56.4° flowing away from node No. 1).

Examplel5.7. Find the current I in the j10 Q branch of the given circuit shown in Fig. 15.16
using the Nodal Method. (Principles of Elect. Engg. Delhi Univ.)

Solution. There are two principal nodes out of which node No. 2 has been taken as the reference

node. As per Art. 0w @ o
1, 1 1) 100£0°100£-60°_,
H6+j8 6-j8 jl0 6+j8 6-j8
100 £—60°

V,(0.06 —j0.08 + 0.06 + j0.08 —j0.1) = 6 —j8 + 9.93 —

j1.2 = 18.4 £30°
V,(0.12 -j0.1)
V, x 0.156 £85.6°

18.4./30° or o)
18.4 £ 30° Fig. 15.16
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V, = 18.4 £ 30°/0.156.485.6° = 118/ 55.6°V
V = V,/j10 = 118./55.6%j10 = 11.8.£34.4°A
Example 15.8. Find the voltage V,g in the circuit of Fig. 15.17 (a). What would be the value of
V, if the polarity of the second voltage source is reversed as shown in Fig. 15.17 (b).

Solution. In the given circuit, there are no principle nodes. However, if we take point B as the
reference node and point A as node 1, then using nodal mathod, we get

1, 1 10£0°  10£30°
V| =+ - - - =
1(10 8+j4) 10 8+ j4 0

V,x 0.2 4 141° = 1+1.116 +j0.066 = 4.48.1.78°

V, = 4.48/1.78°0.2.414.1° = 22.4,15.88°
When source polarity is Reversed
4 i4
A ? o A ﬁ? >
+ + + -
Y~>10L0°v 10£30°v(~=) } $(&10Lo°v 10£30°v(~) }
= = = 4
B B
L 1
(@ ®)
Fig. 15.17
1 1 10£0° |, 10£30°
V| =+ — |- + — =0 or V, =0.09 £223.7°
1(10 8+j4] 10 8+ j4 !

Example 15.9. Write the nodal equations for the network shown in Fig. 15.18.

Solution. Keeping in mind the guidance givenin
Aurt. 2.10, it would be obvious that since current of the
second voltage source is flowing away from node 1, it
would be taken as negative. Hence, the term contain-
ing this source will become positive because it has been
reversed twice. As seen, node 3 has been taken as the
reference node. Considering node 1, we have

1072154 5

1, 1 1) Vo  1040° 10430° _, s
! 4+j4 10 j5 Fig. 15.18
Similarly, considering node 2, we have

1 1, 1 Vi 5.0
(VA ST S S S 2
2(4+]4+5+6—18) 414 5

Example 15.10. In the network of Fig. 15.19 determine the current flowing through the branch
of 4 Q resistance using nodal analysis. (Network Analysis Nagpur Univ. 1993)

Solution. We will find voltages V, and Vg by using Nodal analysis and then find the current
through 4 Qresistor by dividing their difference by 4.
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1,1 1 Vg 50.30°
Vz(g Z ﬁ)_TB— 5 =0 ...for node A

V(9 —j10) -5V = 200 £30° (i)
Similarly, from node B, we have

1.1, 1 ) Va 50290°_, . o)\ = 0= i ii
VB(4+2+_J'2) 23080 g vy (3+]2) -V, = 100 £90° = 100 . (i)

V, can be eliminated by multiplying. Eq. (ii) by (9410) and adding the result.

Vg(42 —j12) = 1173 +j1000 or V = % = 35.29./56.3° = 19.58 + j29.36

Substituting this value of V in Eq. (ii), we get
V, = Vg8 +j2) —j100 = (19.58 +j29.36) (3 +j2) —j100 = j27.26
V, -Vg = ] 27.26 —19.58 —j29.36 = —19.58 —j2.1 = 19.69./186.12°
I, = (V) —Vg)/4 = 19.69/186.12°/4 = 4.92./186.12°

For academic interest only, we will solve the above question with the help of following two
methods :

5 4 2 WA B
. L L+ 11504300 _ -2 7
g)somo gﬂ T2, L90°<2 QD 9 gﬂ 9 T 9 ~50£90°

(a) (b)
Fig. 15.19

Solution by Using Mesh Resistance Matrix
Let the mesh currents I, I, and I be as shown in Fig. 15.19 (b). The different items of the mesh
resistance matrix [R ] are as under :
R;=(B+j2);Ry = 4;Ry;3=(2-2) ; R, =R, =—j2;
Rp3= Ry =12 Ry =R;3=0
The mesh equations in the matrix form are :

G+j2) -j2 0 I, | [50£30°
-20 4 2 = |hLl=| 0
0 i2 222 I —j50

A=(5+j2) [42 —j2) - (12 % j2)] ~(42) [(42) (242)] = 84 —j24 = 87.4 £15.9°

(G+j2) (433+j25 -0 o
A, = { -j2 0 ji2 } = (5 +]2) [{2 (#50)] +
0 —j50 2-j2)

j2 [43.3 + j25) (2 —j2)] = —427 + j73 = 433./170.3°
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I, AJA = 433./170.3%/87.4.£15.9° = 4.95./186.2°

Solution by using Thevenin’s Theorem

When the 4 Qresistor is disconnected, the given figure becomes as shown in Fig. 15.20 (a). The
voltage V, is given by the drop across j2 reactance. Using the voltage-divider rule, we have

V,=50,30°% —12_ = 1857./98.2° = —2.65 + j18.38
5+ j2
Similarly, Vg, = 50290° 2‘_‘?2 = 35.36./45° = 25 + j25
Vy =V, —Vy = —2.65 + 18.38 —25 —j25 = 28.43/193.5°
R, =5[i2 + 2| (42) = J10 . —i4 4 1689+i0.72
R j

The Thevenin’s equivalent circuit consists of a voltage source of 28.43 £ 193.5° V and an im-
pedance of (1.689 + j0.72) Q as shown in Fig. 15.20 (c). Total resistance is 4 + (1.689 + j0.72)
=5.689 +j 0.72 =5.73£7.2°. Hence, current through the 4 Qresistor is 28.43 £193.5%/5.73£7.20°
=4.96 £ 186.3°.

1.689+0.72

T
C ;50L30° % I 50L90:( ) % I
B

28 43/193.5°
(@) (©)

AN
~

Fig. 15.20

Note. The slight variations in the answers are due to the approximations made during calculations.

Example 15.11. Using any suitable method, calculate the current through 4 ohm resistance of
the network shown in Fig. 15.21. (Network Analysis AMIE Sec. B Summer 1990)

Solution. We will solve this question with the help of (i) Kirchhoff’s laws (ii) Mesh analysis and
(iii) Nodal analysis.
(i) Solution by using Kirchhoff’s Laws

Let the current distribution be as shown in Fig. 15.21 (b). Using the same sign convention as
given in Art. we have

First Loop =10(1, + 1, + 13) =(§5) I, + 100 = 0

or I, (10 —j5) + 10 15 + 101, = 100 (D)
Second Loop S, + 1) -4, + (45) 1, =0

or 51, +91,+51;=0 (i)
Third Loop 4, (8+j6)+4l,=0

or Ol, +4l,-1,(8+j6)=0 . (10)

The matrix form of the above three equations is
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(10-j5 -10 10 I 100
j5 9 5 I, =] O
0 4 —@B+j6)] |1, 0
A = (10-j5)[9 (8 +j6) —20] —j5 [10(8 + j 6) —40]
= —1490 + j 520 = 1578.2160.8°
Since we are interested in finding 1, only, we will calculate the value of A,.

(10-j5) 100 10
= i5 0 5
0 0 -8+ j6)
=—-j 5 (-800 —j 600) = —3000 + j 4000 = 5000 ~ 126.9°
A, _ 500.0/126.9°

2

l,=—% = === =317 /- 339°A
2 A 1578.,160.8°
(ii) Solution by using Mesh Impedance Matrix
'\i\(/)\/‘A 'V\SN‘B (h+b+5) (b+b), ) 10 5
= AN
4 b
b= g 8 8 ; 8
100£0° ==—j5 =4 =5 4 S @ ==_15\{_2> §4@
B i6 i6 =T i6
c
@ ! ®) ©
Fig. 15.21

Let the mesh currents I, I, and 1, be as shown in Fig. 15.21 (c). From the inspection of Fig.
15.21 (c), the different items of the mesh impedance matrix [Z, ] are as under :

Z,, = (10-j5);Z, =(9-j5);Z33= (12 +j6)
Z,)=Zyy = ~(-5)=]5Z,3=23=-42Z3=2,3=0
Hence, the mesh equations in the matrix form are :

[(10—]5) j5 0 ”l1] [100]
5 (9-j5) 4 I, |=| 0
0 -4 (12+6) 0

13
A

(10 —j 5) [(9 —j 5) (12 + j 6)46] 5 (j 60 —30)
1490 - j 520 = 1578./19.2°

It should be noted that the current passing through 4 Qresistance is the vector diference (1, -15).
Hence, we will find I, and I, only.

{(10— j5) 100 0
i5

)= 0 -4 |=j5(1200 + j600) = 3000 —j6000 = 6708 £63.4°

0 0 @2+ j6)

105 ©- 4j5) 8 = —j 5 (400) = —j 2000 = 2000 £90°

10-j5 j5  100]
A, =

_ A, 6708/-63.4°

2=X =1578,-1920 - 4.25 £ 44.2° = 3.05 —j 2.96



610 Electrical Technology

_A; _ 2000£-90°  _ 0 — i
3= 3 “1578,100 - 127 £-70.8°=042 - 1.2

Current (I, =13)
(iii) Solution by Nodal Analysis
The current passing through 4 Qresistance can be found by finding the voltage Vg of node B

with the help of Nodal analysis. For this purpose point C in Fig. 15.21 (a) has been taken as the
reference node. Using the Nodal technique as explained in Art. we have

2.63 —j1.76 = 3.17 £ 33.9°

1 1, 1 ) Vg 100£0° _
VA(10+5+_J_5) 5 10 =0 ..for node A
V,(B+j2)-2V, = 100 (1)
Similarly, for node B, we have
1.1 1 Va ; - o
4= ——A- or Vg(53-j6)-20V, =0 (i
VB(5+4+(8+j6)) 5 =" 5(53 716) 20V, i

Estimating V, from Eq. (i) and (ii), we have
Vg(131+j88) = 2000 or Vg =12.67 £33.9°
Current through 4 Q resistor 12.67 £33.9%/4 = 3.17 £33.9°

Tutorial Problems No. 15.3

1. Apply nodal analysis to the network of Fig. 15.22 to determine the voltage at node A and the active
power delivered by the voltage source. [84£3.7° V; 9.85 W]
2. Using nodal analysis, determine the value of voltages at models 1 and 2 in Fig. 15.23.

[V, =88.1 £33.88° A; V, = 58.7£72.34°A]
1 j15 2
00

-

TélOLO" é‘ét

4L

100/90°
Q)

Fig. 15.22 Fig. 15.23
3. Using Nodal analysis, find the nodal voltages V, and V, in the circuit shown in Fig. 15.24. All
resistances are given in terms of siemens [V,=1.64V:V,=0.38V]

2A

[ 0lo} ®

6V 1 4 4 0.01 0.04
X 1A SA

Fig. 15.24 Fig. 15.25 Fig. 15.26




A.C. Network Analysis 611

4. Find the values of nodal voltages V, and V, in the circuit of Fig. 15.25. Hence, find the current going

from node 1 to node 2. All resistances are given in siemens. [V,=327V;V,=293.35V ;6.73 A]
5. Using Nodal analysis, find the voltage across points A and B in the circuit of Fig. 15.26: Check your
answer by using mesh analysis. [32 V]

15.5. Superposition Theorem

As applicable to a.c. networks, it states as follows :

In any network made up of linear impedances and containing more than one source of e.m.f., the
current flowing in any branch is the phasor sum of the currents that would flow in that branch if each
source were considered separately, all other e.m.f. sources being replaced for the time being, by their
respective internal impedances (if any).

Note. It may be noted that independent sources can be ‘killed” i.e. removed leaving behind their internal
impedances (if any) but dependent sources should not be killed.

Example 15.12. Use —j4 —j4 —j4
Superposition theorem to I} i Q I}
find the voltage V in the L. 5 L . 5 2 .
network shown in Fig. 1ozoe(})v 50£90°(~) 10L0 G v v 50L90°
15.27. - %ﬂ - - i %j“ -

Solution. When the = _
voltage source is killed, the @ ®) © ©
circuit becomes as shown
in the Fig. 15.27 (b) Us- i

Fig. 15.27

ing current-divider rule,

—i4
= 1040°xm, Now, V' =1(3+j4)
—_14(? 19 53340

Now, when current source is Killed, the circuit becomes as shown in Fig. 15.27 (c). Using the
voltage-divider rule, we have

vV =10

B+i4) _ :
G a4 = 067+i50

drop V=V’ +V” =53.3 40 (66.7 + j50) = —13.4 + j10 = 16.7 £ 143.3° V

V' = 50£90° x

Tutorial Problems No. 15.4

1. Using Superposition theorem to find the magnitude of the current flowing in the branch AB of the
circuit shown in Fig. 15.28.

A
I
3 5 2Q 4
)
il I;
}&)0L50° 20£-50°(~) 4 (@RS 5£3687° (~)}
¥ = = 4
B
Fig. 15.28 Fig. 15.29

2. Apply Superposition theorem to determine the circuit I in the circuit of Fig. 15.29. [0.53 £5.7° A]
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15.6. Thevenin’s Theorem

As applicable to a.c. networks, this theorem may be stated as follows :

The current through a load impedance Z, connected across any two
terminals A and B of a linear network is given by V,, /(Z, + Z,) wher V,;, is the
open-circuit voltage across A and B and Z,;, is the internal impedance of the
network as viewed from the open-circuited terminals A and B with all volt-
age sources replaced by their internal impedances (if any) and current sources
by infinite impedance.

Example 15.13. In the network shZown in Fig. 15.30. Leon-Charles Thevenin

Z,=8+j8)Q,;7Z,=(848)Q;Z;=(2+j20); V=10 £0°and Z, =j10 Q

Find the current through the load Z, using Thevenin’s theorem.

Solution. When the load impedance Z, is removed, the circuit becomes as shown in
Fig. 15.30 (b). The open-circuit voltage which appears across terminals A and B represents the
Thevenin voltage V,,. This voltage equals the drop across Z, because there is no current flow through
Z,

Current flowing through Z; and Z, is

I=V(Z,+Z,) = 10 £0°[(8 +j8) + (8 —j8)] = 10 £0%16 = 0.625 £0°
Vy, = 1Z,=0.625 (8 —j8) = (5—-5) = 7.07 £—45°

The Thevenin impedance Z,, is equal to the impedance as viewed from open terminals A and B

with voltage source shorted.

Zy=23+2,||Z, =(2+)20)+(8+]8)][| (8-j8)=(10+20)

(@ ®)

Fig. 15.30

The equivalent Thevenin circuit is shown in Fig. 15.30 (c) across which the load impedance has
been reconnected. The load current is given by

Lo Ve G-»  _-i

Lz, +Z, 10+ j20)+ (—-j10) 2

Example 15.13 A. Find the Thevenin equivalent circuit at terminals AB of the circuit given in
Fig. 15.31 (a).

Solution. For finding V, = Vg, we have to find the phasor sum of the voltages available on the
way as we go from point B to point A because V,5 means voltage of point A with respect to that of
point B (Art.). The value of current I = 100 £0°%(6 —j 8) = (6+ j 8)A.
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60/%60" - 13—j1.28
- VWWA—->0 0 A
- 4 L
2 ol .
Q 100 £.0° TQD 96 /—61.3°
—i8 4 )
£
T | g oB
(@) (b)
Fig. 15.31

Drop across 4 Qresistor =

ZAB

across the pure inductor j3 ohm.

4(6+8)=(24+j32)
Vy, = V,g=—(24 +)32) + (100 + j 0) -60(0.5 + j 0.866)
= 46 —j 84 = 96 £ 61.3°

Z,=[10+[4]](2-18)] = (13 -j1.28)
The Thevenin equivalent circuit is shown in Fig. 15.31 (b).
Example 15.14. Find the Thevenin’s equivalent of the circuit shown in Fig. 15.32 and hence

calculate the value of the current which will flow in an impedance of (6 + j 30) Q connected across
terminals A and B. Also calculate the power dissipated in this impedance.

Solution. Let us first find the value of V,;, i.e. the Thevenin voltage across open terminals A and
B. With terminals A and B open, there is no potential drop across the capacitor. Hence, V,,, is the drop

613

Drop across the inductor = 10 +_JO = j3(_) = 130@-J3) _ (3.6 +j4.8)V
(4+1i3) 4+03 443
. —20 y —j20 (1.44—j18.1)
AMA |F—o4 AN |—o4 ——:—o—
A L
<~ 10£0° % 3 gﬁ G>3.6+j4.8 %[J
B
oB —oB
(a) () (©
Fig. 15.32

Let us now find the impedance of the circuit as viewed from terminals A and B after replacing the
voltage source by a short circuit as shown in Fig. 15.32 (a).
Z,=-J20+4||j3 = —j20 + 1.44 +j1.92 = 1.44 —j18.1
The equivalent Thevenin circuit along with the load impedance of (6 + j30) is shown in
Fig. 15.32 (c).

(3.6 + j 4.8) _ (3.6 + j4.8) _ 6£53.1° _ 0.43 £ 4.9°

Load current = - _ = ] =
(1.44-j18.) + (6+ j30) (7.44+ j11.9) 14.58°

The current in the load is 0.43 A and lags the supply voltage by 4.9°
Power in the load impedance is 043*x 6=1.1W
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Example 15.15. Using Thevenin’s theorem, calculate the current flowing through the load
connected across terminals A and B of the circuit shown in Fig. 15.33 (a). Also calculate the power
delivered to the load.

Solution. The first step is to remove the load from the terminals A and B. V,, = V,g = drop
across (10 + j10) ohm with A and B open.

100

Circuit current | m

=10 «0°

Vg, = 10(10 +10) = 141.4./45°
Zy, = (410) || (20 +j10) = (10 —j10)
10 10 =10
I} | TA I: : ] A — 4
10—j10
) 0 0, _
TC:‘ 100£0° T(TDMHMSO T<~ 141.4/45° T
%jlo 510 =
—LS' OB B
(a) (c)
Fig. 15.33

The equivalent Thevenin’s source is shown in Fig. 15.33 (b). Let the load be re-connected across
A and B shown in Fig. 15.33 (c).
_ 141.4245° _141.4245° _ 141.4/4%°
L (10-j10)+ (10— j10) 20-j20  28.3°/—45°
Power delivered to the load = I, °R, = 5°x 10 =250 W
Example 15.16. Find the Thevenin’s equivalent across terminals A and B of the networks shown
in Fig. 15.34. (a).
Solution. The solution of this circuit involves the following steps :

(i) Letus find the equivalent Thevenin voltage V., and Thevenin impedance Z.p, as viewed
from terminals C and D.

=5.90°

v Z, _ 100£0°x20 £-30° _ .
Veo =V Z,+Z, =~ 10430°+20 £-30° 755219.1%V
0 —20°
Zep=2)12, = DBOX20 230 _ 555 /10,90 ohm

10£30° + 20 £— 30°
(i1) Using the source conversion technique (Art) we will replace the 5.20° current source by a
voltage source as shown in Fig. 15.34 (b).
Ve = 540°x 10 £ 30° = 50 4 30°
Its series resistance is the same as Z, = 10 4 30° as shown in Fig. 15.34 (b).
The polarity of the voltage source is such that it sends current in the direction EC, as before.

c 2=10£L-30° c 504=30° 10£-30

o—o
E A
) l—(:)—l
R L0°
4 = S 7.55210.9°
) I:IzoL-w
AR T
= 75.5419.1°
-T S VA B 5.1.60° B
- — 1 = | — o
D L T D I
5/ 60° 5
(a) (b)

Fig. 15.34
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(iii) From the above information, we can find V,, and Z,,
04 Vy = Vp = 75.5£19.1° -50 £ 30° = 57 £60.6°

Zy, = Zcp = 10£-30° + 7.55.210.9° + 5£60° = 18.6 £2.25°

The Thevenin equivalent with respect to the terminals A and B is shown
T y 1/ s in Fig. 15.34 (c).

4 ' For finding V ,; i.e. voltage at point A with respect to point B, we start
o B from point B in Fig. 15.34 (b) and go to point A and calculate the phasor
© sum of the voltages met on the way.
Fig. 15.34 s Vg = 75.1£19.1° -50.430° = 57.£60.6°
Zyg = 10230° + 7.55.210.9° + 5£60° = 18.6.£2.25°

Example 15.17. For the network shown, determine using Thevenin’s theorem, voltage across
capacitor in. Fig. 15.35. (Elect. Network Analysis Nagpur Univ. 1993)

Z-p = 15| (10 + j5) = 1.25 + j3.75. This impedance is in series with the 10Qresistance. Using
voltage divider rule, the drop over Z. is

Solution. When load of 45 Qis removed the circuit becomes as shown in Fig. 15.35 (b). Thevenin
voltage is given by the voltage drop produced by 100-V source over (5 + j5)impedance. It can be
calculated as under.

18.6 £.2.25°

(1.25+ j3.75) 125+ j375

Vep = 100 : = .
cb 10+ (1.25+ j3.75) 11.25+ j3.75

This V. is applied across j5 reactance as well as across the series combination of 5Q and
(5 +j5) Q Again, using voltage-divider rule for V-, we get

. 5+i5 _ (25+375) 5+ 5
D™ 10xj5 = 11.25+ j3.75 10+ j5

As looked into terminals A and B, the equivalent impedance is given by
Re=Ryp = 6+J9)[|(5+101j5)=(+j5) [ (7 +)4)=3+j2.33

=21.1£71.57° = 6.67 + j20

Vag=Vin=Vc

MR A 4 RS ain
= Ls {
(Oroo v j5 545 D ="(Oioov Jj5 5+ D
D —L D
(@) ()

Fig. 15.35

The equivalent Thevenin’s source along with the load is shown in Fig. 15.35 (c).
Total impedance = 3 +j2.33 —j5 =3 —j2.67 = 4.02 £ 41.67°
| = 21.1/71.57°/4.02.441.67° = 5.25/113.24°

Solution by Mesh Resistance Matrix

The different items of the mesh resistance matrix [R ] are as under :
R;;=10+])5, R, =10 +j10; Ry; =5;
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Ry, =Ry =-i5; 10 o 5 y
Rys =Ry, =—(5+5); Ry, =Ry3= 0. Hence, the w
mesh equations in the matrix form are as given below :
— + Nl
(10+ j5) —]5 0 |1 100 100 V D i5 9 I—E|::| 9 :E'S
-j5  (0+[110) —(5+j5) |=|1,|=| O B !
| 0 —(5+ j5) 5 Iy 0
A=(10+j5) [5(10 +j10) (5 +j5) (5+]5)] +j5 D B
(425) = 625 + j250 = 673,21.8° Fig. 15.36
[@0+j5) —j5 100 ) )
-j5  (0+j10) 0 | = j5(500+j500)=3535 ~135°
|0 -5+j5 0
l,= AJA = 3535/135%673,21.8° = 5.25/113.2°
Tutorial Problems No. 15.5
1.

4e

t

Determine the Thevenin’s equivalent circuit with respect to terminals AB of the circuit shown in

Fig. 15.37. [V, = 14.3£6.38°, Z = (4 +]0.55) Q]
2+j3 A ®
o) o O
A
5 10 5
[ k[
+ - +
T 25L30° ‘ 10£40° 15/.0°
= B+ =
o)
Fig. 15.37

Fig. 15.38
Determine Thevenin’s equivalent circuit with respect to terminals AB in Fig. 15.38.

[V, =9.5 £6.46° 5 Z,, = 4.4 £0°]
The e.m.fs. of two voltage source shown in Fig. 15.39 are in phase with each other. Using Thevenin’s
theorem, find the current which will flow in a 16 Qresistor connected across terminals A and B.

[V, =100V 5 Z,, = (48 + j32) ; I = 1.44 Z— 26.56"]

4.

5.

j100
OA OA
TO0 oA
| | r
20 80 i 5K M
%
N
b + aF o
100 £0° T 100 L.0° T 12L0° T 500 £.0°
oB __OB __OB
Fig. 15.39

Fig. 15.40 Fig. 15.41
Find the Thevenin’s equivalent circuit for terminals AB for the circuit shown in Fig. 15.40.
[V, = 15.37 £38.66% Z,, = (3.2 + j4) &Y

Using Thevenin’s theorem, find the magnitude of the load current I, passing through the load con-
nected across terminals AB of the circuit shown in Fig. 15.41. [37.5 mA]
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6. By using Thevenin’s theorem, calculate the current flowing through the load connected across terminals
A and B of circuit shown in Fig. 15.42. All resistances and reactances are in ohms.

[V, =56.9 £50.15° 5 3.11 £85.67°]

jls A 10 B
BO——o—M—|
_jg
4 4 5
+ —j3 o b
60 /0° 48
> &7
Fig. 15.42
7.  Calculate the equivalent Thevenin’s source with respect to the terminals A and B of the circuit shown
in Fig. 15.43. [V, = (6.34 + j2.93) V 5 Z,, = (3.17 —j5.07) O
8. What is the Thevenin’s equivalent source with respect to the terminals A and B of the circuit shown
in Fig. 15.44 ?
[V = 033 +8) V; Zy, = 8 —j11) O
10
M I I oA I I oA
—j8 -Jj5
. 4 /\ ~j10
) (~)20Lov
20£0°V i3 120
B 10
oB MM oB
Fig. 15.43 Fig. 15.44

9. What is the Thevenin’s equivalent soure with respect to terminals A and B the circuit shown in Fig.
15.45 ? Also, calculate the value of impedance which should be connected across AB for MPT. All resistances

and reactances are in ohms. [V = (16.87 + j15.16) V; Z,, = (17.93 —j1.75) Q; (17.93 + j1.75 Q)
10L60:V PR j1s

Ot s ww

. j Ao
2A 330 i5
(D 10

iz J 410 == 5§

oB Bo

Fig. 15.45 Fig.15.46 Fig. 15.47

10. Find the impedance of the network shown in Fig. 15.46, when viewed from the terminals A and B. All
resistances and reactances are in ohms. [(4.435 + j6.878)]

11. Find the value of the impedance that would be measured across terminals BC of the circuit shown in

Fig. 15.47.
R .
L TR JQCR)}
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15.7. Reciprocity Theorem

This theorem applies to networks containing linear bilateral elements and a single voltage source
or a single current source. This theorem may be stated as follows :

If a voltage source in branch A of a network causes a current of 1 branch B, then shifting the
voltage source (but not its impedance) of branch B will cause the same current | in branch A.

It may be noted that currents in other branches will generally not remain the same. A simple way
of stating the above theorem is that if an ideal voltage source and an ideal ammeter are inter-changed,
the ammeter reading would remain the same. The ratio of the input voltage in branch A to the output
current in branch B is called the transfer impedance.

Similarly, if a current source between nodes 1 and 2 causes a potential difference of V between
nodes 3 and 4, shifting the current source (but not its admittance) to nodes 3 and 4 causes the same
voltage V between nodes 1 and 2.

In other words, the interchange of an ideal current source and an ideal voltmeter in any linear
bilateral network does not change the voltmeter reading.

However, the voltages between other nodes would generally not remain the same. The ratio of
the input current between one set of nodes to output voltage between another set of nodes is called the
transfer admittance.

Example 15.18. Verify Reciprocity theorem for V & | in the circuit shown in Fig. 15.48.

[Elect. Network Analysis, Nagpur Univ. 1993]

Solution. We will find the value of the current | as read by the ammeter first by applying series
parallel circuits technique and then by using mesh resistance matrix (Art.)

1. Series Parallel Circuit Technique

The total impedance as seen by the voltage source is

12—

=1+[j1]]2-1] =1+ > =15+1
total circuit currenti = 5400.
15+j1

This current gets divided into two parts at point A, one part going through the ammeter and the
other going along AB. By using current-divider rule. (Art), we have
- 5 J1 j5

15+j17 (2+j1-j1) 3+j2

2. Mesh Resistance Matrix
In Fig. 15.48 (b), R;; = (1 +j1),R,, = (2 +j1 1) = 2; R, = Ry, = —j1

@+j) -1 L _ |5] . .- o
2 |, = |io P ATAHID () E1) =3 +])2
_la+jn 5 o A i5

A _|@+] ‘ = 0+i5=i5-1.=1= 22 _

S B R LT T G2

As shown in Fig. 15.48 (c), the voltage source has been interchanged with the ammeter. The
polarity of the voltage source should be noted in particular. It looks as if the voltage source has been
pushed along the wire in the counterclockwise direction to its new position, thus giving the voltage
polarity as shown in the figure. We will find the value of I in the new position of the ammeter by using
the same two techniques as above.
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O
<
J‘
<

Q00

)

£
+ I +
' ,\PV=5 vV j
2 , Z
B
()
A

Fig. 15.48
1. Series Parallel Circuit Technique

As seen by the voltage source from its new position, the total circuit impedance is

_ . . _3+j2
The total circuit current i = 5x 1“1
3+ ]2

This current i gets divided into two parts at point B as per the current-divider rule.

5(1+j1)><' 1 __J5
3+j2 1+j1 3+j2

2. Mesh Resistance Matrix
As seen from Fig. 15.48 (d).

a+rjy —plly _lo]. . _ . L
i) 3 I; =|5[iA=2(1+j1)+1=3+j2
o =l e o A i5
A= = =], =—1=_3
5 2‘ Pil=h= 332

The reciprocity theorem stands verified from the above results.

Tutorial problem No. 15.6

L . N 20 20
1. State reciprocity theorem. Verify for the circuit AMA
Fig. 15.49, with the help of any suitable current
through any element. +
(Elect. Network Analysis Nagpur Univ. 1993) 200/45° gjlo =10 §10
Fig. 15.49
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15.8. Norton’s Theorem

As applied to a.c. networks, this theorem can be stated as under :

Any two terminal active linear network containing voltage sources and impedances when viewed
from its output terminals is equivalent to a constant current source and a parallel impedance. The
constant current is equal to the current which would flow in a short-circuit placed across the terminals
and the parallel impedance is the impedance of the network when viewed from open-circuited termi-
nals after voltage sources have been replaced by their internal impedances (if any) and current sources
by infinite impedance.

Example 15.19. Find the Norton’s equivalent of the circuit shown in Fig. 15.50. Also find the
current which will flow through an impedance of (10 —j 20) Q across the terminals A and B.

Solution. As shown in Fig. 15.50 (b), the terminals A and B have been short-cicuited.

lsc =1y =25/(10 +j 20) = 25/22.36 £63.4° = 1.118 £63.4°

When voltage source is replaced by a short, then the internal resistance of the circuit, as viewed
from open terminals A and B, is R = (10 + j20)€2 Hence, Norton’s equivalent circuit becomes as
shown in Fig. 15.50(c).

(10+520) (10+520)

— I
OA = oA E O A
~ ~
+ + ;g ~ &
@25& C~2 25L0° ;CD = D d D
Isc E ~ -
OB —OB OB
(@ (®) ()

Fig. 15.50
When the load impedance of (10 -20) is applied across the terminals A and B, current through it can
be found with the help of current-divider rule.

|, = 1.118 £63.4° x 0+ j20)

(10+j20)+ (10— j20)
Example 15.20. Use Norton’s theorem to find current in the load connected across terminals A
and B of the circuit shown in Fig. 15.51 (a).
Solution. The first step is to short-circuit terminals A and B as shown in Fig. 15.51 (a)*. The
short across A and B not only short-circuits the load but the (10 + j10) impedance as well.
Iy = 100 £0°(410) =j10 = 10 £90°
Since the impedance of the Norton and Thevenin equivalent circuits is the same, Z, = 10410.

=125A

510
|| A
] ©A A
fiu
4 10 10 IN = o o
t 10000 | 10£90° DE‘ CD10L90° D T d
10 —j10
< oB B
(a) (b) (c)

Fig. 15.51

*  For finding I, we may or may not remove the load from the terminals (because, in either case, it would be
short-circuited) but for finding Ry, it has to be removed as in the case of Thevenin’s theorem.
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The Norton’s equivalent circuit is shown in Fig. 15.51 (b). In Fig. 15.51 (c), the load has been
reconnected across the terminals A and B. Since the two impedances are equal, current through each
is half of the total current i.e. 10.£90°/2 =5 £90°.

Tutorial Problems No. 15.7

1. Find the Norton’s equivalent source with respect to terminals A and B of the networks
shown in Fig. 15.51 (a) (b). All resistances and reactances are expressed in siemens in Fig. 15.51 (a)
and in ohms in Fig. 15.52.

[(@) Iy =- (2.1 - j3) A; 1/Zy = (0.39 + j0.3)S (b) I = (6.87 + j0.5) A; 1/Zy = (3.17 + j1.46S]

1
A oA

10£.0°A OA 6/0°A i 10
CD 02 =05 0.1 CD N
oB 5L0°A 3 10/£30°V
oB
Fig. 15.52 Fig. 15.53

2. Find the Nortons equivalent source with respect to terminals A and B for the circuit shown in
Fig. 15.54. Hence, find the voltage V| across the 100 Qload and check its result by using Millman’s theorem.

All resistances are in ohms. [Iy=9A; Y =0.15S; V| =56.25 £0°]
A
élo ém %50
o " " § 200 2100
50L0°V 40L0°V 150 £L0°V
} ) ) B
Fig. 15.54

3. Find the Norton’s equivalent network at terminals AB of the circuit shown in Fig. 15.55.
[lge = 2.17 £44° A; Zy = (2.4 + j1.47) Q)

j2
—000—-oO0A A
L ©
245
4 5

1

- I
+ "
Tﬁ,)owf’ T%)zuw

oB oB

Fig. 15.55 Fig. 15.56
4. What is the Norton equivalent circuit at terminals AB of the network shown in Fig. 15.56
[Igc = 1.15 £66.37° ; Zy = (4.5 + j3.75) Q)

15.9. Maximum Power Transfer Theorem

As explained earlier in Art. this theorem is particularly useful for analysing communication
networks where the goals is transfer of maximum power between two circuits and not highest
efficiency.
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15.10. Maximum Power Transfer Theorems - General Case

We will consider the following maximum power transfer theorems when the source has a fixed
complex impedance and delivers power to a load consisting of a variable resistance or a variable
complex impedance.
Case 1. When load consists only for a variable resistance R, [Fig. 15.57 (a)]. The circuit current
is
| = %
2 2
\/(Rg +R)?+ X2
_ _ VIR,
Power deliveredtoR isP =~ = ———————
(Rg + R+ Xy

To determine the value of R, for maximum transfer of power, we should set the first derivative
dP,/dR to zero.

dP._ d ngRL _y? [(R, + R+ ng]_ R (Q(Rg+R,) o
R R Ry +R) +Xg | ° [(Rg +R)*+ XgI’

2 2 2 2 2 2 p2
or Ry+2R;R +R+X;-2R R, -2R =0 and Ry + X =R_

— 2 2
R.=RE+X2 = 1Z,

It means that with a variable pure resistive load, maximum power is delivered across the termi-
nals of an active network only when the load resistance is equal to the absolute value of the imped-
ance of the active network. Such a match is called magnitude match.

Moreover, if X, is zero, then for maximum power transfer R, =R,

Case 2. Load impedance having both variable resistance and variable reactance [Fig. 15.57 (b)].

o . v,
The circuit currentis | =

JRg+R? + (X + X,

Zy Zg Zg
' = ] 5 ' -
i ReiXe i ReiXe

XL R IL,
B B B
— o0—
(@) (b)

(©

Fig. 15.57
. _ 2 VIR,
The power delivered to the load is =P = IR = g

(Ry +R)? + (X + X )?
el . o VIR,

Now, if R, is held fixed, P, is maximum when X, =-X . In that case P 9—2

(Rg +R))

If on the other hand, R, is variable then, as in Case 1 above, maximum power is delivered to the

load when R, = R. In that case if R, = Ry and X, =X, then Z, = Z_. Such a match is called

conjugate match.

Lmax ~
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From the above, we come to the conclusion that in the case of a load impedance having both
variable resistance and variable reactance, maximum power transfer across the terminals of the ac-
tive network occurs when Z, equals the complex conjugate of the network impedance Zy i.e. the two
impedances are conjugately matched.

Case 3. Z, with variable resistance and fixed reactance [Fig. 15.57 (c)]. The equations for
current | and power P _are the same as in Case 2 above except that we will consider X, to remain
constant. When the first derivative of P, with respect to R, is set equal to zero, it is found that

RZ = R+ (X, +X)?and R =|Z,+jZ |

Since Z, and X,_are both fixed quantities, these can be combined into a single impedance. Then
with R, variable, Case 3 is reduced to Case 1 and the maximum power transfer takes place when R
equals the absolute value of the network impedance.

Summary

The above facts can be summarized as under :

1. When load is purely resistive and adjustable, MPT is achieved when R, =| Z, = Rs + Xg .

2. When both load and source impedances are purely resistive (i.e. X = Xy = 0), MPT is
achieved when R =R,

3. WhenR and X, are both independently adjustable, MPT is achieved when X =-X;and R
=R,

4. When X is fixed and R, is adjustable, MPT is achieved when R, = \/[RS +(Xg + XL)Z]

Example 15.21. In the circuit of Fig. 15.58, which load impedance of p.f. = 0.8 lagging when
connected across terminals A and B will draw the maximum power from the source. Also find the
power developed in the load and the power loss in the source.

Solution. For maximum power transfer |Z, | = |Z,| /(3% +5%) =5.83Q

For p.f.=0.8,cos ¢ = 0.8 and sin ¢=10.6. . is |
R, =Z, cos$=5.83x 0.8=4.66Q AMW—a——~
X =2, sin$=5.83x 0.6=35Q | %R
4e L
Total circuit impedance Z = \/[(R1 + RL)2 + (X, + XL)Z] @zoéoof : é
-TV |
= f[(3+4.66)%+(5+357] =11.44 O | i X
I =VI/Z=20/11.44 =175 A. B LOAD

Power in the load = I’R, = 1.75" x 4.66 = 14.3 W Fig. 15.58
Power loss in the source = 1.75% x 3=9.2 W,

Example 15.22. In the network shown in Fig. 15.59 find the value of load to be connected
across terminals AB consisting of variable resistance R, and capacitive reactance X which would
result in maximum power transfer. (Network Analysis, Nagpur Univ. 1993)

Solution. We will first find the Thevenin’s equivalent circuit between terminals A and B. When
the load is removed , the circuit become as shown in Fig. 15.59 (b).
. 2+j10
V. = drop across (2 +j10) =50 £45°x ———
t P (2+110) 7410
41.8x 68.7°=15.2+j38.9
5[] (2+j10)=4.1,237°=37+j1.6

Rth
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> A > A
= X

N Pe 2

<)50 [45° )50 Ll45°
- Ry j10
B B
(@) (b)
Fig. 15.59

The Thevenin’s equivalent source is shown in Fig. 15.59 (c)
Since for MPT, conjugate match is required hence, X, = 1.6 Qand R, =3.7 Q

j10

(3.7+i1.6

41.8 /68.7°

@

Tutorial Problem No. 15.8

1. In the circuit of Fig. 15.60 the load consists of a fixed inductance having a reactance of j10 Qand a
variable load resistor R, . Find the value of R, for MPT and the value of this power.

[58.3 Q; 46.2 W]

2. Inthe circuit of Fig. 15.61, the source resistance R, is variable between 5 Qand 50 Qbut R, has a
fixed value of 25 Q Find the value of Ry for which maximum power is dissipated in the load and the value of

this power.
50 —ij40
j10
(P00 Lo> v

Fig. 15.60

%)

~)100 £0°V

F

ig. 15.61

[5Q; 250 W]

15.11. Millman’s Theorem

It permits any number of parallel branches consisting of voltage sources and impedances to be
reduced to a single equivalent voltage source and equivalent impedance. Such multi-branch circuits
are frequently encountered in both electronics and power applications.

Example 15.23. By using Millman’s theorem, calculate node voltage V and current in the j6

impedance of Fig. 15.62.

J6
|
L1

Fig. 15.62
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Solution. According to Millman’s theorem as applicable to voltage sources.

VY, EV,Y, VoY £ VY,
Y +Y, + Yo+l +Y,

1 2-j4 .
- =204 - 001 -j0.02 = 0022 £ 63.4°
[ VR J
1 _2+j4 _ . _ o
2=5- = g0 = 001+i002=0022/634
Y, =% = 0.167 £ 90° = 0 —j 0.167
Y, +Y,+Y, = 0020167

In the present case, V, = 0 and also V,Y, would be taken as negative because current due to V,
flows away from the node.

_ Vi -VoY,  _ 10£0°%0.22/-63.4°—20./30°%0.022.£63.4°

Y, 4Y,+Y, 0.02-j0.167
3.354£177°

Current through j 6 impedance = 3.35£177°/6.£90° = 0.56.£87°

Tutorial Problems No. 15.9

. With the help of Millman’s theorem, calculate the voltage across the 1 K resistor in the circuit of

[2.79 V]
Using Millman’s theorem, calculate the voltage Vg, in the 3-phase circuit shown in Fig. 15.64. All

[Vox = 69.73 £113.53°]

Tzoo L0°V 100

1
Fig. 15.63.
2.
load resistances and reactances are in milli-siemens.
20K 2.5K

e

N (@]

Von 50
. Swa S S 200 /—120° V
1100
200L0°v( )20L0°V rd !

- - 200 /—240° V
OB
Fig. 15.63 Fig. 15.64
3. Define mesh current and node voltage. (Madras University, April 2002)
4. State superposition theorem. (Madras University, April 2002)
5. State Millman's theorem. (Madras University, April 2002)
6.

Two circuits the impedances of which are given by Z; (10 + j 15)Qand Z, = (6 — j 8)Q are
connected in parallel. If the total current supplied is 15 A. What is the power taken by each
branch?

(RGPV Bhopal 2002)
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1. The Thevenin's equivalent resistance Ry, for
the given network is

2Q
AN ®

20

Fig. 15.65

@ 1Q

(b) 2 Q

(c) 4 Q

(d) infinity

(ESE 2001)

2. The Norton's equivalent of circuit shown in

Figure 15.66 is drawn in the circuit shown in

Figure 15.67 The values of Igc and R, in

Figure 11 are respectively

3Q 4/5Q
1
+
2V § 2Q
2
O
Fig. 15.66
o)
1
I gleq
2
0}
Fig. 15.67

5 2
(a);AandZQ (b);Aande

4 12 2
(c) —Aand —Q (d) — Aand 2 Q
5 5 5
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