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9.1 INTRODUCTION

This chapter will introduce the important fundamental theorems of net-
work analysis. Included are the superposition, Thévenin's, Norton's,
maximum power transfer, substitution, Millman’s, and reciprocity
theorems. We will consider a number of areas of application for each.
A thorough understanding of each theorem is important because a
number of the theorems will be applied repeatedly in the material to
follow.

9.2 SUPERPOSITION THEOREM

The superposition theorem, like the methods of the last chapter, can
be used to find the solution to networks with two or more sources that
are not in series or parallel. The most obvious advantage of this method
is that it does not require the use of a mathematical technique such as
determinants to find the required voltages or currents. Instead, each
source is treated independently, and the algebraic sum is found to deter-
mine a particular unknown quantity of the network.
The superposition theorem states the following:

The current through, or voltage across, an element in a linear
bilateral network is equal to the algebraic sum of the currents or
voltages produced independently by each source.

When one is applying the theorem, it is possible to consider the
effects of two sources at the same time and reduce the number of net-
works that have to be analyzed, but, in general,

Number of networks Number of

tobeanalyzed  independent sources G

To consider the effects of each source independently requires that
sources be removed and replaced without affecting the final result. To
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Demonstration of the fact that superposition is
not applicable to power effects.
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FIG. 9.1
Removing the effects of ideal sources.
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remove a voltage source when applying this theorem, the difference in
potential between the terminals of the voltage source must be set to zero
(short circuit); removing a current source requires that its terminals be
opened (open circuit). Any internal resistance or conductance associ-
ated with the displaced sources is not eliminated but must still be con-
sidered.

Figure 9.1 reviews the various substitutions required when removing
an ideal source, and Figure 9.2 reviews the substitutions with practical
sources that have an internal resistance.
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FIG. 9.2
Removing the effects of practical sources.

The total current through any portion of the network is equal to the
algebraic sum of the currents produced independently by each source.
That is, for atwo-source network, if the current produced by one source
isin one direction, while that produced by the other is in the opposite
direction through the same resistor, the resulting current is the differ-
ence of the two and has the direction of the larger. If the individual cur-
rents are in the same direction, the resulting current is the sum of two
in the direction of either current. This rule holds true for the voltage
across a portion of a network as determined by polarities, and it can be
extended to networks with any number of sources.

The superposition principle is not applicable to power effects since
the power loss in a resistor varies as the square (nonlinear) of the
current or voltage. For instance, the current through the resistor R of
Fig. 9.3(a) is I, due to one source of a two-source network. The cur-
rent through the same resistor due to the other source is I, as shown
in Fig. 9.3(b). Applying the superposition theorem, the total current
through the resistor due to both sources is I, as shown in Fig. 9.3(c)
with

lr=1y+ 15
The power delivered to the resistor in Fig. 9.3(a) is

P, =17R
while the power delivered to the same resistor in Fig. 9.3(b) is

P, =13R
If we assume that the total power delivered in Fig. 9.3(c) can be
obtained by simply adding the power delivered due to each source, we
find that

Pr=P,+P,= 1R+ 15R=1%R

or 12=13+13
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This final relationship between current levels is incorrect, however,
as can be demonstrated by taking the total current determined by the
superposition theorem and squaring it as follows:

12=(,+ 1L)>=15+ 1%+ 214,

which is certainly different from the expression obtained from the addi-
tion of power levels.
In general, therefore,

thetotal power delivered to a resistive element must be determined
using the total current through or the total voltage across the element
and cannot be determined by a simple sum of the power levels
established by each source.

EXAMPLE 9.1 Determine I, for the network of Fig. 9.4.

Solution: Setting E = 0V for the network of Fig. 9.4 results in the
network of Fig. 9.5(a), where a short-circuit equivalent has replaced the
30-V source.

I<D3A R1§69 E—=F 30V R1§69

@ (b)

FIG. 9.5
(a) The contribution of | to |; (b) the contribution of E to I,.

As shown in Fig. 9.5(a), the source current will choose the short-
circuit path, and I'; = O A. If we applied the current divider rule,
Rl (OO
"= Re+R 00Q+6Q =0A

Setting | to zero amperes will result in the network of Fig. 9.5(b), with
the current source replaced by an open circuit. Applying Ohm'’s law,

« _ E _ 30V _

1" R 50 5A
Since I’y and 1", have the same defined direction in Fig. 9.5(a) and (b),
the current |, is the sum of the two, and

lLb=17+1"=0A +5A =5A

Note in this case that the current source has no effect on the current
through the 6-Q) resistor. The voltage across the resistor must be fixed
at 30V because they are parallel elements.
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FIG. 9.4
Example 9.1.
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EXAMPLE 9.2 Using superposition, determine the current through
the 4-Q) resistor of Fig. 9.6. Note that this is a two-source network of
the type considered in Chapter 8.

R1
MW
24 Q)
+ +
B\~ 54V R2§120 E, = 48V
40
MWy
Ry —
I3
FIG. 9.6
Example 9.2.

Solution: Considering the effects of a 54-V source (Fig. 9.7):

E 54V
=22V _op
Re 270
R, | Ry
M\ ANV I
uq | —---=- N 48-V battery 240 3
| replaced by short
. | Q. circuit N Ry
E,—==54V R2§129 : - £ = 54V R, ;129 R3§4Q
| _
15
-2
Ry = 40 —
30
FIG. 9.7

The effect of E; on the current | 5.
Using the current divider rule,

ORI (120)2A) _ 24A
R,+R;, 120+4Q 16

Considering the effects of the 48-V source (Fig. 9.8):

'y = 15A

E 48V
l"g=—2=——=4A
Rr 120
Rl
W P : — -
240 1" I
| Ry
CloF | +
R2§120 ET=43V EEEp> R1§24Q R2§129 E,*== 48V
| - | —
| |
,,R3,,/ ,,,R3,,J
Wy Wy
40 80 40
54-V battery replaced
by short circuit
FIG. 9.8

The effect of E, on the current 1.
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The total current through the 4-Q) resistor (Fig. 9.9) is I';= 15A
l3=1"3—1'3=4A —15A =25A (directionof "5 Wy
40
"= 4A
EXAMPLE 9.3
a. Using superposition, find the current through the 6-() resistor of the FIG. 9.9

network of Fig. 9.10. The resultant current for 5.

FIG. 9.10
Example 9.3.

b. Demonstrate that superposition is not applicable to power levels.

Solutions:

Current source replaced
by open circuit

a. Considering the effect of the 36-V source (Fig. 9.11):

E E 36V Ry
|' = — = = :2A A
2R R+R 120+60 __19’(‘{_, l
I .

Considering the effect of the 9-A source (Fig. 9.12):
Applying the current divider rule,

o Rl (120)9A) _ 108A _
27 R+R 120+60Q 18

The total current through the 6-() resistor (Fig. 9.13) is
lLb=1',+1",=2A + 6A =8A

6A

RZ60 |1,=2A |1%=6A EE-R, 60 [I,= 8A

%(—J
Same direction

FIG. 9.13
The resultant current for |.

b. The power to the 6-() resistor is
Power = IR = (8 A)%(6 ) = 384 W

The calculated power to the 6-Q) resistor due to each source, misus-

ing the principle of superposition, is
P, =(I'")°R= (2A)(6 Q) = 24 W
P,=(1")’R= (6A)46 Q) = 216 W
P, + P, = 240W # 384 W

+1 |
E—__—:36V R2§6(2

’ I
S 7

FIG. 9.11
The contribution of E to I.

Rl
Wy

120

”R2§GQ CT)I:QA

">y

III—

FIG. 9.12
The contribution of | to I,.
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This results because 2 A + 6 A = 8 A, but
(2A)* + (BA)? # (8A)?

As mentioned previously, the superposition principle is not applica
ble to power effects since power is proportional to the square of the cur-
rent or voltage (I°R or V4/R).

Figure 9.14 is a plot of the power delivered to the 6-() resistor ver-

sus current.
P (W)
400+ _ o _______
l
300 | |
l
7] B N ! |
l l
100} |y i |
Nonlinear curve :
X{ C L — 1 1 1 1 : 1 :
0 1 2 3 4 5 6 7 8 lsa (A)
FIG. 9.14
Plotting the power delivered to the 6-(2 resistor versus current through the
resistor.

Obvioudly, X +y # z,0or 24 W + 216 W # 384 W, and superposi-
tion does not hold. However, for a linear relationship, such as that
between the voltage and current of the fixed-type 6-Q) resistor, super-
position can be applied, as demonstrated by the graph of Fig. 9.15,
wherea+b=c,or 2A + 6 A = 8A.

10t '
9_
Bl
|
as |
|
() i e ™ |
| |
5L | |
| |
4+ »C | |
| |
be 3r S e i |
bl __ | |
| | |
a{l— I I |
| | |
0 | 1 | |
12 24 36 48 Vgo (V)
FIG. 9.15

Plotting | versusV for the 6-(2 resistor.

EXAMPLE 9.4 Using the principle of superposition, find the current
I, through the 12-k() resistor of Fig. 9.16.

FIG. 9.16 Solution: Considering the effect of the 6-mA current source (Fig.
Example 9.4. 9.17):
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FIG. 9.17
The effect of the current source | on the current I,.

Current divider rule:

oo Rl (6 kQ)(6 mA)
27 R +R,  6kQ+12kQ

=2mA

Considering the effect of the 9-V voltage source (Fig. 9.18):
E 9V

1", = = =05mA
27 R +R,  6kQ+ 12kQ
+ 9V -
R R, I
V12 6 kO 12kQ
Rléskn R, = 12kQ
N 9V 9V

— —- [

E E
R, S 14kQ R, Z35kQ
Rs Ry

FIG. 9.18
The effect of the voltage source E on the current 1.

Sincel', and 1", have the same direction through R,, the desired cur-

. _ |
rent is the sum of the two: i 1 105 R,
L=15+1", R1§20 | 3A .
=2mA + 05mA 12V 6V E,
— 25mA - -T

EXAMPLE 9.5 Find the current through the 2-Q) resistor of the net-
work of Fig. 9.19. The presence of three sources will result in three dif- FIG. 9.19
ferent networks to be analyzed. Example 9.5.
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th i Iy 402 R,

+ II — -
II
E, =
FIG. 9.20
The effect of E; on the current 1.
\ A 40 R,
20 ’Tl +
|1 70 I”l GV _|_ E2
O O-
FIG. 9.21

The effect of E, on the current 1.

\ 4102 R,
20 R [ 3A

' A

-

FIG. 9.22
The effect of | on the current |,.

MW °a
R
+
T Em
o b
FIG. 9.24

Thévenin equivalent circuit.

S

Solution: Considering the effect of the 12-V source (Fig. 9.20):

I = B, 12v 12V _oa
YRHR 20+40  6Q
Considering the effect of the 6-V source (Fig. 9.21):
E, 6V 6V
I" = = = —= 1A
YRHR 20+40  6Q
Considering the effect of the 3-A source (Fig. 9.22):
Applying the current divider rule,
Rol 4Q0)(3A 12A
o Rl (40)BA) _12A

"R+R 20+40 6
The total current through the 2-Q) resistor appearsin Fig. 9.23, and
Same direction Opposite direction
asl,inFig.9.19 / tol,inFig. 9.19

=1
=1A + 2A — 2A =1A

RR=Z20[15=2A [1n=1A | 1m=2AEEP-R 20 ||, =1A

FIG. 9.23
The resultant current | ;.

9.3 THE’VENIN’S THEOREM
Thévenin’s theorem states the following:

Any two-terminal, linear bilateral dc network can be replaced by an
equivalent circuit consisting of a voltage source and a series resistor,
asshown in Fig. 9.24.

InFig. 9.25(a), for example, the network within the container hasonly
two terminals available to the outside world, labeled a and b. It is possi-
ble using Thévenin's theorem to replace everything in the container with
one source and one resistor, as shown in Fig. 9.25(b), and maintain the
same terminal characteristics at terminalsa and b. That is, any load con-
nected to terminals a and b will not know whether it is hooked up to the
network of Fig. 9.25(a) or Fig. 9.25(b). The load will receive the same
current, voltage, and power from either configuration of Fig. 9.25.
Throughout the discussion to follow, however, aways keep in mind that

the Thévenin equivalent circuit provides an equivalence at the
terminals only—theinternal construction and characteristics of the
original network and the Thévenin equivalent are usually quite
different.
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E, 40
—W a Wy a
12V . 100
60 - —3y
E, -
] *b *b
4V
@ (b)
FIG. 9.25

The effect of applying Thévenin's theorem.

For the network of Fig. 9.25(a), the Thévenin equivalent circuit can
be found quite directly by simply combining the series batteries and
resistors. Note the exact similarity of the network of Fig. 9.25(b) to the
Thévenin configuration of Fig. 9.24. The method described below will
alow us to extend the procedure just applied to more complex configu-
rations and till end up with the relatively simple network of Fig. 9.24.

In most cases, other elements will be connected to the right of ter-
minalsa and b in Fig. 9.25. To apply the theorem, however, the network
to be reduced to the Thévenin equivalent form must be isolated as
shown in Fig. 9.25, and the two “holding” terminals identified. Once
the proper Thévenin equivalent circuit has been determined, the voltage,
current, or resistance readings between the two “holding” terminals will
be the same whether the original or the Thévenin equivalent circuit is
connected to the left of terminals a and b in Fig. 9.25. Any load con-
nected to the right of terminals a and b of Fig. 9.25 will receive the
same voltage or current with either network.

This theorem achieves two important objectives. First, as was true
for al the methods previously described, it allows us to find any par-
ticular voltage or current in a linear network with one, two, or any
other number of sources. Second, we can concentrate on a specific
portion of a network by replacing the remaining network with an
equivalent circuit. In Fig. 9.26, for example, by finding the Thévenin
equivalent circuit for the network in the shaded area, we can quickly
calculate the change in current through or voltage across the variable
resistor R_ for the various values that it may assume. This is demon-
strated in Example 9.6.

@

FIG. 9.26
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French (Meaux,
Paris)
(1857-1927)
Telegraph Engineer,
Commandant and
Educator
Ecole Polytech-
nique and Ecole
Supérieure de
Télégraphie

S

Courtesy of the Bibliotheque
Ecole Polytechnique, Paris, France

Although active in the study and design of tele-
graphic systems (including underground transmis-
sion), cylindrical condensers (capacitors), and elec-
tromagnetism, he is best known for a theorem first
presented in the French Journal of Physics—Theory
and Applications in 1883. It appeared under the
heading of “Sur un nouveau théoreme d' électricité
dynamique” (“On a new theorem of dynamic elec-
tricity”) and was originally referred to as the equiv-
alent generator theorem. There is some evidence
that a similar theorem was introduced by Hermann
von Helmholtz in 1853. However, Professor
Helmholtz applied the theorem to animal physiol-
ogy and not to communication or generator systems,
and therefore he has not received the credit in this
field that he might deserve. In the early 1920s
AT&T did some pioneering work using the equiva-
lent circuit and may have initiated the reference to
the theorem as simply Thévenin's theorem. In fact,
Edward L. Norton, an engineer at AT& T at the time,
introduced a current source equivaent of the
Thévenin equivalent currently referred to as the
Norton equivalent circuit. As an aside, Commandant
Thévenin was an avid skier and in fact was commis-
sioner of an international ski competition in Cha-
monix, France, in 1912.

LEON-CHARLES THEVENIN

(b)

Substituting the Thévenin equivalent circuit for a complex network.
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Ry a
Wy .
30
+
E—=—9Vv R2§69 gRL
%
FIG. 9.27
Example 9.6.
R1
MWy ®a
30
+
B9V R2§ 60
o b

FIG. 9.28
| dentifying the terminals of particular
importance when applying Thévenin's
theorem.

S

Before we examine the steps involved in applying this theorem, it
is important that an additional word be included here to ensure that the
implications of the Thévenin equivalent circuit are clear. In Fig. 9.26,
the entire network, except R, is to be replaced by a single series resis-
tor and battery as shown in Fig. 9.24. The values of these two ele-
ments of the Thévenin equivalent circuit must be chosen to ensure that
the resistor R will react to the network of Fig. 9.26(a) in the same
manner as to the network of Fig. 9.26(b). In other words, the current
through or voltage across R. must be the same for either network for
any value of R..

The following sequence of steps will lead to the proper value of Ry,
and Eq,.

Preliminary:

1. Remove that portion of the network across which the Thévenin
equivalent circuit isto be found. In Fig. 9.26(a), thisrequires that
theload resistor R, be temporarily removed from the network.

2. Mark the terminals of the remaining two-terminal network. (The
importance of this step will become obvious as we progress
through some complex networks.)

Rn:

3. Calculate Ry, by first setting all sourcesto zero (voltage sources
arereplaced by short circuits, and current sources by open
circuits) and then finding the resultant resistance between the two
marked terminals. (If theinternal resistance of the voltage and/or
current sourcesisincluded in the original network, it must remain
when the sources are set to zero.)

Emn:

4, Calculate Eq, by first returning all sourcesto their original
position and finding the open-circuit voltage between the marked
terminals. (This step isinvariably the one that will lead to the most
confusion and errors. In all cases, keep in mind that it isthe
open-circuit potential between the two terminals marked in step 2.)

Conclusion:

5. Draw the Thévenin equivalent circuit with the portion of the
circuit previously removed replaced between the terminals of the
equivalent circuit. This step isindicated by the placement of the
resistor R, between the terminals of the Thévenin equivalent
circuit as shown in Fig. 9.26(b).

EXAMPLE 9.6 Find the Thévenin equivalent circuit for the network in
the shaded area of the network of Fig. 9.27. Then find the current
through R_ for values of 2 (), 10 (), and 100 Q).

Solution:

Seps 1 and 2 produce the network of Fig. 9.28. Note that the load resis-
tor R has been removed and the two “holding” terminals have been
defined as a and b.

Sep 3:  Replacing the voltage source E; with a short-circuit equivalent
yields the network of Fig. 9.29(a), where

BOEQ) _

30+60Q 2Q

Rim=R || R =



TTh,
R, A R, a
g Cn
lo

Ry §6Q “—Rpy R2§
b b

@ (b)

FIG. 9.29

Determining Ry, for the network of Fig. 9.28.

The importance of the two marked terminals now begins to surface.
They are the two terminals across which the Thévenin resistance is
measured. It is no longer the total resistance as seen by the source, as
determined in the majority of problems of Chapter 7. If some difficulty
develops when determining Ry, with regard to whether the resistive ele-
ments are in series or parallel, consider recalling that the ohmmeter
sends out a trickle current into a resistive combination and senses the
level of the resulting voltage to establish the measured resistance level.
In Fig. 9.29(b), the trickle current of the ohmmeter approaches the net-
work through terminal a, and when it reaches the junction of R, and R,,
it splits as shown. The fact that the trickle current splits and then recom-
bines at the lower node reveals that the resistors are in parallel as far as
the ohmmeter reading is concerned. In essence, the path of the sensing
current of the ohmmeter has revealed how the resistors are connected to
the two terminals of interest and how the Thévenin resistance should be
determined. Keep the above in mind as you work through the various
examples of this section.

Sep 4: Replace the voltage source (Fig. 9.30). For this case, the open-
circuit voltage Eqy, is the same as the voltage drop across the 6-) resis-
tor. Applying the voltage divider rule,

RE, _ (6Q)QV) 54V
R,+R  60+3Q 9

ETh = 6 V

It is particularly important to recognize that Eq, is the open-circuit
potential between points a and b. Remember that an open circuit can
have any voltage across it, but the current must be zero. In fact, the cur-
rent through any element in series with the open circuit must be zero
also. The use of a voltmeter to measure Eqy, appears in Fig. 9.31. Note
that it is placed directly across the resistor R; since Er, and Vg, are in
parallel.
Sep 5 (Fig. 9.32):

| = —Em_
Rrn + R
R =20 I =0l —15A
R =100 F%wfm
R, = 100 Q: |L:ﬁ=o.05%
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Rl
Wy a
30 +
+
E, == 9V R2§69 =
—db
FIG. 9.30

Determining Eq, for the network of Fig. 9.28.

Ry (]
MWy Em
30 * =

R2§6Q

FIG. 9.31
Measuring E, for the network of Fig. 9.28.

Wy s
RTh =20 l ||_
e
= Ej =6V R
® b
FIG. 9.32

Substituting the Thévenin equivalent circuit
for the network external to R_in Fig. 9.27.
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R

2Q

FIG. 9.33
Example 9.7.

12A

FIG. 9.34
Establishing the terminals of particular
interest for the network of Fig. 9.33.

—o0
[
o

FIG. 9.35
Determining Ry, for the network of Fig. 9.34.

S

If Thévenin's theorem were unavailable, each change in R would
require that the entire network of Fig. 9.27 be reexamined to find the
new value of R,.

EXAMPLE 9.7 Find the Thévenin equivalent circuit for the network in
the shaded area of the network of Fig. 9.33.

Solution:
Seps 1 and 2 are shown in Fig. 9.34.

Sep 3isshown in Fig. 9.35. The current source has been replaced with
an open-circuit equivalent, and the resistance determined between ter-
minals a and b.

In this case an ohmmeter connected between terminals a and b
would send out a sensing current that would flow directly through Ry
and R, (at the same level). Theresult isthat R, and R, are in series and
the Thévenin resistance is the sum of the two.

RTh:Rl+R2:4Q+ZQ:6Q

Sep 4 (Fig. 9.36): In this case, since an open circuit exists between the
two marked terminals, the current is zero between these terminals and
through the 2-() resistor. The voltage drop across R; is, therefore,

V2 = |2R2 = (O)Rz = OV

and Em=Vi= 1R = IR, = (12A)(4 Q) = 48V

I = 12A

FIG. 9.36
Determining Eq, for the network of Fig. 9.34.

Sep 5isshownin Fig. 9.37.

RTh =60
+
= Eq, = 48V Ry <70Q
> b
FIG. 9.37

Substituting the Thévenin equivalent circuit in the network external to the
resistor R; of Fig. 9.33.

EXAMPLE 9.8 Find the Thévenin equivalent circuit for the network in
the shaded area of the network of Fig. 9.38. Note in this example that



- >
Rl§69 R, =30 E, =38V Ry =20

FIG. 9.38
Example 9.8.

there is no need for the section of the network to be preserved to be at
the “end” of the configuration.

Solution:

Seps1and 2: SeeFig. 9.39.

Ry
[
R1§60 El—“—_gv R3§29
Tb
FIG. 9.39

Identifying the terminals of particular interest for the network of Fig. 9.38.

Sep 3: See Fig. 9.40. Steps 1 and 2 are relatively easy to apply, but
now we must be careful to “hold” onto the terminals a and b as the
Thévenin resistance and voltage are determined. In Fig. 9.40, al the
remaining elements turn out to be in parallel, and the network can be
redrawn as shown.

6O)(40) _ 240 _

Rm=RillR =60 20" 10 ~ 4%
R, Circuit redrawn:
MWV
%a 40
L
R 260 Rm R3§\29 )
T b “Short circuited”
= Ry = 0020 =00
FIG. 9.40

Determining Ry, for the network of Fig. 9.39.
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R1§69 R2§4Q

Rrh

Tb
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R, =40
- E,——38V R3§2Q
Er R<60 *

+

FIG. 9.42
Network of Fig. 9.41 redrawn.

A
RTh =240

——Eq, = 48V R, <30

o b

FIG. 9.43
Substituting the Thévenin equivalent circuit
for the network external to the resistor R, of
Fig. 9.38.

FIG. 9.45
Identifying the terminals of particular interest
for the network of Fig. 9.44.

R

| Wy

aT _ _ 40

Em Em R1§6(2 El_--__8V Ry §2$2

bT + + ’
FIG. 9.41

Determining Eq, for the network of Fig. 9.39.

Sep 4: See Fig. 9.41. In this case, the network can be redrawn as
shown in Fig. 9.42, and since the voltage is the same across parallel ele-
ments, the voltage across the series resistors R, and R, is E;, or 8 V.
Applying the voltage divider rule,
RE,  (60)@8V) 48V
R+R, 60+4Q 10

Sep 5: See Fig. 9.43.

Em =

=48V

The importance of marking the terminals should be obvious from
Example 9.8. Note that there is no requirement that the Thévenin volt-
age have the same polarity as the equivalent circuit originaly intro-
duced.

EXAMPLE 9.9 Find the Thévenin equivalent circuit for the network in
the shaded area of the bridge network of Fig. 9.44.

FIG. 9.44
Example 9.9.

Solution:
Seps 1 and 2 are shown in Fig. 9.45.

Sep 3: See Fig. 9.46. In this case, the short-circuit replacement of the
voltage source E provides a direct connection between ¢ and ¢’ of Fig.
9.46(a), permitting a “folding” of the network around the horizontal
line of a-b to produce the configuration of Fig. 9.46(b).

Rn=Rwp=Ri|[|Rs+ R || Ry
—60(30+40( 120
=20+30=5Q



=

FIG. 9.46
Solving for Ry, for the network of Fig. 9.45.

Sep 4: Thecircuit isredrawn in Fig. 9.47. The absence of a direct con-
nection between a and b results in a network with three parallel

branches. The voltages V; and V, can therefore be determined using the

voltage divider rule:

RE  (60Q)(72V) 432V

V, = 48V
R+HR 60Q+30 9
R,E 12 Q)(72V 864V
v, = _ReE__ (20)72V) _ e
R+R, 120+4Q 16
|+ LT +
V,RZ60Q7 KVL ' R 120V,
E——+ LT + ETh’ o -
—_ 2V E °
— . b a
L Rg=Z30 R, =40Q
3
FIG. 9.47

Determining Eq, for the network of Fig. 9.45.

Assuming the polarity shown for E, and applying Kirchhoff’s volt-
age law to the top loop in the clockwise direction will result in

EQV: +ETh+V1_V2:0
and Em=Vo—V, =54V — 48V =6V
Sep 5isshownin Fig. 9.48.

Thévenin's theorem is not restricted to a single passive element, as
shown in the preceding examples, but can be applied across sources,
whole branches, portions of networks, or any circuit configuration, as
shown in the following example. It is aso possible that one of the meth-
ods previously described, such as mesh analysis or superposition, may
have to be used to find the Thévenin equivalent circuit.

EXAMPLE 9.10 (Two sources) Find the Thévenin circuit for the net-
work within the shaded area of Fig. 9.49.
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MWy ra
RTh =50
— ETh =6V R,
o b
FIG. 9.48

Substituting the Thévenin equivalent circuit
for the network external to theresistor R, of
Fig. 9.44.

Ez o+ 10V

R, §4 kQ

Ry
MWy

1.4kQ

R, = 0.8KQ R, §e kQ R

E;0 -6V =

FIG. 9.49
Example 9.10.
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Solution: The network is redrawn and steps 1 and 2 are applied as
shown in Fig. 9.50.

R4
Ry MWv |
)\M R< 4k0Q 1.4kQ a
R Lak0  ba R <08k é
2 .
Ri S o08kn = 4kQ . _ , ReS6kO
R 6 kQ) R E 6V E oV
3§ TThb l—|_+ 2-|- - Tb
%(—J_ T
24kQ =
FIG. 9.50
FIG. 9.51 Identifying the terminals of particular interest

for the network of Fig. 9.49.
Sep 3: SeeFig. 9.51.

Rm=Ri+ R || R || Rs

Determining Ry, for the network of Fig. 9.50.

Re 1,=0 = 14KkQ + 0.8KQ || 4kQ || 6 kO
l = 1.4kQ + 0.8k || 2.4 kQ
R, 14kQ o _ = 14kQ + 0.6 kQ

R0k FHE RS6KQ Vv,  E = 2k

3 < 3 Th
E1 6V + + Sep 4: Applying superposition, we will consider the effects of the

T T voltage source E; first. Note Fig. 9.52. The open circuit requires that
= Vi =14Ry = (O)R, = 0V, and
Em=Vs

FIG. 9.52
Determining the contribution to Ey, fromthe
source E; for the network of Fig. 9.50.

Rt =R, || Rs= 4kQ || 6kQ = 2.4KkQ

Applying the voltage divider rule,

R-E; (2.4 kQ)(6V) 14.4V
Vs = = = =45V
V- Ry 1 24KkQ + 0.8kQ 32 5
I,=0
= MA E' = Vs = 45V
1.4kQ
R 08k QRZ 4k0 + + For the source E,, the network of Fig. 9.53 will result. Again, V, =
' ngs kQ Vs, £y 1aRe = (R, =0V, and
E 10V - _
T 1 ' = Vs
T Rt =R, || Ry = 0.8k || 6 kQ = 0.706 kQ
i RyE, (0.706kQ)(10V) 7.06V
Vs = = = =15V
FIG. 9.53 and Vs "+ R, 0706kQ+4kQ 4706 S

Determining the contribution to Ey, fromthe

source E, for the network of Fig. 9.50. E'r, = V3 =15V

Since E'r, and E"yy, have opposite polarities,

Rm Em = Em — E"m
MWy — 45V — 15V
gLt =3V (polaity of E'y)
Em 3V R .
Sep 5: See Fig. 9.54.

Experimental Procedures

There are two popular experimental procedures for determining the

Substituting the Thévenin equivalent circuit ~ Parameters of a Thévenin equivalent network. The procedure for mea-

for the network external to theresistor R_of ~ suring the Thévenin voltage is the same for each, but the approach for
Fig. 9.49. determining the Thévenin resistance is quite different for each.

FIG. 9.54
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Direct Measurement of E;,, and Ry, For any physical network,
the value of Eq, can be determined experimentally by measuring the
open-circuit voltage across the load terminals, as shown in Fig. 9.55;
Er, = Voo = Vg The value of Ry, can then be determined by com-
pleting the network with avariable R, such as the potentiometer of Fig.
9.56(b). R_ can then be varied until the voltage appearing across the
load is one-half the open-circuit value, or V. = Ep,/2. For the series
circuit of Fig. 9.56(a), when the load voltage is reduced to one-half the
open-circuit level, the voltage across Ry, and R must be the same. If
we read the value of R_[as shown in Fig. 9.56(c)] that resulted in the
preceding calculations, we will also have the value of Ry, since R, =
Ry, if V| equals the voltage across Ry,

+V =0V—
ARTh a Open circuit
Wy ° J N
— + %v
1 =0 - Qrk
Emqy——/ Em

T e |

@

FIG. 9.55
Determining Ex, experimentally.

@ (b)

FIG. 9.56
Determining Ry, experimentally.

Measuring V. and lsc The Thévenin voltage is again determined
by measuring the open-circuit voltage across the terminals of interest;
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FIG. 9.57
Measuring | .

American (Rockland,
Maine; Summit,
New Jersey)

(1898-1983)

Electrical Engineer,
Scientist, Inventor

Department Head:
Bell Laboratories

Fellow: Acoustical
Society and Institute
of Radio Engineers

Courtesy of AT&T Archives

Although interested primarily in communications
circuit theory and the transmission of data at high
speeds over telephone lines, Edward L. Norton is
best remembered for development of the dua of
Thévenin's equivalent circuit, currently referred to
as Norton's equivalent circuit. In fact, Norton and
his associates at AT& T in the early 1920s are recog-
nized as some of the first to perform pioneering
work applying Thévenin's equivalent circuit and
who referred to this concept simply as Thévenin's
theorem. In 1926 he proposed the equivalent circuit
using a current source and parallel resistor to assist
in the design of recording instrumentation that was
primarily current driven. He began his telephone
career in 1922 with the Western Electric Company’s
Engineering Department, which later became Bell
Laboratories. His areas of active research included
network theory, acoustical systems, electromagnetic
apparatus, and data transmission. A graduate of MIT
and Columbia University, he held nineteen patents
on his work.

EDWARD L. NORTON

[ ]
QD

o

[ ]
o

FIG. 9.58
Norton equivalent circuit.

S

that is, Ey, = Voo TO determine Ry, a short-circuit condition is estab-
lished across the terminals of interest, as shown in Fig. 9.57, and the
current through the short circuit is measured with an ammeter. Using
Ohm'’s law, we find that the short-circuit current is determined by

| — Em
*  Rm
and the Thévenin resistance by
E
Rm = I—Th
sC

However, Eq, = V. resulting in the following equation for Ry

V,
RThZI_OC
sC

(9.2)

9.4 NORTON’S THEOREM

It was demonstrated in Section 8.3 that every voltage source with a
series internal resistance has a current source equivalent. The current
source equivalent of the Thévenin network (which, you will note, satis-
fies the above conditions), as shown in Fig. 9.58, can be determined by
Norton’stheorem. It can also be found through the conversions of Sec-
tion 8.3.

The theorem states the following:

Any two-terminal linear bilateral dc network can be replaced by an
equivalent circuit consisting of a current source and a parallel
resistor, as shown in Fig. 9.58.

The discussion of Thévenin's theorem with respect to the equivalent
circuit can also be applied to the Norton equivalent circuit. The steps
leading to the proper values of Iy and Ry are now listed.

Preliminary:

1. Remove that portion of the network across which the Norton
equivalent circuit is found.
2. Mark the terminals of the remaining two-terminal network.

Ry:

3. Calculate Ry by first setting all sourcesto zero (voltage sourcesare
replaced with short circuits, and current sources with open
circuits) and then finding the resultant resistance between the two
marked terminals. (If the internal resistance of the voltage and/or
current sourcesisincluded in the original network, it must remain
when the sources are set to zero.) Since Ry = Ry, the procedure
and value obtained using the approach described for Thévenin's
theorem will determine the proper value of Ry

4. Calculate I by first returning all sourcesto their original position
and then finding the short-circuit current between the marked
terminals. It isthe same current that would be measured by an
ammeter placed between the marked terminals.
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Conclusion:

5. Draw the Norton equivalent circuit with the portion of the circuit
previously removed replaced between the terminals of the
equivalent circuit.

The Norton and Thévenin equivalent circuits can also be found from
each other by using the source transformation discussed earlier in this
chapter and reproduced in Fig. 9.59.

]

'
7

I
z
2

__ —'N R Ry = Rm

FIG. 9.59
Converting between Thévenin and Norton equivalent circuits.

EXAMPLE 9.11 Find the Norton equivalent circuit for the network in
the shaded area of Fig. 9.60.

Solution:

Steps 1 and 2 are shown in Fig. 9.61.

Ry
W .o
30
+
E=ov  RZ60
® b

FIG. 9.61
Identifying the terminals of particular interest for the network of Fig. 9.60.

Sep 3isshown in Fig. 9.62, and

BM)®6QO) 180
30+6Q 9

Sep 4 is shown in Fig. 9.63, clearly indicating that the short-circuit
connection between terminals a and b isin parallel with R, and elimi-

nates its effect. 1 is therefore the same as through Ry, and the full bat-
tery voltage appears across R; since

V2 = |2R2 = (O)GQ =0V

Rv=R [[R;=3016Q= =20

Therefore,
E_9V _

TR T30

3A
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Ry a
Wy ¢
30
+
E™ 9V R, =60 § R
— b
FIG. 9.60
Example 9.11.
Rl
AW .a
30
RR=6Q R,
o b
=
FIG. 9.62

Determining Ry, for the network of Fig. 9.61.

Iy R In In Short\‘
—_— W\{—» — a
30 l,zzo L
+ +
E—=F9V VR, <60 Yin
-
: b
Short circuited -~
FIG. 9.63

Determining |, for the network of Fig. 9.61.
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» A

FIG. 9.64
Substituting the Norton equivalent circuit for
the network external to the resistor R, of

Fig. 9.60.
Rl
MWy
SIQ a
()
> \_/
R340 10A R Zo0
L b
FIG. 9.66
Example 9.12.
Rl
Wy
50
e a
O O
RS 40 -
e b
FIG. 9.68

Determining Ry, for the network of Fig. 9.67.

S

Sep 5: See Fig. 9.64. This circuit is the same as the first one consid-
ered in the development of Thévenin's theorem. A simple conversion
indicates that the Thévenin circuits are, in fact, the same (Fig. 9.65).

a
—W—
In ‘iz Ry = 29» —=Em = I\Ry = BA)(2Q) = 6V
b

Rp = Ry =20

T e

FIG. 9.65

Converting the Norton equivalent circuit of Fig. 9.64 to a Thévenin
equivalent circuit.

EXAMPLE 9.12 Find the Norton equivalent circuit for the network
external to the 9-() resistor in Fig. 9.66.

Solution:

Seps 1 and 2: SeeFig. 9.67.

R2§4Q

FIG. 9.67

Identifying the terminals of particular interest for the network of Fig. 9.66.

Sep 3: See Fig. 9.68, and

Ri=Ri+tR=50+40=9Q

Sep 4: As shown in Fig. 9.69, the Norton current is the same as the
current through the 4-Q) resistor. Applying the current divider rule,

R2§4Q

R,| (5Q)(10A) 50A
In= = = = 5.556A
NTR4AR 5Q0+40 9
Rl
50
| a
R, <
l:OA 1y - R 240 | 10A 1250
b a
b e
= Iy
FIG. 9.69

Determining |, for the network of Fig. 9.67.
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Sep 5: See Fig. 9.70.

» A

In <T>5.556A RN§99 R<90

® Db

FIG. 9.70
Substituting the Norton equivalent circuit for
the network external to theresistor R of
Fig. 9.66.

EXAMPLE 9.13 (Two sources) Find the Norton equivalent circuit for
the portion of the network to the left of a-b in Fig. 9.71.

Rl%ﬂ |<l>8A R, 260 Sl R 2100
E

-|-7v

=

E,—/—12V
b
FIG. 9.71 °a
Example 9.13.
R, > 40 L
Solution: z ICl)SA R, 260
Seps 1land 2: SeeFig. 9.72. E, 7V
Sep 3isshown in Fig. 9.73, and e b
R=R|[R=40]60=N6D 240 _,,0 FIG. 9.72
40+60 10 Identifying the terminals of particular interest
for the network of Fig. 9.71.
a
Short ci r{:uited a
R<4Q o — T,
R,260 "R, ' N
o b RS 40 o
R=6Q ¢ !N
o 2§
FIG. 9.73 Jf- b
Determining Ry, for the network of Fig. 9.72.
FIG. 9.74

Determining the contribution to I fromthe
Sep 4: (Using superposition) For the 7-V battery (Fig. 9.74), voltage source E;.
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Short circuited
e ~ a

AN

4 N
4 N
4 N
R, =40 <L
|Q>8A R, 60 A 17y
=

"
N
K K
N N

— | ——>

b

FIG. 9.75
Determining the contribution to I fromthe
current source .

AWy 4T-
RTh I
+
T Em R
FIG. 9.77

Defining the conditions for maximum power to
aload using the Thévenin equivalent circuit.

S

INzEE:l!ZLEA
R, 40

For the 8-A source (Fig. 9.75), we find that both R; and R, have been
“short circuited” by the direct connection between a and b, and
I"v=1=8A
Theresult is
In=1"y—I'y=8A — 1.75A = 6.25A
Sep 5: See Fig. 9.76.

FIG. 9.76
Substituting the Norton equivalent circuit for the network to the left of
terminalsa-bin Fig. 9.71.

Experimental Procedure

The Norton current is measured in the same way as described for the
short-circuit current for the Thévenin network. Since the Norton and
Thévenin resistances are the same, the same procedures can be
employed as described for the Thévenin network.

9.5 MAXIMUM POWER TRANSFER THEOREM
The maximum power transfer theorem states the following:

A load will receive maximum power from alinear bilateral dc
network when itstotal resistive value is exactly equal to the Thévenin
resistance of the network as“seen” by the load.

For the network of Fig. 9.77, maximum power will be delivered to
the load when

03

From past discussions, we realize that a Thévenin equivalent circuit
can be found across any element or group of elementsin alinear bilat-
eral dc network. Therefore, if we consider the case of the Thévenin
equivalent circuit with respect to the maximum power transfer theorem,
we are, in essence, considering the total effects of any network across a
resistor R, such asin Fig. 9.77.

For the Norton equivalent circuit of Fig. 9.78, maximum power will
be delivered to the load when



=

FIG. 9.78
Defining the conditions for maximum power to a load using the Norton
equivalent circuit.

04

This result [Eq. (9.4)] will be used to its fullest advantage in the analy-

sis of transistor networks, where the most frequently applied transistor

circuit model employs a current source rather than a voltage source.
For the network of Fig. 9.77,

__Em
Rm + R
E 2
2 _ Th
and P.=1"R <7RTh+RL>RL
EfRL
s0 that Ph=—7—""—7—-
" (Rm+ R)?

Let us now consider an example where Ey, = 60V and Ry, = 9 ),
as shown in Fig. 9.79.

Ry /PL

90 ﬂ .

Em==60V §'RL Vi
FIG. 9.79

Thévenin equivalent network to be used to validate the maximum power
transfer theorem.

The power to the load is determined by

o _ EfR. 3600R.
" Rm+R) (Q+R)
o , __Em __60V
W " Rm+R 90 +R
and v, = R(60V) R(60V)

" RmtR O 90+R

A tabulation of P_ for arange of values of R, yields Table 9.1. A plot
of P_ versus R_ using the data of Table 9.1 will result in the plot of Fig.
9.80 for therange R. = 0.1 ) to 30 Q.

MAXIMUM POWER TRANSFER THEOREM m 343
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TABLE 9.1

R () PL(W) IL(A) Vi(v)

15

FIG. 9.80
P, versus R, for the network of Fig. 9.79.
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Note, in particular, that P, is, in fact, amaximum when R. = Ry, =
9 (). The power curve increases more rapidly toward its maximum value
than it decreases after the maximum point, clearly revealing that a small
change in load resistance for levels of R below Ry, will have a more
dramatic effect on the power delivered than similar changesin R, above
the Ry, level.

If we plot V_ and I, versus the same resistance scale (Fig. 9.81), we
find that both change nonlinearly, with the termina voltage increasing
with an increase in load resistance as the current decreases. Note again
that the most dramatic changesin V_ and I, occur for levels of R_less
than Ryy,. As pointed out on the plot, when R, = Ry, V. = E/2 and
I = lmad2, With | e = Emn/Rm.

VL) $IL(A)
50 [~
8 -
7 -
VL\
40 Imax = En/R. = 6.67A
6 -
IL
30 | 5 TEm/2
|
|
|
4+ |
|
|
20 - e/ 2
3 |
|
|
|
2+ |
|
or 'R =Rmp =90
|
1+ |
|
|
|
1 Il Il I I 1 I I I I 1 I 1 1
0 0 5 9 10 15 20 25 30 R Q)
FIG. 9.81

V_and |, versus R_for the network of Fig. 9.79.

The dc operating efficiency of a system is defined by the ratio of the
power delivered to the load to the power supplied by the source; that is,

P
% = FL X 100% (9.5)

S

For the situation defined by Fig. 9.77,
IER.

2Ry

P
7% = FL X 100% = X 100%
S
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and

X 100%

S

For R_that is small compared to Ry, Ry, > R and Ry, + R. = Ry,

with

n%g%xloO%:

1
<R—Th>RL X 100% = kR_ X 100%

The resulting percentage efficiency, therefore, will be relatively low
(since k is small) and will increase amost linearly as R, increases.
For situations where the load resistance R, is much larger than Ry,

R.>Rpand Ry, + RO=R.

R X 100% = 100%

The efficiency therefore increases linearly and dramatically for small
levels of R, and then begins to level off asit approaches the 100% level
for very large values of R, as shown in Fig. 9.82. Keep in mind, how-
ever, that the efficiency criterion is sensitive only to the ratio of P, to P
and not to their actual levels. At efficiency levels approaching 100%, the
power delivered to the load may be so small as to have little practical
value. Note the low level of power to the load in Table 9.1 when R, =
1000 (), even though the efficiency level will be

1000
X 100% = ——— X 100% = 99.11%

1009
n%
100
—_—
Approaches 100%
75
50~ - -
I
I
I
I
I
I
arf R =Ry,
I
I
I
1% O KR, X 100%
1 II 1 1 1
0 10 20 80 100 R ()
FIG. 9.82

Efficiency of operation versusincreasing values of R, .
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When R. = R,

R R
T Rt R 2R,

X 100% = —— X 100% = 50%
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Under maximum power transfer conditions, therefore, P_ is a maxi-
mum, but the dc efficiency is only 50%; that is, only haf the power

delivered by the source is getting to the load.

A relatively low efficiency of 50% can be tolerated in situations
where power levels are relatively low, such asin awide variety of elec-
tronic systems. However, when large power levels are involved, such as
at generating stations, efficiencies of 50% would not be acceptable. In
fact, agreat deal of expense and research is dedicated to raising power-
generating and transmission efficiencies a few percentage points. Rais-
ing an efficiency level of a 10-mega-kW power plant from 94% to 95%
(a 1% increase) can save 0.1 megakW, or 100 million watts, of

power—an enormous saving!

Consider achangein load levels from 9 ) to 20 Q). In Fig. 9.80, the
power level has dropped from 100 W to 85.61 W (a 14.4% drop), but
the efficiency has increased substantially to 69% (a 38% increase), as
shown in Fig. 9.82. For each application, therefore, a balance point
must be identified where the efficiency is sufficiently high without

reducing the power to the load to insignificant levels.

Figure 9.83 is a semilog plot of P, and the power delivered by the
source Py = Eqpl, versus R for Eq, = 60V and Ry, = 9 ). A semilog
graph employs one log scale and one linear scale, asimplied by the pre-
fix semi, meaning half. Log scales are discussed in detail in Chapter 23.
For the moment, note the wide range of R_ permitted using the log scale

compared to Figs. 9.80 through 9.82.

Itisnow quite clear that the P_ curve has only one maximum (at R_ =
R, whereas Py decreases for every increase in R,. In particular, note
that for low levels of R, only a small portion of the power delivered by
the source makes it to the load. In fact, even when R. = Ry, the source
is generating twice the power absorbed by the load. For values of R_
greater than Ry, the two curves approach each other until eventualy
they are essentially the same at high levels of R.. For therange R, =
R =9QtoR = 100 Q, P, and P, are relatively close in magnitude,
suggesting that this would be an appropriate range of operation, since a
majority of the power delivered by the source is getting to the load and

the power levels are still significant.

The power delivered to R under maximum power conditions (R =

Rrh) is
| = Em _ Em
Rm+ R 2Rp
Em \2 EFR
—12p — Th _ Emnhm
P =17, (—2Rm> Rm = e,
and P = Em, (watts, W)
4R ’
For the Norton circuit of Fig. 9.78,
I3Rn
PLmax = N4 (W)

(9.6)

(9.7)
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P (W)
400 |-

350

300

250

200

150

05 1 2 345678/10 20 3040 100
RL = RTh =90

FIG. 9.83
P, and P, versus R_ for the network of Fig. 9.79.

1000 R.(€2)

=
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EXAMPLE 9.14 A dc generator, battery, and laboratory supply are
connected to a resistive load R_ in Fig. 9.84(a), (b), and (c), respec-
tively.

R <250 Ry <050 R < 400Q
\ 2R 2R 2R
+ +
= E -I: E
(a) dc generator (b) Battery (c) Laboratory supply
FIG. 9.84
Example 9.14.

a. For each, determine the value of R_ for maximum power transfer to

R..
b. Determine R_ for 75% efficiency.

Solutions:
a. For the dc generator,
R.=Rm=Rn =250
For the battery,
R.=Rm=Ry=05Q
For the laboratory supply,
R = Rm =Ry =400Q
b. For the dc generator,
P, . .
n=— (n in decimal form)
Ps
- R
Rm + R
7(Rm+ R) =R
MRm + 1R = R_
R.(1— 1) = 9Rm

7R

d =
an R 1-q

(9.8)

_ 0.75(250)
1-075

R, -750

For the battery,

_ 07505 Q)

=150
1-0.75 >

R
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[ 10mA R, 40kQ R
FIG. 9.85
Example 9.15.
Rl RS
Wy Wy
60 80
+
E—=— 12V R, §3Q R
FIG. 9.86
Example 9.16.

R, R
M "/\7\« .

60 80

FIG. 9.87
Determining Ry, for the network external to
theresistor R of Fig. 9.86.

+ V3 =0V —
Ry Rz
MWy AW —rs
6Q 80 +
+
—] R,
E——F 12V 30SEm Em
FIG. 9.88

Determining Eq, for the network external to
theresistor R of Fig. 9.86.

R ||51

AM—

30 68V

I<l>6A R2§109 R
Rs
Wy
20
FIG. 9.89

Example 9.17.

=

For the laboratory supply,

0.75(40 Q)

=120Q
1-0.75

R =

The results of Example 9.14 reveal that the following modified form
of the maximum power transfer theorem is valid:

For loads connected directly to a dc voltage supply, maximum power
will be delivered to the load when the load resistance is equal to the
internal resistance of the source; that is, when

(9.9)

EXAMPLE 9.15 Analysis of a transistor network resulted in the
reduced configuration of Fig. 9.85. Determine the R_ necessary to trans-
fer maximum power to R, and calculate the power of R_ under these
conditions.

Solution: Eq. (9.4):
R = R;=40kQ
Eq. (9.7):
2 2
L= INAI?N _ (10 mA)4(40 kQ) —1w

EXAMPLE 9.16 For the network of Fig. 9.86, determine the value of
R for maximum power to R, and calculate the power delivered under
these conditions.

Solution: See Fig. 9.87.
60)(3Q
RTh:R3+R1||R2:89+ﬁ:8Q+ZQ
and R=R;y=10Q
See Fig. 9.88.

RE _ (30)12V) _ 36V _

R+R 3Q0+6Q 9

Em=

and, by Eg. (9.6),

o _ Em _ (4V)
tmac AR 4(10 Q)

=04W

EXAMPLE 9.17 Find thevalue of R_in Fig. 9.89 for maximum power
to R, and determine the maximum power.

Solution: SeeFig. 9.90.

Rn=R +R+R;=30+100+20=150Q

and R =Rp=150
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Note Fig. 9.91, where
Vi=V;=0V
and Vo =1,R, = IR, = (6A)(10Q) = 60V
Applying Kirchhoff’s voltage law,
2V=-V,—E; +Ep=0
and Em=V,+ E =60V + 68V =128V
Ef  (128V)?

= = 273.07W
4Ry, 4(150)

Thus, Pliox =

9.6 MILLMAN’S THEOREM

Through the application of Millman’s theorem, any number of parallel
voltage sources can be reduced to one. In Fig. 9.92, for example, the
three voltage sources can be reduced to one. This would permit finding
the current through or voltage across R without having to apply a
method such as mesh analysis, nodal analysis, superposition, and so on.
The theorem can best be described by applying it to the network of Fig.
9.92. Basically, three steps are included in its application.

Oo—

FIG. 9.92
Demonstrating the effect of applying Millman’s theorem.

Sep 1: Convert al voltage sources to current sources as outlined in
Section 8.3. This is performed in Fig. 9.93 for the network of Fig.
9.92.
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Ry
MN OmeO—
(L 3Q
R, 100 -~
2 Rm
T 20
MWy .
Rs
FIG. 9.90

Determining Ry, for the network external to
theresistor R_ of Fig. 9.89.

—V, =0V +
=0 E,
A II .
+ |- _
Ro=30 *4o
RO
+
6A _
6A TI—6A =0 +
Ry = 20
+ V=0V —
FIG. 9.91

Determining E, for the network external to
theresistor R_ of Fig. 9.89.

I CT) EG; Gl§ |2<D E,G, G2§ I3 CD EsGs Gg§ R §

(= (% G
Ry Ry Ry
FIG. 9.93

Converting all the sources of Fig. 9.92 to current sources.
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(1) &

o
Wy

FIG. 9.94
Reducing all the current sources of Fig. 9.93
to asingle current source.

Req

=

1
EI_
. R
It
GQ_'I' Gr

E

FIG. 9.95
Converting the current source of Fig. 9.94 to
a voltage source.

"
R=50 R,=40 RyZ20 .
OV
E, E, Es RL§3 -
_|_ 10V _|_16V _|_ 8V -
=
FIG. 9.96
Example 9.18.

S

Sep 2: Combine parallel current sources as described in Section 8.4.
The resulting network is shown in Fig. 9.94, where

IT:|1+I2+I3 and GT:G1+G2+G3

Sep 3: Convert the resulting current source to a voltage source, and the
desired single-source network is obtained, as shown in Fig. 9.95.
In general, Millman’s theorem states that for any number of parallel
voltage sources,
illi Izi I3i"'i IN

_
= G, T Gt Gyt Gyt -t Gy

iElGli Eszi E3G3i"'i ENGN
Gi+ G+ Gs+ -+ Gy

or Eeq = (9.10)

The plus-and-minus signs appear in Eg. (9.10) to include those cases
where the sources may not be supplying energy in the same direction.
(Note Example 9.18.)

The equivalent resistance is

1 1
=— = 9.11
GT G1+Gz+G3+"'+GN ( )
In terms of the resistance values,
L E.E B, &
RR R Rs Ry
= 1 1 1 1
Bo= 1 1 1 .1 (9.12
R R Rs Ry
_ 1
— + =+ —F .+ =
RR R Rs Ry

The relatively few direct steps required may result in the student’s
applying each step rather than memorizing and employing Egs. (9.10)
through (9.13).

EXAMPLE 9.18 Using Millman's theorem, find the current through
and voltage across the resistor R_ of Fig. 9.96.

Solution: By Eg. (9.12),
LB B, E
Ri R R
E =
@= 1 1 1
1 2 3

The minus sign is used for E,/R, because that supply has the opposite
polarity of the other two. The chosen reference direction is therefore
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that of E; and E;. The total conductance is unaffected by the direction,
and

L lov 16V 8V
‘.- i“ 149 129 . 2A-4A+4A
—t ——+ == 02S+025S+05S
50 40 2Q
2A
= ———=2105V
095S 05
1 1
i = = =1.053Q
with R T 1 1 0955 053
50 40 2Q
The resultant source is shown in Fig. 9.97, and
2.105V 2.105V
L= = = 0.519A
L= 1m0 +30 4030 0P
with V. = I,R = (0.519A)(3Q) = 1557V

EXAMPLE 9.19 Let us now consider the type of problem encountered
in the introduction to mesh and noda analysis in Chapter 8. Mesh
analysis was applied to the network of Fig. 9.98 (Example 8.12). Let us
now use Millman's theorem to find the current through the 2-() resistor
and compare the resullts.

Solutions:

a. Let usfirst apply each step and, in the (b) solution, Eq. (9.12). Con-
verting sources yields Fig. 9.99. Combining sources and parallel
conductance branches (Fig. 9.100) yields

5 15 5 20

r=litlz=5 3 3 3 3
1 6 1 7

=G, +G,=1S+-S=—_S+-S=—
Gr=G; +G, S 68 63 68 68

RS20

FIG. 9.100
Reducing the current sources of Fig. 9.99 to a single source.

Converting the current source to a voltage source (Fig. 9.101), we
obtain

%4
e _h_ 2 _@©@e, 42
¥ Gy %s 3)(7) 7
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1.053 ()

Req

Py l
MW—/—
w =
| <+

E 105V

.

FIG. 9.97
The result of applying Millman’s theorem to
the network of Fig. 9.96.

RI10 R, 60

T

R3§29

5V E 0oV

2

— I—"N}W—

FIG. 9.98
Example 9.19.

20

FIG. 9.99
Converting the sources of Fig. 9.98 to current
SOurces.

FIG. 9.101
Converting the current source of Fig. 9.100 to
a voltage source.
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=

1 1 6
and Req—GT—ZS—7Q
6
so that
A0y A0
’ ’ 40V

2~ Ry + Ry %Q+ZQ $Q+%Q 200

which agrees with the result obtained in Example 8.18.
b. Let us now simply apply the proper equation, Eq. (9.12):

+5V + 10V 30V |, 10V

10 60 60 60 g
Bo= 1 .1 = 6 1 =7V
10 6Q 60 6Q
and
1 1 1 6
I U S T N N A
10 60O 60 6Q 6

which are the same values obtained above.

The dua of Millman’s theorem (Fig. 9.92) appears in Fig. 9.102. It
can be shown that |4 and Ry, asin Fig. 9.102, are given by

&)
S L 8

FIG. 9.102
The dual effect of Millman's theorem.

+1,R, + LR, * 13R,
leg = 9.14
.l Ri+ R+ Rs (9.14)
and | Rg=Ri+ R+ Ry (9.15)

The derivation will appear as a problem at the end of the chapter.

9.7 SUBSTITUTION THEOREM
The substitution theorem states the following:

If the voltage across and the current through any branch of a dc
bilateral network are known, this branch can be replaced by any
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combination of elementsthat will maintain the same voltage across
and current through the chosen branch.

More simply, the theorem states that for branch equivalence, the ter-
minal voltage and current must be the same. Consider the circuit of Fig.
9.103, in which the voltage across and current through the branch a-b
are determined. Through the use of the substitution theorem, a number
of equivalent a-a' branches are shown in Fig. 9.104.

+ 8 a4 3+
isA 13A
20
12V 3A 12V %lZV
6V

FIG. 9.104
Equivalent branches for the branch a-b of Fig. 9.103.

Note that for each equivalent, the terminal voltage and current are
the same. Also consider that the response of the remainder of the circuit
of Fig. 9.103 is unchanged by substituting any one of the equivalent
branches. As demonstrated by the single-source equivaents of Fig.
9.104, a known potential difference and current in a network can be
replaced by an ideal voltage source and current source, respectively.

Understand that this theorem cannot be used to solve networks with
two or more sources that are not in series or paralel. For it to be
applied, a potential difference or current value must be known or found
using one of the techniques discussed earlier. One application of the
theorem is shown in Fig. 9.105. Note that in the figure the known
potential difference V was replaced by a voltage source, permitting the
isolation of the portion of the network including Rs, R4, and Rs. Recall
that this was basically the approach employed in the analysis of the
ladder network as we worked our way back toward the terminal resis-
tance Rs.

FIG. 9.105

= nEv R afm e

v:-FW RE RE
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R1

MY a

60 13 A

E=—/30V RZ40 1oy
+
b
FIG. 9.103
Demonstrating the effect of the substitution

theorem.

Demonstrating the effect of knowing a voltage at some point in a complex

network.

The current source equivalence of the above is shown in Fig. 9.106,
where a known current is replaced by an idea current source, permit-
ting the isolation of R, and Rs.
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FIG. 9.106
Demonstrating the effect of knowing a current at some point in a
complex network.

You will also recall from the discussion of bridge networksthat V = 0
and | = 0 were replaced by a short circuit and an open circuit, respec-
tively. This substitution is a very specific application of the substitution
theorem.

9.8 RECIPROCITY THEOREM

The reciprocity theorem is applicable only to single-source networks.
It is, therefore, not a theorem employed in the analysis of multisource
networks described thus far. The theorem states the following:

The current | in any branch of a network, due to a single voltage
source E anywhere else in the network, will equal the current
through the branch in which the source was originally located if the
sourceis placed in the branch in which the current | was originally
measured.

In other words, the location of the voltage source and the resulting
current may be interchanged without a change in current. The theorem
requires that the polarity of the voltage source have the same corre-
spondence with the direction of the branch current in each position.

In the representative network of Fig. 9.107(a), the current | due to
the voltage source E was determined. If the position of each is inter-
changed as shown in Fig. 9.107(b), the current | will be the same value
asindicated. To demonstrate the validity of this statement and the theo-
rem, consider the network of Fig. 9.108, in which values for the ele-
ments of Fig. 9.107(a) have been assigned.

The total resistance is

1 M M a M M
s !

C c

b d ' b d_‘!’_E

@ (b)

Wy

E

FIG. 9.107
Demonstrating the impact of the reciprocity theorem.
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Ry R
Wy Wy
IS

FIG. 9.108
Finding the current | due to a source E.

Ri=R +R||(Re+ R) =120+ 60 (20 + 40)
—120+60(60=120+30=150

E 45V
l.=—=——=3A
and =R 150 °
with I=%=1.5A

For the network of Fig. 9.109, which corresponds to that of Fig.
9.107(b), we find

Rr=Ri+Rs + R R
—40+20+120(60=100

_E _ 45V _
and = R =00 ~ 45A
o tht | _ (6Q)45A) _ 45A _ .,

120 +6Q 3

which agrees with the above.

The uniqueness and power of such a theorem can best be demon-
strated by considering a complex, single-source network such as the
one shown in Fig. 9.110.

MWW, W——W—°
a e a A—
E I—W § § IT § §
b e b e
FIG. 9.110

Demonstrating the power and uniqueness of the reciprocity theorem.
9.9 APPLICATION

Speaker System

One of the most common applications of the maximum power transfer
theorem introduced in this chapter is to speaker systems. An audio
amplifier (amplifier with a frequency range matching the typical range
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Ry Rs
MY MV
120 20
X <7R4§4Q
| Rzgea R
E = 45V
ls «J
FIG. 9.109

Interchanging the location of E and | of
Fig. 9.108 to demonstrate the validity of the
reciprocity theorem.
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Audio amplifier

Qo

Speaker a

(b)

RZ8Q

5W(rms)
(@) 10 W (max)

FIG. 9.111

Components of a speaker system: (a) amplifier; (b) speaker; (c) commercially

Ry
+ 8Q +
12V 6V R =80
_ . speaker
= Amplifier
@
Ro Rspeakerl
o AW
80 — » 80Q
+ | =500 mA
12V 8 Q < Rypeaker 2
J,— Amplifier Series speakers
(b)
Ro Rspeakerl Rspeakerz
+ 80 +
12V 4V Z80Q 8Q
= Amplifier Parallel speakers
(©
FIG. 9.112

Speaker connections: (a) single unit; (b) in
series; (¢) in parallel.

available unit.

of the human ear) with an output impedance of 8 Q) is shown in Fig.
9.111(a). Impedance is a term applied to opposition in ac networks—
for the moment think of it as a resistance level. We can also think of
impedance as the internal resistance of the source which is normally
shown in series with the source voltage as shown in the same figure.
Every spesker has an internal resistance that can be represented as
shown in Fig. 9.111(b) for a standard 8-() speaker. Figure 9.111(c) isa
photograph of a commercially available 8-Q woofer (for very low fre-
quencies). The primary purpose of the following discussion is to shed
some light on how the audio power can be distributed and which
approach would be the most effective.

Since the maximum power theorem states that the load impedance
should match the source impedance for maximum power transfer, let us
first consider the case of a single 8-Q) speaker as shown in Fig. 9.112(a)
with an applied amplifier voltage of 12 V. Since the applied voltage will
split equally, the speaker voltage is 6 V, and the power to the speaker is
amaximum value of P = VAR = (6V)¥8 Q) = 45W.

If we have two 8-() speakers that we would like to hook up, we have
the choice of hooking them up in series or paralel. For the series
configuration of Fig. 9.112(b), the resulting current would bel = E/R =
12V/24 Q) = 500 mA, and the power to each speaker would be P =
I’R = (500 mA)%8 Q) = 2 W, which is a drop of over 50% from the
maximum output level of 4.5 W. If the speakers are hooked up in par-
alel as shown in Fig. 9.112(c), the total resistance of the parallel com-
bination is 4 (), and the voltage across each speaker as determined by
the voltage divider rule will be 4 V. The power to each speaker isP =
VZIR = (4 V)%8 Q = 2 W which, interestingly enough, is the same
power delivered to each speaker whether in series or parallel. However,
the parallel arrangement is normally chosen for a variety of reasons.
First, when the speakers are connected in paralel, if a wire should
become disconnected from one of the speakers due ssimply to the vibra-
tion caused by the emitted sound, the other speakers will still be oper-
ating—perhaps not at maximum efficiency, but they will still be operat-
ing. If in seriesthey would all fail to operate. A second reason relates to
the general wiring procedure. When al of the speakers are in parallel,
from various parts of aroom all the red wires can be connected together
and all the black wires together. If the speakers are in series, and if you
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are presented with a bundle of red and black wires in the basement, you
would first have to determine which wires go with which speakers.

Speakers are also available with input impedances of 4 () and 16 Q).
If you know that the output impedance is 8 (), purchasing either two
4-Q) speskers or two 16-Q) speakers would result in maximum power to
the speakers as shown in Fig. 9.113. The 16-Q) speakers would be con-
nected in parallel and the 4-() speakersin series to establish atotal 1oad
impedance of 8 ().

Ry Rypeake1 Repeaker2

L 80
v, —*> 60 16Q
R=80Q

- " Series 4-Q speskers = ~ Paralel 16-Q speakers

FIG. 9.113
Applying 4-0 and 16-(2 speakersto an amplifier
with an output impedance of 8 (2.

In any case, always try to match the total resistance of the speaker
load to the output resistance of the supply. Yes, a 4-() speaker can be
placed in series with a parallel combination of 8-() speakers for maxi-
mum power transfer from the supply since the total resistance will be
8 (). However, the power distribution will not be equal, with the 4-Q)
speaker receiving 2.25 W and the 8-() speakers each 1.125 W for atotal
of 4.5 W. The 4-Q) speaker is therefore receiving twice the audio power
of the 8-() speakers, and this difference may cause distortion or imbal-
ance in the listening area.

All spesakers have maximum and minimum levels. A 50-W speaker
is rated for a maximum output power of 50 W and will provide that
level on demand. However, in order to function properly, it will proba-
bly need to be operating at least at the 1- to 5-W level. A 100-W
speaker typically needs between 5 W and 10 W of power to operate
properly. It is also important to realize that power levels less than the
rated value (such as 40 W for the 50-W speaker) will not result in an
increase in distortion, but simply in aloss of volume. However, distor-
tion will result if you exceed the rated power level. For example, if we
apply 2.5 W to a 2-W speaker, we will definitely have distortion. How-
ever, applying 1.5 W will simply result in less volume. A rule of thumb
regarding audio levels states that the human ear can sense changes in
audio level only if you double the applied power [a 3-dB increase; deci-
bels (dB) will be introduced in Chapter 23]. The doubling effect is
always with respect to theinitial level. For instance, if the original level
were 2 W, you would have to go to 4 W to notice the change. If start-
ing at 10 W, you would have to go to 20 W to appreciate the increase in
volume. An exception to the above is at very low power levels or very
high power levels. For instance, a change from 1 W to 1.5 W may be
discernible, just as a change from 50 W to 80 W may be noticeable.

9.10 COMPUTER ANALYSIS

Once the mechanics of applying a software package or language are
understood, the opportunity to be creative and innovative presents itself.
Through years of exposure and trial-and-error experiences, professional
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FIG. 9.114
Applying PSpice to determine the current I,
using superposition.
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programmers devel op a catalog of innovative techniquesthat are not only
functional but very interesting and truly artistic in nature. Now that some
of thebasi c operationsassociated with PSpice havebeenintroduced, afew
innovative maneuverswill be madein the examplesto follow.

PSpice

Superposition Let us now apply superposition to the network of
Fig 9.114, which appeared earlier as Fig. 9.10 in Example 9.3, to per-
mit a comparison of resulting solutions. The current through R, is to be
determined. Using methods described in earlier chapters for the appli-
cation of PSpice, the network of Fig. 9.115 will result to determine the
effect of the 36-V voltage source. Note that both VDC and IDC
(flipped vertically) appear in the network. The current source, however,
was set to zero simply by selecting the source and changing its value to
0 A in the Display Properties dialog box.

FIG. 9.115

Using PSpice to determine the contribution of the 36-V voltage source to the

current through R,.

Following simulation, the results appearing in Fig. 9.115 will result.
The current through the 6-€) resistor is 2 A due solely to the 36-V volt-
age source. Although direction is not indicated, it is fairly obvious in
this case. For those cases where it is not obvious, the voltage levels can
be displayed, and the direction would be from the point of high poten-
tial to the point of lower potential.

For the effects of the current source, the voltage source is set to 0V
as shown in Fig. 9.116. The resulting current is then 6 A through Ry,
with the same direction as the contribution due to the voltage source.
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FIG. 9.116
Using PSpice to determine the contribution of the 9-A current source to the
current through R,.

The resulting current for the resistor R, is the sum of the two cur-
rents. I+ = 2A + 6 A = 8A, as determined in Example 9.3.

Thévenin’s Theorem The application of Thévenin's theorem
requires an interesting maneuver to determine the Thévenin resistance.
It is a maneuver, however, that has application beyond Thévenin's the-
orem whenever a resistance leve is required. The network to be ana-
lyzed appears in Fig. 9.117 and is the same one analyzed in Example
9.10 (Fig. 9.49).

R4
A
WA——o
14kQ
RS08KY RS 4kO -
R, 26k0 Rrn
3
- + Emh
ElTGV E2?.|_—10V
-L— O
FIG. 9.117

Network to which PSpice isto be applied to determine Ey, and Ry,

Since PSpice is not set up to measure resistance levels directly, a
1-A current source can be applied asshown in Fig. 9.118, and Ohm'slaw
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FIG. 9.118
Using PSpice to determine the Thévenin resistance of a network through the
application of a 1-A current source.

can be used to determine the magnitude of the Thévenin resistance in
the following manner:

Vs
1A

Vs
|

s

Reo = = v

In EqQ. (9.16), since | = 1 A, the magnitude of Ry, in ohmsis the same
as the magnitude of the voltage V; (in volts) across the current source.
The result is that when the voltage across the current source is dis-
played, it can be read as ohms rather than volts.

When PSpice is applied, the network will appear as shown in Fig.
9.118. The voltage source E; and the current source are flipped using a
right click on the source and using the Mirror Vertically option. Both
voltage sources are set to zero through the Display Properties diaog
box obtained by double-clicking on the source symbol. The result of the
Bias Point simulation is 2 kV across the current source. The Thévenin
resistance is therefore 2 k() between the two terminals of the network
to the left of the current source (to match the results of Example 9.10).
In total, by setting the voltage sources to 0 V, we have dictated that the
voltage is the same at both ends of the voltage source, replicating the
effect of a short-circuit connection between the two points.

For the open-circuit Thévenin voltage between the terminals of inter-
est, the network must be constructed as shown in Fig. 9.119. The resis-
tanceof 1 T (=1million MQQ) is considered large enough to represent an
open circuit to permit an analysis of the network using PSpice. PSpice
does not recognize floating nodes and would generate an error signal if a
connection were not made from the top right node to ground. Both volt-
age sources are now set on their prescribed values, and a simulation will
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FIG. 9.119

Using PSpice to determine the Thévenin voltage for a network using a very
large resistance value to represent the open-circuit condition between the

terminals of interest.

resultin 3V acrossthe 1-T resistor. The open-circuit Thévenin voltageis
therefore 3V which agrees with the solution of Example 9.10.

Maximum Power Transfer The procedure for plotting a quantity
versus a parameter of the network will now be introduced. In this case
it will be the output power versus values of load resistance to verify the
fact that maximum power will be delivered to the load when its value
equals the series Thévenin resistance. A number of new steps will be
introduced, but keep in mind that the method has broad application
beyond Thévenin's theorem and is therefore well worth the learning
process.

The circuit to be analyzed appears in Fig. 9.120. The circuit is con-
structed in exactly the same manner as described earlier except for the
value of the load resistance. Begin the process by starting a New Proj ect
called MaxPower, and build the circuit of Fig. 9.120. For the moment
hold off on setting the value of the load resistance.

The first step will be to establish the value of the load resistance as
avariable since it will not be assigned a fixed value. Double-click on
the value of RL to obtain the Display Properties dialog box. For
Value, type in {Rval} and click in place. The brackets (not parenthe-
ses) are required, but the variable does not have to be called Rval—it
is the choice of the user. Next select the Place part key to obtain the
Place Part dialog box. If you are not aready in the Libraries list,
choose Add Library and add SPECIAL to the list. Select the SPE-
CIAL library and scroll the Part List until PARAM appears. Select
it; then click OK to obtain a rectangular box next to the cursor on the
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FIG. 9.120

Using PSpice to plot the power to R_ for a range of values for R, .

screen. Select a spot near Rval, and deposit the rectangle. The result
is PARAMETERS: as shown in Fig. 9.120.

Next double-click on PARAMETERS: to obtain a Property Edi-
tor dialog box which should have SCHEMATIC1:PAGEL in the sec-
ond column from the left. Now select the New Column option from
the top list of choices to obtain the Add New Column dialog box.
Enter the Name:Rval and Value:1 followed by an OK to leave the
dialog box. The result is a return to the Property Editor dialog box
but with Rval and its value (below Rval) added to the horizontal list.
Now select Rval/l by clicking on Rval to surround Rval by a dashed
line and add a black background around the 1. Choose Display to
produce the Display Properties dialog box, and select Name and
Value followed by OK. Then exit the Property Editor dialog box (X)
to obtain the screen of Fig. 9.120. Note that now the first value (1 )
of Rval is displayed.

We are now ready to set up the simulation process. Select the New
Simulation Profile key to obtain the New Simulation dialog box.
Enter DC Sweep under Name followed by Create. The Simulation
Settings-DC Sweep dialog box will appear. After selecting Analysis,
select DC Sweep under the Analysis type heading. Then leave the Pri-
mary Sweep under the Options heading, and select Global parameter
under the Sweep variable. The Parameter name should then be
entered as Rval. For the Sweep type, the Start value should be 1 ;
but if we use 1 (), the curve to be generated will start at 1 ), leaving a
blank from 0 to 1 Q. The curve will look incomplete. To solve this
problem, we will select 0.001 Q) as the Start value (very close to 0 1)
and the End value 30.001 ) with an Increment of 1 Q). The values of
RL will therefore be 0.001 (2, 1.001 €, 2.001 ), etc., although the plot
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FIG. 9.121

WL e

Plot resulting from the dc sweep of R_ for the network of Fig. 9.120 before

defining the parameters to be displayed.

will look asif the valueswere 0 (), 1, 2 ), etc. Click OK, and select
the Run PSpice key to obtain the display of Fig. 9.121.

First note that there are no plots on the graph and that the graph
extendsto 35 () rather than 30 () asdesired. It did not respond with a plot
of power versus RL because we have not defined the plot of interest for
the computer. Thisisdone by selecting the Add Tracekey (thekey inthe
middle of the lower toolbar that looks like a red sawtooth waveform)
or Trace-Add Trace from the top menu bar. Either choice will result
in the Add Traces dialog box. The most important region of this dialog
box isthe Trace Expression listing at the bottom. The desired trace can
be typed in directly, or the quantities of interest can be chosen from the
list of Simulation Output Variablesand deposited in the Trace Expres-
sion listing. Since we are interested in the power to RL for the chosen
range of values for RL, W(RL) is selected in the listing; it will then
appear as the Trace Expression. Click OK, and the plot of Fig. 9.122
will appear. Originally, the plot extended from 0 ) to 35 Q). We reduced
the range to 0 Q) to 30 Q) by selecting Plot-Axis Settings-X Axis-User
Defined 0 to 30-OK.

Select the Toggle cursor key (which looks like a red curve passing
through the origin of a graph), and then left-click the mouse. A vertical
line and a horizonal line will appear, with the vertical line controlled by
the position of the cursor. Moving the cursor to the peak value will
result in A1 = 9.0010 as the x value and 100.000 W as the y value as
shown in the Probe Cursor box at the right of the screen. A second
cursor can be generated by aright click of the mouse, which was set at
RL = 30.001 Q to result in a power of 71.005 W. Notice aso that the
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FIG. 9.122
A plot of the power deliveredto R, in Fig. 9.120 for a range of values for R_
extending from 0 (2 to 30 (2.

plot generated appears as a listing at the bottom left of the screen as
W(RL).

Before leaving the subject, we should mention that the power to RL
can be determined in more ways than one from the Add Traces dialog
box. For example, first enter a minus sign because of the resulting cur-
rent direction through the resistor, and then select V2(RL) followed by
the multiplication of | (RL). The following expression will appear in the
Trace Expression box: V2(RL)*I(RL), which is an expression having
the basic power format of P = V * |. Click OK, and the same power
curve of Fig. 9.122 will appear. Other quantities, such as the voltage
across the load and the current through the load, can be plotted against
RL by simply following the sequence Trace-Delete All Traces-Trace-
Add Trace-V1(RL) or I(RL).

Ry PROBLEMS
Wy
12Q SECTION 9.2 Superposition Theorem
1. a. Using superposition, find the current through each
E,—== 10V R, § 60 resistor of the network of Fig. 9.123.

b. Find the power delivered to R, for each source.
¢. Find the power delivered to R; using the total current

5V E,
through Ry.
- d. Does superposition apply to power effects? Explain.

FIG. 9.123
Problem 1.



5

2. Using superposition, find the current | through the 10-Q
resistor for each of the networks of Fig. 9.124.

E, = +42V

PROBLEMS m 367

each network of Fig. 9.125.

of Fig. 9.126.

R, %18 Q
| 24V
'l [
| E,
R, =80
I = 9A T R1§109 R, <90 R, <150 R, <100
E _|_ 18V
@ (b)
FIG. 9.124
Problems 2 and 41.
* 3. Using superposition, find the current through R; for
Re
—AW—
40
I
R
3.3kQ k6A/
Ir, R1§ 60 R2§ 40
> >
| CT) RS 22k0 - R 47kO RZ DO | RZ 120
5mA
El_|_—- 12v E,—=—8V
+ =
@ (b)
FIG. 9.125
Problem 3.
4. Using superposition, find the voltage V, for the network EoO 36V
R, §12 kQ
+
V, R2§ 6.8kQ | 9mA
FIG. 9.126

Problems 4 and 37.
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SECTION 9.3 Thévenin’s Theorem
5. a. Find the Thévenin equivalent circuit for the network

external to the resistor R of Fig. 9.127.
b. Find the current through Rwhen Ris 2 (2, 30 (), and

100 Q.
Ry Rs
M M\
60 40
E——18V R2§30 R
FIG. 9.127
Problem 5.

6. a. Find the Thévenin equivalent circuit for the network
external to the resistor R in each of the networks of

Fig. 9.128.

b. Find the power delivered to R when R is 2 () and
100 Q.
R
MWy |
20
R=Z50

50

R R 2120 |<l>3A E—=—20V
Rs
R2$SQ R

(m

0

FIG. 9.128
Problems 6, 13, and 19.

7. Find the Thévenin equivalent circuit for the network
external to the resistor R in each of the networks of Fig.

9.129.

2.2kQ

\

60E,= 18V 56k0Z R

E—=—T72V
-<
8 mA 16V
30 '|'

(b)

|||—

FIG. 9.129
Problems 7, 14, and 20.
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TTh,
* 8. Find the Thévenin equivalent circuit for the network

external to the resistor R in each of the networks of Fig.
9.130.

10Q

<T>3A §250 60 — 72V
40

@

FIG. 9.130
Problems 8, 15, 21, 38, 39, and 42.

* 9. Find the Thévenin equivalent circuit for the portions of
the networks of Fig. 9.131 external to points a and b.

60 Q) I 250 47kQ
—AWy |I MN——a My
10V a R

L R 47kO
—415v =300 —10v RT27k0 CT) R, Z 39K0
<<
| 18 mA
E—==180V
-{b

(m

Ob

0]
FIG. 9.131
Problems 9 and 16.

*10. Determine the Thévenin equivalent circuit for the net-
work externa to the resistor R in both networks of Fig.

9.132.
R, < 2.2kQ
E, = +12v R Rs
o—AWW A
200 20 1.1kQ 3.3k
_‘_ 20V R, 16 Q R R<=4.7kQ
£
- E, -4V
@ (b)
FIG. 9.132

Problems 10 and 17.
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o+22V
§2.2 kQ
3.3kQ 1.2kQ
MWAN——W\
§ 5.6 kQ) 6.8 kQ)
o—-12V +6V
FIG. 9.133
Problem 11.

FIG. 9.134
Problem 12.

S

*11. Forthenetwork of Fig. 9.133, find the Thévenin equivalent
circuit for the network external to the load resistor R, .

*12. For the transistor network of Fig. 9.134:

a. Find the Thévenin equivalent circuit for that portion of
the network to the left of the base (B) terminal.

b. Using the fact that | = Iz and Ve = 8V, determine
the magnitude of |I¢.

c. Using the results of parts (a) and (b), calculate the
base current Ig if Vgg = 0.7 V.

d. What is the voltage V?

SECTION 9.4 Norton’s Theorem

13. Findthe Norton equivalent circuit for the network external
to the resistor R in each network of Fig. 9.128.

14. a. Find the Norton equivaent circuit for the network
externa to the resistor R for each network of Fig.
9.129.
b. Convert to the Thévenin equivalent circuit, and com-
pare your solution for Ey, and Ry, to that appearing in
the solutions for Problem 7.

15. Find the Norton equivalent circuit for the network external
to the resistor R for each network of Fig. 9.130.

16. a. Find the Norton equivaent circuit for the network
external to the resistor R for each network of Fig.
9.131.
b. Convert to the Thévenin equivalent circuit, and com-
pare your solution for Ey, and Ry, to that appearing in
the solutions for Problem 9.

17. Findthe Norton equivalent circuit for the network external
to the resistor R for each network of Fig. 9.132.

18. Find the Norton equivalent circuit for the portions of the
networks of Fig. 9.135 external to branch a-b.

SECTION 9.5 Maximum Power Transfer Theorem
19. a. For each network of Fig. 9.128, find the value of R for
maximum power to R.
b. Determine the maximum power to R for each network.
20. a. For each network of Fig. 9.129, find the value of R for

maximum power to R.
b. Determine the maximum power to R for each network.

|
|
<
Wy
S
)
N
>
2
r
|
22

40

(b)

FIG. 9.135
Problems 18 and 40.
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21. For each network of Fig. 9.130, find the value of R for
maximum power to R, and determine the maximum
power to R for each network.

22. a. For the network of Fig. 9.136, determine the value of

R for maximum power to R.

b. Determine the maximum power to R.

c. Plot a curve of power to R versus R for R equal to ,
1,21, 13, 13, 12, and 2 times the value obtained in
part ().

*23. Find the resistance R, of Fig. 9.137 such that the resistor
R, will receive maximum power. Think!

*24. a. For the network of Fig. 9.138, determine the value of
R, for maximum power to R,.
b. Is there a genera statement that can be made about
situations such as those presented here and in Prob-
lem 23?

*25. For the network of Fig. 9.139, determine the level of R
that will ensure maximum power to the 100-Q) resistor.

R, Rs
Wy Wy
250 250

m
ll
'
o
o
(@]
<
e
D

FIG. 9.138
Problem 24.

SECTION 9.6 Millman’s Theorem

26. Using Millman's theorem, find the current through and
voltage across the resistor R_ of Fig. 9.140.

27. Repesat Problem 26 for the network of Fig. 9.141.

RS100 R, S60
R 30
+ + t
= —|— 40V 42V
L

E

FIG. 9.140
Problem 26.

PROBLEMS m 371

R=40
ICT)SA R2§4Q R
E .|_ 24V
=

FIG. 9.136
Problems 22 and 43.

100V === REN0 R0

FIG. 9.137
Problem 23.

500 () Pot.
12V—"

r{

R 1000

FIG. 9.139
Problem 25.

E 5V R, 82kQ

R < 56k0
+

E .|_ 20V

FIG. 9.141
Problem 27.
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R=200Q E,

R <2000 Es

400V R, = 1000

El
+

= 10V

FIG. 9.142
Problem 28.

FIG. 9.144
Problem 30.

E -‘- 60V 15kQ §7kQ

|||—

FIG. 9.145
Problem 31.

— 40 V

FIG. 9.147
Problem 33.

8.2k

S

28. Repeat Problem 26 for the network of Fig. 9.142.

29. Using the dual of Millman’s theorem, find the current
through and voltage across the resistor R_ of Fig. 9.143.

I, = 4A I, = 1L6A
Rl RZ
MY
470 330 R<Z270
FIG. 9.143
Problem 29.

*30. Repeat Problem 29 for the network of Fig. 9.144.

SECTION 9.7 Substitution Theorem

31. Using the substitution theorem, draw three equivalent
branches for the branch a-b of the network of Fig. 9.145.

32. Repeat Problem 31 for the network of Fig. 9.146.

0.51kQ "10Vv
2kQ 1.5kQ

FIG. 9.146
Problem 32.

*33. Repeat Problem 31 for the network of Fig. 9.147. Be
careful!
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SECTION 9.8 Reciprocity Theorem

34. a. For the network of Fig. 9.148(a), determine the cur-
rent I.
b. Repeat part (a) for the network of Fig. 9.148(b).
c¢. Isthe reciprocity theorem satisfied?

8kQ 4kQ 8kQ 4kQ

M AWy MWy MWy

\'\ T 24V

24kQ : A
E—==—24V § 20 kQ 24 k9§ §2o kQ
24kQ
24kQ
€Y (b)

FIG. 9.148
Problem 34.

35. Repeat Problem 34 for the networks of Fig. 9.149.

4kQ 4kQ ll 4kQ 4kQ

E—/10V

4 kO 8kQ 4 kO 8kQ

@ (b)

FIG. 9.149
Problem 35.

36. a. Determine the voltage V for the network of Fig.
9.150(a).
b. Repeat part (a) for the network of Fig. 9.150(b).
c. Isthe dual of the reciprocity theorem satisfied?

+V -

Wy

20
| R, =30 R, =40

6A

@ (b)

FIG. 9.150
Problem 36.

SECTION 9.10 Computer Analysis

PSpice or Electronics Workbench

37. Using schematics, determine the voltage V, and its com-
ponents for the network of Fig. 9.126.
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38. Using schematics, determinethe Thévenin equivalent cir-
cuit for the network of Fig. 9.130(b).

*39. a. Using schematics, plot the power delivered to the

resistor R of Fig. 9.130(a) for R having values from
10 to 50 Q.

b. From the plot, determine the value of R resulting in
maximum power to R and the maximum power to R.

c. Compare the results of part (a) to the numerical solu-
tion.

d. Plot Vg and I versus R, and find the value of each
under maximum power conditions.

Change the 300-2 resistor of Fig. 9.135(b) to avariable
resistor, and plot the power delivered to the resistor ver-
sus values of the resistor. Determine the range of resis-

*40.

GLOSSARY

Maximum power transfer theorem A theorem used to
determine the load resistance necessary to ensure maximum
power transfer to the load.

Millman's theorem A method employing source conver-
sions that will permit the determination of unknown vari-
ables in a multiloop network.

Norton’s theorem A theorem that permits the reduction of
any two-termina linear dc network to one having a single
current source and parallel resistor.

Reciprocity theorem A theorem that states that for single-
source networks, the current in any branch of a network,
due to a single voltage source in the network, will equal the
current through the branch in which the source was origi-
nally located if the source is placed in the branch in which
the current was originally measured.

S

tance by trial and error rather than first performing a
longhand calculation. Determine the Norton equivalent
circuit from the results. The Norton current can be deter-
mined from the maximum power level.

Programming Language (C++, QBASIC, Pascal, etc.)

41. Write a program to determine the current through the
10-Q) resistor of Fig. 9.124(a) (for any component val ues)
using superposition.

42. Write a program to perform the analysis required for
Problem 8, Fig. 9.130(b), for any component values.

*43. Write a program to perform the analysis of Problem
22, and tabulate the power to R for the values listed in
part (c).

Substitution theorem A theorem that states that if the volt-
age across and current through any branch of a dc bilateral
network are known, the branch can be replaced by any
combination of elements that will maintain the same volt-
age across and current through the chosen branch.

Superposition theorem A network theorem that permits
considering the effects of each source independently. The
resulting current and/or voltage is the algebraic sum of the
currents and/or voltages developed by each source indepen-
dently.

Thévenin'stheorem A theorem that permits the reduction of
any two-terminal, linear dc network to one having a single
voltage source and series resistor.



