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21.1 INTRODUCTION

Chapter 12 discussed the self-inductance of a coil. We shall now exam-
ine the mutual inductance that exists between coils of the same or dif-
ferent dimensions. Mutual inductance is a phenomenon basic to the
operation of the transformer, an electrical device used today in almost
every field of electrical engineering. This device plays an integral part
in power distribution systems and can be found in many electronic cir-
cuits and measuring instruments. In this chapter, we will discuss three
of the basic applications of a transformer: to build up or step down the
voltage or current, to act as an impedance matching device, and to iso-
late (no physical connection) one portion of a circuit from another. In
addition, we will introduce the dot convention and will consider the
transformer equivalent circuit. The chapter will conclude with a word
about writing mesh equations for a network with mutual inductance.

21.2 MUTUAL INDUCTANCE

A transformer is constructed of two coils placed so that the changing
flux developed by one will link the other, as shown in Fig. 21.1. This

Primary (Ly, Ny) Prm(mutual)
—0
- Changing flux
o -~ pattern
+ +
+
Secondary (Lg, Ng
— —]
¢p/ Transformer
FIG. 21.1

Defining the components of a transformer.
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FIG. 21.2
Windings having different coefficients of
coupling.
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will result in an induced voltage across each coil. To distinguish
between the coils, we will apply the transformer convention that

the coil to which the sourceisapplied is called the primary, and the
coil to which the load is applied is called the secondary.

For the primary of the transformer of Fig. 21.1, an application of Fara-
day’s law [Eq. (12.1)] will result in

dby,
&= No ™ (valts, V) (21.1)

revealing that the voltage induced across the primary is directly related
to the number of turns in the primary and the rate of change of mag-
netic flux linking the primary coil. Or, from Eq. (12.5),

di,
&=Ly (volts, V) (212

revealing that the induced voltage across the primary is also directly
related to the self-inductance of the primary and the rate of change of
current through the primary winding.

The magnitude of e, the voltage induced across the secondary, is
determined by

e =N, % (volts, V) (21.3)

where Ng is the number of turns in the secondary winding and ¢, is the
portion of the primary flux ¢, that links the secondary winding.
If all of the flux linking the primary links the secondary, then

¢m:¢p

dé,
and & =N—" (volts, V) (21.4)

The coefficient of coupling (k) between two coils is determined by

k (coefficient of coupling) = % (21.5)
p

Since the maximum level of ¢,isé,, the coefficient of coupling
between two coils can never be greater than 1.

The coefficient of coupling between various coilsisindicated in Fig.
21.2. In Fig. 21.2(3), the ferromagnetic steel core will ensure that most
of the flux linking the primary will also link the secondary, establishing
a coupling coefficient very closeto 1. In Fig. 21.2(b), the fact that both
coils are overlapping will result in the flux of one cail linking the other
coil, with the result that the coefficient of coupling is again very close
to 1. In Fig. 21.2(c), the absence of a ferromagnetic core will result in
low levels of flux linkage between the coils. The closer the two coils
are, the greater the flux linkage, and the higher the value of k, although
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it will never approach a level of 1. Those coils with low coefficients of
coupling are said to be loosely coupled.
For the secondary, we have

donm, dkep
&Ny TNy
dep
and e = kN = (volts, V) (21.6)

The mutual inductance between the two coils of Fig. 21.1 is deter-
mined by

M= Sdlm (henries, H) (21.7)
di,
do, .
or M = di—i (henries, H) (21.8)
S

Note in the above equations that the symbol for mutual inductance
is the capital letter M and that its unit of measurement, like that of
self-inductance, is the henry. In words, Equations (21.7) and (21.8) state
that the

mutual inductance between two coilsis proportional to the
instantaneous changein flux linking one coil dueto an
instantaneous change in current through the other cail.

In terms of the inductance of each coil and the coefficient of cou-
pling, the mutual inductance is determined by

M = KkVLpLs (henries, H) (21.9)

The greater the coefficient of coupling (greater flux linkages), or the
greater the inductance of either coil, the higher the mutual inductance
between the coils. Relate this fact to the configurations of Fig. 21.2.

The secondary voltage e; can also be found in terms of the mutual
inductance if we rewrite Eq. (21.3) as

=5 @)

and, since M = Ny(d¢,/diy), it can also be written

di
e=M d—t" (volts, V) (21.10)
- dis
Similarly, & =M o (volts, V) (21.11)

MUTUAL INDUCTANCE m 937
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FIG. 21.3
Example 21.1.

Ls

S

pzd

800 mH
100 turns

ge

EXAMPLE 21.1 For the transformer in Fig. 21.3:

a. Find the mutual inductance M.

b. Find the induced voltage &, if the flux ¢, changes at the rate of
450 mWh/s.

¢. Find the induced voltage e, for the same rate of change indicated in
part (b).

d. Find the induced voltages e, and e if the current i, changes at the
rate of 0.2 A/ms.

Solutions:
a M = kVL,Ls = 0.6V/(200 mH)(800 mH)
= 0.6V 16 X 10 ? = (0.6)(400 X 10 3) = 240 mH
do,

b. e, =N, el (50)(450 mWhbls) = 225V
do,
C. &= kNST = (0.6)(100)(450 mWhb/s) = 27V
di,
d. e, = L,—— = (200 mH)(0.2 A/ms) = (200 mH)(200 A/s) = 40V

P dt

di
e=M d—t" = (240 mH)(200 A/s) = 48V

21.3 THE IRON-CORE TRANSFORMER

An iron-core transformer under loaded conditions is shown in Fig. 21.4.
The iron core will serve to increase the coefficient of coupling between
the coils by increasing the mutual flux ¢, Recall from Chapter 11 that
magnetic flux lines will always take the path of least reluctance, which
in this case is the iron core.

Iron core

Primary l Secondary

. ‘(Dm .

in + i
foib ? / ~ + 5+
V, v | Z
e M= e

N, Ng
- o,
FIG. 21.4

Iron-core transformer.

In the analyses to follow in this chapter, we will assume that all of
the flux linking coil 1 will link coil 2. In other words, the coefficient of
coupling is its maximum value, 1, and ¢, = ¢, = ¢ In addition, we
will first analyze the transformer from an ideal viewpoint; that is, we
will neglect losses such as the geometric or dc resistance of the coils,
the leakage reactance due to the flux linking either coil that forms no
part of ¢, and the hysteresis and eddy current losses. This is not to
convey the impression, however, that we will be far from the actua
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operation of a transformer. Most transformers manufactured today can
be considered almost ideal. The equations we will develop under ideal
conditions will be, in general, a first approximation to the actual
response, which will never be off by more than afew percentage points.
The losses will be considered in greater detail in Section 21.6.

When the current i, through the primary circuit of the iron-core
transformer is a maximum, the flux ¢, linking both coilsis also a max-
imum. In fact, the magnitude of the flux is directly proportiona to the
current through the primary windings. Therefore, the two are in phase,
and for sinusoidal inputs, the magnitude of the flux will vary as a sinu-
soid also. That is, if

i, = V2l,sin et
then ém = D, SN wt

The induced voltage across the primary due to a sinusoidal input can
be determined by Faraday’s law:

dep doprm
&=Nog =Ny

Substituting for ¢, gives us
o d .
€ = Npa(q)m sin wt)

and differentiating, we obtain
€, = wN, P, cos wt
or € = wNy®p, sin(wt + 90°)

indicating that the induced voltage €, leads the current through the pri-
mary coil by 90°.
The effective value of g, is

E oNg@r 27t N, D,
V2 V2

and E, = 444fN, O, (21.12)

which is an equation for the rms value of the voltage across the primary
coil in terms of the frequency of the input current or voltage, the num-
ber of turns of the primary, and the maximum value of the magnetic
flux linking the primary.

For the case under discussion, where the flux linking the secondary
equals that of the primary, if we repeat the procedure just described for
the induced voltage across the secondary, we get

| E. = 444fND,, | (21.13)

Dividing Eqg. (21.12) by Eq. (21.13), as follows:
E, 444fN,D,,

E. 4.44fND,,

we obtain

THE IRON-CORE TRANSFORMER m 939
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*_* (21.14)

revealing an important relationship for transformers:

Theratio of the magnitudes of the induced voltages is the same as the
ratio of the corresponding turns.

If we consider that

_ n 9¢m _ N 3¢m
& =N, pm and e = Ng o

and divide one by the other, that is,
&  Ny(doy/dt)

e Nydg/dt)
then — =

The instantaneous values of e, and e, are therefore related by a con-
stant determined by the turns ratio. Since their instantaneous magni-
tudes are related by a constant, the induced voltages are in phase, and
Equation (21.14) can be changed to include phasor notation; that is,

E N
=5 (21.15)
E< N

or, since Vy = E; and V_ = E, for the ided situation,
\% N
— =t (21.16)
VL Ns

The ratio Np/Ns, usually represented by the lowercase letter a, is
referred to as the transformation ratio:

a=— (21.17)

If a< 1, thetransformer is called a step-up transformer since the volt-
age Es > E;, that is,

E=%=a or E:E
E< N ° a

and,ifa<l, Es>E,

If a > 1, the transformer is called a step-down transformer since
Es < E,, that is,

E, = ak

and, if a> 1, then E,>Es



gHg THE IRON-CORE TRANSFORMER m 941

EXAMPLE 21.2 For the iron-core transformer of Fig. 21.5:

. N, = 50 8
Ip. + e 4+ Is
E, =200V Z k=1 % E= 2400V
NS
f=60 Hz b,
q)m
FIG. 21.5
Example 21.2.
a. Find the maximum flux @,
b. Find the secondary turns N
Solutions:
a E, = 444N, D,
Theref ) % 200V
erefore, = =
™ 444N,f  (4.44)(501)(60 Hz)
and &, = 15.02 mWb
E N
b =2 =-—"
Es Ns
N, E 50t)(2400V
Therefore, Ng = P (01 )
E 200V
= 600 turns

The induced voltage across the secondary of the transformer of Fig.
21.4 will establish a current ig through the load Z, and the secondary
windings. This current and the turns Ng will develop an mmf Ni, that
would not be present under no-load conditions since is = 0 and Ngis =
0. Under loaded or unloaded conditions, however, the net ampere-turns
on the core produced by both the primary and the secondary must
remain unchanged for the same flux ¢,, to be established in the core.
The flux ¢,, must remain the same to have the same induced voltage
across the primary and to balance the voltage impressed across the pri-
mary. In order to counteract the mmf of the secondary, which istending
to change ¢,,,, an additional current must flow in the primary. This cur-
rent is called the load component of the primary current and is repre-
sented by the notation i’

For the balanced or equilibrium condition,

Npi'p = Nsis
The total current in the primary under loaded conditionsis
ip=10"p+ig
where i, is the current in the primary necessary to establish the flux

ém- For most practical applications, i’y > iy, . For our analysis, we will
assume i, = i'p, SO

Noip = Nai
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Since the instantaneous values of i, and i are related by the turns
retio, the phasor quantities |, and | s are also related by the same ratio:

Nolp = Nl
| N

or RL— (21.18)
s N

The primary and secondary currents of a transformer are therefore
related by the inverse ratios of the turns.

Keep in mind that Equation (21.18) holds true only if we neglect the
effects of i, . Otherwise, the magnitudes of I, and | are not related by
the turns ratio, and |, and | are not in phase.

For the step-up transformer, a < 1, and the current in the secondary,
Is = alp, isless in magnitude than that in the primary. For a step-down
transformer, the reverse is true.

21.4 REFLECTED IMPEDANCE AND POWER

In the previous section we found that

\Y, N I N
V., N ls N, a
Dividing the first by the second, we have
V4l _a
Io/1s l/a
Vy/ | \% \%
or 9P _ 2 gd —L-g2t
Vil Iy ls
However, since
\Y V
Zp = I_g and ZL = I_L
p s
then Z,=aZ, (21.19)

which in words states that the impedance of the primary circuit of an
ideal transformer is the transformation ratio squared times the imped-
ance of the load. If a transformer is used, therefore, an impedance can
be made to appear larger or smaller at the primary by placing it in the
secondary of astep-down (a > 1) or step-up (a < 1) transformer, respec-
tively. Note that if the load is capacitive or inductive, the reflected
impedance will also be capacitive or inductive.
For the ideal iron-core transformer,

E_, _
Es lp
or Eplp = Esls (21.20)

and Pin = Pout (ideal conditions) (21.21)
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EXAMPLE 21.3 For the iron-core transformer of Fig. 21.6:

a. Find the magnitude of the current in the primary and the impressed
voltage across the primary.

b. Find the input resistance of the transformer.

Solutions:
I, Ns
a. |—S = N_p
Ng 5t
l,=—ls=——)(0.1A) = 125mA
PN, <40t>( ) m
V. =1sZ, = (0.1A)(2kQ) = 200V
VQ NP
AlS), V—L—WS
v, va a0t 200V) = 1600V
(e -
b. Z, = a’Z,
Np
a—WS—S

Z, = (8)°(2kQ) = R, = 128kQ

EXAMPLE 21.4 For the residential supply appearing in Fig. 21.7,
determine (assuming atotally resistive load) the following:

Ten 60-W bulbs

¢ MWL

U

WV
%
N
N

J_ 240V 5
> g
[ |
Air
Residential service: conditioner
Main service 120/240 V, 3-wire, 2000 W
single-phase

FIG. 21.7
Single-phase residential supply.

the value of R to ensure a balanced load
the magnitude of 1, and I,

the line voltage V,

. the total power delivered

the turnsratio a = N,/Ns

Poo T

Denotesiron-core

Vg@?p/‘

/ I¢=100 mA
——

R

+
§2k9 v,

= / \
N, =40t  Ng=5t

FIG. 21.6
Example 21.3.
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Solutions:

a P = (10)(60 W) + 400 W + 2000 W
600 W + 400 W + 2000 W = 3000 W
Pin = Pout

Vplp = Vsls = 3000 W (purely resistive load)
(2400 V)l, = 3000W and I, = 1.25A

V, 2400V
Rzl—jz ToEa ~ 19200
b. P, =600 W = VI, = (120 V)I,
and I, =5A
P, = 2000W = VI, = (240 V)I,
and I, = 833A

c. V= V3V, = 1.73(2400 V) = 4152V
d. P; =3P, = 3(3000 W) = 9 kW
N, V, 2400V

a=-—2=-P_ - 10
©ATN T V. 240V

215 IMPEDANCE MATCHING, ISOLATION,
AND DISPLACEMENT

Transformers can be particularly useful when you are trying to ensure
that a load receives maximum power from a source. Recall that maxi-
mum power is transferred to aload when its impedance is a match with
the internal resistance of the supply. Even if a perfect match is unat-
tainable, the closer the load matches the internal resistance, the greater
the power to the load and the more efficient the system. Unfortunately,
unless it is planned as part of the design, most loads are not a close
match with the internal impedance of the supply. However, transform-
ers have a unique relationship between their primary and secondary
impedances that can be put to good use in the impedance matching
process. Example 21.5 will demonstrate the significant difference in the
power delivered to the load with and without an impedance matching
transformer.

EXAMPLE 21.5

a. The source impedance for the supply of Fig. 21.8(a) is 512 ), which
is a poor match with the 8-Q) input impedance of the speaker. One
can expect only that the power delivered to the speaker will be sig-
nificantly less than the maximum possible level. Determine the
power to the speaker under the conditions of Fig. 21.8(a).

b. InFig. 21.8(b), an audio impedance matching transformer was intro-
duced between the speaker and the source, and it was designed to
ensure maximum power to the 8-Q) speaker. Determine the input
impedance of the transformer and the power delivered to the
Speaker.

c. Compare the power delivered to the speaker under the conditions of
parts (a) and (b).



ge

IMPEDANCE MATCHING, ISOLATION, AND DISPLACEMENT m 945

Ry Ry 8:1
—W
+ 512 Q) + 512 Q)
vg®120v ’—* vg®120v ’—* H ’—*
= ‘ = —
80 z, 80
@ (b)
FIG. 21.8
Example 21.5.
Solutions:
a. The source current:
E 120V _ 120V _ 230.8 MA

.= — = =
ST R 5120+8Q 5200

The power to the speaker:

P=1°R=(230.8mA)*[BQ = 426.15 mW = 0.43W

or less than half a watt.
b. Z, = a’Z,
N, 8
a = — = — = 8
N 1

and Z,= (8802 = 5120

which matches that of the source. Maximum power transfer condi-
tions have been established, and the source current is now deter-

mined by

E 120V 120V

le=— = =
ST Ry 512045120 10240

= 117.19 mA

The power to the primary (which equals that to the secondary for the

ideal transformer) is

P=1°R=(117.19mA)?>512 Q = 7.032W
The result is not in milliwatts, as obtained above, and exceeds 7 W,

which is a significant improvement.

¢. Comparing levels, 7.032 W/426.15 mW = 16.5, or more than 16
times the power delivered to the speaker using the impedance match-

ing transformer.

Another important application of the impedance matching capabili-
ties of a transformer is the matching of the 300-Q) twin line transmis-
sion line from a television antenna to the 75-Q) input impedance of

TV input
today’s televisions (ready-made for the 75-() coaxia cable), as shown %H
in Fig. 21.9. A match must be made to ensure the strongest signa to the

television receiver.
Using the equation Z, = a°Z_ we find

300Q = a?75Q

300 ;75 Q)
75Q

FIG. 21.9
Television impedance matching transformer.
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and a= 302 _\7->
75Q
with Np:Ns=2:1 (a step-down transformer)

EXAMPLE 21.6 Impedance matching transformers are also quite evi-
dent in public address systems, such as the one appearing in the 70.7-V
system of Fig. 21.10. Although the system has only one set of output
terminals, up to four speakers can be connected to this system (the
number is a function of the chosen system). Each 8-Q) speaker is con-
nected to the 70.7-V line through a 10-W audio-matching transformer
(defining the frequency range of linear operation).

Very low output impedance

Public address
system

zO.YV <J

L

80 10W

A A A A

matching audio

FIG. 21.10
Public address system.

a. If each speaker of Fig. 21.10 can receive 10 W of power, what is the
maximum power drain on the source?

b. For each speaker, determine the impedance seen at the input side of
the transformer if each is operating under its full 10 W of power.

c. Determine the turns ratio of the transformers.

At 10 W, what are the speaker voltage and current?

e. What is the load seen by the source with one, two, three, or four
speakers connected?

o

Solutions:
a. |deally, the primary power eguals the power delivered to the load,
resulting in a maximum of 40 W from the supply.
b. The power at the primary:
Po = Vplp = (70.7V) I, = 10W

10W

and lp= 207y — 14L4mA
that Z Vo _ 707V 500 Q
$ = —= — =
P71, 1414mA
Z 500 Q)
2 = —p = _— = = *
c Z,=aZ O a Z ) V625=791=8:1
vV, 707V
d V.=V, =—2= =894V =9V
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e. All the speakers are in parallel. Therefore,

One speaker: R = 500 Q

Two speakers:. Ry = @ =250 Q
Three speakers. Ry = @ = 167 Q
Four speakers. Ry = % =125 Q

Even though the load seen by the source will vary with the number
of speakers connected, the source impedance is so low (compared to the
lowest load of 125 ()) that the terminal voltage of 70.7 V is essentialy
constant. This is not the case where the desired result is to match the
load to the input impedance; rather, it was to ensure 70.7 V at each pri-
mary, no matter how many speakers were connected, and to limit the
current drawn from the supply.

The transformer is frequently used to isolate one portion of an elec-
trical system from another. Isolation implies the absence of any direct
physical connection. As afirst example of its use as an isolation device,
consider the measurement of line voltages on the order of 40,000 V
(Fig. 21.11).

Lines

+
40,000 V

N>

N

J = =
Ng 400 = a Voltmeter
+
%”% 100V
=
FIG. 21.11

Isolating a high-voltage line from the point of measurement.

To apply a voltmeter across 40,000 V would obviously be a danger-
ous task due to the possibility of physical contact with the lines when
making the necessary connections. By including a transformer in the
transmission system as origina equipment, one can bring the potential
down to a safe level for measurement purposes and can determine the
line voltage using the turns ratio. Therefore, the transformer will serve
both to isolate and to step down the voltage.

As a second example, consider the application of the voltage v, to
the vertical input of the oscilloscope (a measuring instrument) in Fig.
21.12. If the connections are made as shown, and if the generator and
oscilloscope have a common ground, the impedance Z, has been effec-
tively shorted out of the circuit by the ground connection of the oscil-
loscope. The input voltage to the oscilloscope will therefore be mean-
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Oscilloscope

+
2 Vertical. channel

NS

L1

FIG. 21.12
Demonstrating the shorting effect introduced
by the grounded side of the vertical channel of
an oscilloscope.
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Oscilloscope

Z,

V
r =

FIG. 21.13
Correcting the situation of Fig. 21.12 using an
isolation transformer.

Secondary
coil 1

0:@ Primary winding  End plate

Ferromagnetic core

@

ge

ingless as far as the voltage v, is concerned. In addition, if Z, is the
current-limiting impedance in the circuit, the current in the circuit may
rise to a level that will cause severe damage to the circuit. If a trans-
former is used as shown in Fig. 21.13, this problem will be eliminated,
and the input voltage to the oscilloscope will be v,.

The linear variable differential transformer (LVDT) is a sensor that
can reveal displacement using transformer effects. In its simplest form,
the LVDT has a centra winding and two secondary windings, as
shown in Fig. 21.14(a). A ferromagnetic core inside the windings is
free to move as dictated by some external force. A constant, low-level
ac voltage is applied to the primary, and the output voltage is the dif-
ference between the voltages induced in the secondaries. If the core is
in the position shown in Fig. 21.14(b), a relatively large voltage will
be induced across the secondary winding labeled coil 1, and a rela-
tively small voltage will be induced across the secondary winding
labeled coil 2 (essentially an air-core transformer for this position).
The result is a relatively large secondary output voltage. If the core is
in the position shown in Fig. 21.14(c), the flux linking each cail is the
same, and the output voltage (being the difference) will be quite small.
In total, therefore, the position of the core can be related to the sec-
ondary voltage, and a position-versus-voltage graph can be developed
as shown in Fig. 21.14(d). Due to the nonlinearity of the B-H curve,
the curve becomes somewhat nonlinear if the core is moved too far
out of the unit.

Secondary
coil 2 ( Xmin
[
I
| — — — (el e 2)

O O O O
+e1—+ez—

€ — €, = €rmin

©

Ermax

;displacement

FIG. 21.14

LVDT transformer: (a) construction; (b) maximum displacement; (c) minimum
displacement; (d) graph of induced voltage versus displacement.

21.6 EQUIVALENT CIRCUIT
(IRON-CORE TRANSFORMER)

For the nonideal or practical iron-core transformer, the equivalent cir-
cuit appears asin Fig. 21.15. Asindicated, part of this equivalent circuit
includes an ideal transformer. The remaining elements of Fig. 21.15 are
those elements that contribute to the nonidea characteristics of the
device. The resistances R, and Rs are simply the dc or geometric resis-
tance of the primary and secondary windings, respectively. For the pri-
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Cu
|(
I\

&8

Ideal transformer

FIG. 21.15
Equivalent circuit for the practical iron-core transformer.

mary and secondary coils of a transformer, there is a small amount of
flux that links each coil but does not pass through the core, as shown in
Fig. 21.16 for the primary winding. This leakage flux, representing a
definite loss in the system, is represented by an inductance L, in the pri-
mary circuit and an inductance L in the secondary.

The resistance R. represents the hysteresis and eddy current losses
(corelosses) within the core dueto an ac flux through the core. Theinduc-
tance L,,, (magnetizing inductance) is the inductance associated with the
magnetization of the core, that is, the establishing of the flux ®,, in the

q) e
core. The capacitances C, and C, are the lumped capacitances of the pri- ok
mary and secondary circuits, respectively, and C,, represents the equiva- FIG. 21.16
lent lumped capacitances between the windings of the transformer. Identifying the leakage flux of the primary.

Since i', is normally considerably larger than i, (the magnetizing
current), we will ignore iy, for the moment (set it equal to zero), result-
ing in the absence of R, and L, in the reduced equivalent circuit of Fig.
21.17. The capacitances C, C,,, and C, do not appear in the equivalent
circuit of Fig. 21.17 since their reactance at typical operating frequencies
will not appreciably affect the transfer characteristics of the transformer.

Np
azﬁs

—WV—T00
R’P Lp Npl\g

Ideal transformer

FIG. 21.17
Reduced equivalent circuit for the nonideal iron-core transformer.

If we now reflect the secondary circuit through the ideal transformer
using Eq. (21.19), as shown in Fig. 21.18(a), we will have the load and
generator voltage in the same continuous circuit. The total resistance
and inductive reactance of the primary circuit are determined by

Requivaent = Re = Ry + ast (21.22)
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Ry @R %

Ideal transformer

@

6 (power-factor angle of the load)

(b)

FIG. 21.19
Phasor diagram for the iron-core transformer
with (a) unity power-factor load (resistive)
and (b) lagging power-factor load (inductive).

Ideal transformer

(b)

FIG. 21.18
Reflecting the secondary circuit into the primary side of the iron-core

transformer.

and

Xequivalent = Xe = Xp + azxs (21.23)

which result in the useful equivalent circuit of Fig. 21.18(b). The load
voltage can be obtained directly from the circuit of Fig. 21.18(b)
through the voltage divider rule:

(R)V4q
V=
T R+R) %
; B a’R Vg
an V. = R R) 11X (21.24)

The network of Fig. 21.18(b) will also alow us to calculate the
generator voltage necessary to establish a particular load voltage. The
voltages across the elements of Fig. 21.18(b) have the phasor rela
tionship indicated in Fig. 21.19(a). Note that the current is the refer-
ence phasor for drawing the phasor diagram. That is, the voltages
across the resistive elements are in phase with the current phasor,
while the voltage across the equivalent inductance leads the current by
90°. The primary voltage, by Kirchhoff’s voltage law, is then the pha-
sor sum of these voltages, as indicated in Fig. 21.19(a). For an induc-
tive load, the phasor diagram appears in Fig. 21.19(b). Note that aV,
leads | by the power-factor angle of the load. The remainder of the
diagram is then similar to that for a resistive load. (The phasor dia-
gram for a capacitive load will be left to the reader as an exercise.)

The effect of R, and X, on the magnitude of V¢ for a particular V_is
obvious from Eq. (21.24) or Fig. 21.19. For increased values of R, or
Xe anincrease in Vy is required for the same load voltage. For R, and
Xe =0,V and V4 are simply related by the turns ratio.

EXAMPLE 21.7 For a transformer having the equivalent circuit of

Fig. 21.20:

a. Determine R, and X..

b. Determine the magnitude of the voltages V, and V.

c. Determine the magnitude of the voltage V to establish the same load
voltage in part (b) if R, and X, = 0 Q). Compare with the result of
part (b).
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Ry %p Xs Rs

Ip=lOAEIO°1Q 20 20 10

@ gz‘% RS 000 v,

Ideal transformer

FIG. 21.20
Example 21.7.

Solutions:
aR=R+aR=10+2%1Q) =50
Xe=X, + @% =20+ (2°(2Q) =100
b. The transformed equivalent circuit appearsin Fig. 21.21.
av, = (1)(@°R) = 2400V
Thus,

_ 2400V _ 2400V

V,
- a 2

= 1200V

and
Vg = Ip(Re+ a-ZRL + J xe)
=10ABQ +2400 +j10Q) = 10A(245Q + ) 100Q)
Vg =2450V + 100V = 2452.04V £2.34° = 2452.04V £2.34°

l,= 10A00° &7\{ Xe
50 100
+ +
\A @ avL§ a’R_ = (4)(60Q) = 240Q
FIG. 21.21

Transformed equivalent circuit of Fig. 21.20.

c. For Reand X = 0, Vy = aV_ = (2)(1200 V) = 2400 V.
Therefore, it is necessary to increase the generator voltage by
52.04 V (dueto R, and X.) to obtain the same load voltage.

21.7 FREQUENCY CONSIDERATIONS

For certain frequency ranges, the effect of some parameters in the
equivalent circuit of the iron-core transformer of Fig. 21.15 should not
be ignored. Since it is convenient to consider a low-, mid-, and high-
frequency region, the equivalent circuits for each will now be intro-
duced and briefly examined.

For the low-frequency region, the series reactance (2#fL) of the pri-
mary and secondary leakage reactances can be ignored since they are
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Ry &R,
Wy Wy

@

(b)

FIG. 21.22

(a) Low-frequency reflected equivalent circuit;

(b) mid-frequency reflected circuit.

V (for fixed V)

(Lo

ge

small in magnitude. The magnetizing inductance must be included,
however, since it appears in parallel with the secondary reflected cir-
cuit, and small impedances in a parallel network can have a dramatic
impact on the terminal characteristics. The resulting equivalent network

9 Re Lm aZRL§ av, for the low-frequency region is provided in Fig. 21.22(a). As the fre-

- guency decreases, the reactance of the magnetizing inductance will
reduce in magnitude, causing a reduction in the voltage across the sec-
ondary circuit. For f = 0 Hz, L, isideally a short circuit, and V, = 0.
As the frequency increases, the reactance of L, will eventually be suf-
ficiently large compared with the reflected secondary impedance to be
neglected. The mid-frequency reflected equivalent circuit will then
+ appear as shown in Fig. 21.22(b). Note the absence of reactive ele-

ch azRL§ av, ments, resulting in an in-phase relationship between load and generator
9

voltages.

For higher frequencies, the capacitive elements and primary and sec-
ondary leakage reactances must be considered, as shown in Fig. 21.23.
For discussion purposes, the effects of C,, and C; appear as a lumped
capacitor C in the reflected network of Fig. 21.23; C, does not appear
since the effect of C will predominate. As the frequency of interest
increases, the capacitive reactance (Xe = 1/2xfC) will decrease to the
point that it will have a shorting effect across the secondary circuit of
the transformer, causing V, to decrease in magnitude.

Ry X, a?Xg a?R,
—Wv 500 000 MWy
+
\Z RS CEFR aRTay
FIG. 21.23

High-frequency reflected equivalent circuit.

A typical iron-core transformer-frequency response curve appearsin
Fig. 21.24. For the low- and high-frequency regions, the primary ele-
ment responsible for the drop-off is indicated. The peaking that occurs
in the high-frequency region is due to the series resonant circuit estab-
lished by the inductive and capacitive elements of the equivalent circuit.
In the peaking region, the series resonant circuit isin, or near, its reso-
nant or tuned state.

Fairly flat

response region C
(V, least sensitive to f) \(\ )

100

1000 10,000 100,000 f(Hz)
(log scale)

FIG. 21.24
Transformer-frequency response curve.
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21.8 SERIES CONNECTION OF
MUTUALLY COUPLED COILS

In Chapter 12, we found that the total inductance of seriesisolated coils
was determined simply by the sum of the inductances. For two coils that
are connected in series but also share the same flux linkages, such as
thosein Fig. 21.25(a), amutual term isintroduced that will alter the total
inductance of the series combination. The physical picture of how the
coilsare connected isindicated in Fig. 21.25(b). Aniron coreisincluded,
although the equations to be devel oped are for any two mutually coupled
coils with any value of coefficient of coupling k. When referring to the
voltage induced across the inductance L, (or L,) dueto the changein flux
linkages of theinductance L, (or L, respectively), the mutual inductance
is represented by M,,. This type of subscript notation is particularly
important when there are two or more mutual terms.

Due to the presence of the mutual term, the induced voltage e, is
composed of that due to the self-inductance L, and that due to the
mutual inductance M4,. That is,

L di, M di,
= _— + —
€ 1 1274
However, sincei; = i, =i,
di di
= e + —_
e =1L ot M1, it
di
or e = (L, + MlZ)E (valts, V) (21.25)
and, similarly,
di

For the series connection, the total induced voltage across the series
coils, represented by ey, is

di di
er=e +t6=(,+ Mlz)a + (L + Mlz)a

di
or eT = (Ll + L2 + M12 + Mlz)a

and the total effective inductance is

| Ly =Li+L+2My, | (heries H)  (21.27)

The subscript (+) was included to indicate that the mutual terms
have a positive sign and are added to the self-inductance values to
determine the total inductance. If the coils were wound such as shown
in Fig. 21.26, where ¢, and ¢, are in opposition, the induced voltages
due to the mutual terms would oppose that due to the self-inductance,
and the total inductance would be determined by

Ly y=Li+L,—2Myp | (henries H)  (21.28)

SERIES CONNECTION OF MUTUALLY COUPLED COILS m 953

M = My, (+)
L L2

300"

+ e -

+ e —
@
Mo (+)
Lie— L
P [

Iron core

i1+e1—i2 + e —
(b)

FIG. 21.25
Mutually coupled coils connected in series.

Ly M Ly

FIG. 21.26
Mutually coupled coils connected in series
with negative mutual inductance.
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H00 H00
Ly L,
@
o—» —0
B0 7Ho0
Ly L,
(b)
FIG. 21.27

Dot convention for the series cails of
(a) Fig. 21.25 and (b) Fig. 21.26.
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Through Egs. (21.27) and (21.28), the mutual inductance can be
determined by

1
My, = Z(LT(+) - I—T(—)) (21.29)

Equation (21.29) is very effective in determining the mutual induc-
tance between two coils. It states that the mutual inductance is equal to
one-quarter the difference between the total inductance with a positive
and negative mutual effect.

From the preceding, it should be clear that the mutual inductance
will directly affect the magnitude of the voltage induced across a coil
since it will determine the net inductance of the coil. Additional exam-
ination reveals that the sign of the mutual term for each coil of a cou-
pled pair is the same. For Ly, they were both positive, and for Ly,
they were both negative. On a network schematic where it is inconve-
nient to indicate the windings and the flux path, a system of dots is
employed that will determine whether the mutual terms are to be posi-
tive or negative. The dot convention is shown in Fig. 21.27 for the series
coils of Figs. 21.25 and 21.26.

If the current through each of the mutually coupled coils is going
away from (or toward) the dot as it passes through the coil, the mutual
term will be positive, as shown for the case in Fig. 21.27(a). If the
arrow indicating current direction through the coil is leaving the dot for
one coil and entering the dot for the other, the mutual term is negative.

A few possibilities for mutually coupled transformer coils are indi-
cated in Fig. 21.28(a). The sign of M isindicated for each. When deter-
mining the sign, be sure to examine the current direction within the coil
itself. In Fig. 21.28(b), one direction was indicated outside for one coil
and through for the other. It initially might appear that the sign should
be positive since both currents enter the dot, but the current through coil
1 isleaving the dot; hence a negative sign isin order.

= = 38

Defining the sign of M for mutually coupled transformer coils.

The dot convention also reveals the polarity of the induced voltage
across the mutually coupled coil. If the reference direction for the cur-
rent in a coil leaves the dot, the polarity at the dot for the induced volt-
age of the mutually coupled cail is positive. In the first two figures of
Fig. 21.28(a), the polarity at the dots of the induced voltagesis positive.
In the third figure of Fig. 21.28(a), the polarity at the dot of the right-
hand coil is negative, while the polarity at the dot of the left-hand coil
is positive, since the current enters the dot (within the coil) of the right-
hand coil. The comments for the third figure of Fig. 21.28(a) can aso
be applied to the last figure of Fig. 21.28(a).
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EXAMPLE 21.8 Find the total inductance of the series coils of Fig.
21.29.

Solution:
Current vectors leave dot.
. e
One current vector enters dot, while one leaves.
Coil 20 L, + Mgy — My
COI| 3 L3 - M23 - M13
and

Lt = (Ly + Mz — Myg) + (Ly + Mz — Myg) + (Lg — Mgz — Myg)
= Lj_ + L2 + I_3 + 2M12 - 2M23 - 2M13
Substituting values, we find

Ly=5H+ 10H + 15H + 2(2H) — 2(3H) — 2(1 H)
—34H - 8H=26H

EXAMPLE 21.9 Write the mesh equations for the transformer net-
work in Fig. 21.30.

Solution: For each cail, the mutual term is positive, and the sign of
M in X, = oM £90° is positive, as determined by the direction of |,
and |,. Thus,

E1— 1Ry — 11X, £90° — 1,X,, 290° = 0
or Ei— (R +] X)) — 12X, £90° =0
For the other loop,

—I2X, 290° — 11X, £90° — I,R. = 0
or R+ X)) + 11X, £90° =0

21.9 AIR-CORE TRANSFORMER

As the name implies, the air-core transformer does not have a ferro-
magnetic core to link the primary and secondary coils. Rather, the coils
are placed sufficiently close to have a mutual inductance that will estab-
lish the desired transformer action. In Fig. 21.31, current direction and

M
R, N R,
MWAN— —W
+4> ip + e ® +

Vg € Lpg H ELS =8 Z, v

S

Ideal transformer

FIG. 21.31
Air-core transformer equivalent circuit.

AIR-CORE TRANSFORMER m

Mz = 1H

My = 2H My = 3H

955

oy A Sy S
—— /00— 500000~

i Li=5H L,=10H Ly=15H

FIG. 21.29
Example 21.8.

R

o |+

D880

FIG. 21.30
Example 21.9.
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polarities have been defined for the air-core transformer. Note the pres-
ence of amutual inductance term M, which will be positive in this case,
as determined by the dot convention.

From past analysis in this chapter, we now know that

=L dip +M ds 21.30
%= B dt (21.30)

for the primary circuit.
We found in Chapter 12 that for the pure inductor, with no mutual
inductance present, the mathematical relationship

resulted in the following useful form of the voltage across an inductor:
V1 = |1X|_ 490° Whae XL = (J)L

Similarly, it can be shown, for a mutual inductance, that

di,
=M—=
Vi dt
will result in
| Vi = 1,X,£90°  where X, = oM | (21.31)

Equation (21.30) can then be written (using phasor notation) as

Ep = 1pX, £90° + IsXy £90° (21.32)
and Vg = 1pR, £0° + X £90° + | Xy £90°
or Vg = 1Ry +J X)) + X £90° (21.33)

For the secondary circuit,

Es = IsX £90° + 1,X, £90° (21.34)
and Vi = 1R £0° + 15X £90° + | ;X £90°
or Ve = 1R+ j X)) + lpXm £90° (21.35)
Substituting V. =-I1Z,

into EqQ. (21.35) resultsin
0=I4Rs+j X +Z)+ [pXn£90°
Solving for |5, we have
- —1pXm £90°
PR X T Z,
and, substituting into Eq. (21.33), we obtain
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Vg=| i X om0 90
= + + ([ — o
[¢] p(Rp J Lp) (Rs+ J XL5+ ZL) m £
Thus, the input impedance is
% Xm £.90%)?
zizl_g:Rpﬂpr_(nj—)
p Ro+ X+ 20
or, defining
Zy =Ry +j X, Zs=R+jX_ and X,290°=+jwM
we have
(+] wM)?
TP Za+ Z
2
and =2, — % (21.36)
L
: MW /000
The term (wM)(Z. + Z) is called the coupled impedance, and it is A Lo
independent of the sign of M since it is squared in the equation. Con- ,  Coupled| @M%
sider also that since (wM)? is a constant with 0° phase angle, if the load Z; mpedence| Zs*Zy
Z, isresistive, the resulting coupled impedance term will appear capac-
itive due to division of (Zs + R.) into (wM)2 This resulting capacitive
reactapce yvill oppose _the series primary inductance L, causing a FIG. 21.32
reduction in Z;. Including the effect of the mutual term, the input Input characteristics for the air-core
impedance to the network will appear as shown in Fig. 21.32. transformer.

EXAMPLE 21.10 Determine the input impedance to the air-core
transformer in Fig. 21.33.

M = 09
R, S\ R,
o Wy MWy
3Q o L4 050
z, L, = 6H L= 1H RL§4OQ
w = 400
O
FIG. 21.33
Example 21.10.
Solution:
(@M)?
Zi=2p Z.+ 7,
. (wM)?
=R, Xt ——
R REIXL R
. ((400 rad/s)(0.9 H))?
=30 +j24k0 +
J 050 + 4000 + 40 Q
3
= 24KQ + 129.6 X 10° Q

40.5 + j 400
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Secondary

% _ 2000V _
i IL= S50 = 4A > 25A (rated)

+ >

b2 L

L p2000V Xc =500 Q

1

g Iron core B
FIG. 21.34

Demonstrating why transformers are rated in
kVA rather than kW,

ge

=j24KkQ + 3224 £ —84.22°
[ T o T

= | 24KkQ + (0.0325kQ — j 0.3208 k)
= 0.0325kQ + j (2.40 — 0.3208) kQ
and Z; =R +jX,=325Q +j2079Q = 2079.25 Q / 89.10°

21.10 NAMEPLATE DATA

A typical iron-core power transformer rating, included in the name-
plate data for the transformer, might be the following:

5kVA 2000/100V 60 Hz

The 2000 V or the 100 V can be either the primary or the secondary
voltage; that is, if 2000V is the primary voltage, then 100 V is the sec-
ondary voltage, and vice versa. The 5 kVA is the apparent power
(S = VI) rating of the transformer. If the secondary voltage is 100 V,
then the maximum load current is
S _ 5000VA
G V. 100V S0A
and if the secondary voltage is 2000 V, then the maximum load cur-
rent is
S _ 5000VA
I v, 2000V 25A

The transformer is rated in terms of the apparent power rather than
the average, or real, power for the reason demonstrated by the circuit
of Fig. 21.34. Since the current through the load is greater than that
determined by the apparent power rating, the transformer may be per-
manently damaged. Note, however, that since the load is purely capac-
itive, the average power to the load is zero. The wattage rating would
therefore be meaningless regarding the ability of this load to damage
the transformer.

The transformation ratio of the transformer under discussion can be
either of two values. If the secondary voltage is 2000 V, the transfor-
mation ratio isa = N/Ns = V4/V, = 100 V/2000 V = 1/20, and the
transformer is a step-up transformer. |f the secondary voltage is 100 V,
the transformation ratio isa = Ny/Ns = Vy/V, = 2000 V/100V = 20,
and the transformer is a step-down transformer.

The rated primary current can be determined simply by applying Eq.
(21.18):

whichisequal to[2.5A/(1/20)] = 50A if the secondary voltageis 2000V,
and (50 A/20) = 2.5 A if the secondary voltage is 100 V.

To explain the necessity for including the frequency in the nameplate
data, consider Eq. (21.12):

E, = 4.44f,N,®,,

and the B-H curve for the iron core of the transformer (Fig. 21.35).
The point of operation on the B-H curve for most transformers is at
the knee of the curve. If the frequency of the applied signal should
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A

Knee of curve

|
|
|
|
|
|
r

N, Al H= ——
(AH = %L I core
core

FIG. 21.35
Demonstrating why the frequency of application isimportant for transformers.

drop, and N, and E, remain the same, then @, must increase in magni-
tude, as determined by Eq. (21.12):

- E

4441 |N,

The result is that B will increase, as shown in Fig. 21.35, causing H to

increase aso. The resulting Al could cause a very high current in the
primary, resulting in possible damage to the transformer.

d,,7

21.11 TYPES OF TRANSFORMERS

Transformers are available in many different shapes and sizes. Some of
the more common types include the power transformer, audio trans-
former, IF (intermediate-frequency) transformer, and RF (radio-
frequency) transformer. Each is designed to fulfill a particular require-
ment in a specific area of application. The symbols for some of the
basic types of transformers are shown in Fig. 21.36.

i
g8 ge& g6

Air-core Iron-core Variable-core

FIG. 21.36
Transformer symbols.

The method of construction varies from one transformer to another.
Two of the many different ways in which the primary and secondary
coils can be wound around an iron core are shown in Fig. 21.37. In
either case, the core is made of laminated sheets of ferromagnetic mate-
rial separated by an insulator to reduce the eddy current losses. The
sheets themselves will also contain a small percentage of silicon to
increase the electrical resistivity of the material and further reduce the
eddy current losses.

A variation of the core-type transformer appearsin Fig. 21.38. This
transformer is designed for low-profile (the 2.5-VA size has a maximum
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Laminated sheets

(a) Coretype

Types of ferromagnetic core construction.

FIG. 21.37

Secondary
(b) Shell type

115/230V 6
50/60 Hz —7
| %
[ 8
FIG. 21.38

Solit bobbin, low-profile power transformer.
(Courtesy of Microtran
Company, Inc.)

height of only 0.65 in.) applications in power, control, and instrumenta-
tion applications. There are actually two transformers on the same core,
with the primary and secondary of each wound side by side. The
schematic representation appears in the same figure. Each set of termi-
nals on the left can accept 115V at 50 or 60 Hz, whereas each side of
the output will provide 230V at the same frequency. Note the dot con-
vention, as described earlier in the chapter.

The autotransformer [Fig. 21.39(b)] is a type of power transformer
that, instead of employing the two-circuit principle (complete isolation
between coils), has one winding common to both the input and the out-
put circuits. The induced voltages are related to the turns ratio in the
same manner as that described for the two-circuit transformer. If the
proper connection is used, a two-circuit power transformer can be

I, = 1A
o
+ +
Es = 6V
=4 A
1T o= 1A =11 A
o o 17720 -
+ + + + o VL=126V
+ 1A +

(b)
FIG. 21.39

(a) Two-circuit transformer; (b) autotransformer.
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employed as an autotransformer. The advantage of using it as an auto-
transformer isthat alarger apparent power can be transformed. This can
be demonstrated by the two-circuit transformer of Fig. 21.39(a), shown
in Fig. 21.39(b) as an autotransformer.

For the two-circuit transformer, note that S= (5; A)(120V) = 6 VA,
whereas for the autotransformer, S = (15 A)(120 V) = 126 VA, which
is many times that of the two-circuit transformer. Note also that the cur-
rent and voltage of each coil are the same as those for the two-circuit
configuration. The disadvantage of the autotransformer is obvious: loss
of the isolation between the primary and secondary circuits.

A pulse transformer designed for printed-circuit applications where
high-amplitude, long-duration pulses must be transferred without satu-
ration appearsin Fig. 21.40. Turnsratios are availablefrom1: 1to 5: 1 at
maximum line voltages of 240 V rms at 60 Hz. The upper unit is for
printed-circuit applications with isolated dual primaries, whereas the
lower unit is the bobbin variety with a single primary winding.

A
Two miniature (3 in. by £ in.) transformers with plug-in or insulated )
leads appear in Fig. 21.41, along with their schematic representations. FIG. 21.40
Power ratings of 100 mW or 125 mW are available with a variety of Pulse transformers. (Courtesy of DALE
turnsratios, suchas 1:1, 5:1, 9.68: 1, and 25: 1. Electronics, Inc.)
r||r|m;m|u+l;|1 I Hu-‘ulpuj.l t Plug-in Insulated leads

l. gl T " 1 g BROWN — gYELLOW
WHITE

BLACK

L ]

| ||| 3 BLUE GREEN

FIG. 21.41
Miniature transformers. (Courtesy of PICO Electronics, Inc.)

21.12 TAPPED AND MULTIPLE-LOAD
TRANSFORMERS

For the center-tapped (primary) transformer of Fig. 21.42, where the
voltage from the center tap to either outside lead is defined as E,/2, the
relationship between E;, and Eg is

E N
P __P
E. N, (21.37)
+ A O ?
— Ep +
Zip > N,
2
e 28lel
ia-8) Np
— Ep 2
Zip 2 —
—B O ‘
FIG. 21.42

Ideal transformer with a center-tapped primary.
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Zi Ei Nl

FIG. 21.43
Ideal transformer with multiple loads.

(e

FIG. 21.44
Ideal transformer with a tapped secondary
and multiple loads.

FIG. 21.45
Applying mesh analysis to magnetically
coupled coils.
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For each half-section of the primary,

Np/2\2 Np\2
S

s 4\ N
_ Np)2
with Zi(A—B) = (E) Z
1
Therefore, Zyp = ZZi (21.38)

For the multiple-load transformer of Fig. 21.43, the following
equations apply:

E_ N B N E_N

— E. N, E N, (21.39)

E, N

The total input impedance can be determined by first noting that, for
the ideal transformer, the power delivered to the primary is equal to the
power dissipated by the load; that is,

Pl = PL2 + F)|_3
and, for resigtiveloads (Z; = R, Z, = R, and Z3 = Ry),
BE_EBE _E
R R R
. N N
or, since E, = N—jEi and E;= N—jEl
then E? _ [NNDE]® | [(No/NDE]?
Ri RZ R3
and E___E E?
R (N/NDR  (Ni/Ng)°Rs
Th -2 : 21.40
s R~ (NNJR,  (N/NaRs (21.40)

indicating that the load resistances are reflected in parallel.
For the configuration of Fig. 21.44, with E, and E; defined as shown,
Equations (21.39) and (21.40) are applicable.

21.13 NETWORKS WITH MAGNETICALLY
COUPLED COILS

For multiloop networks with magnetically coupled coils, the mesh-
analysis approach is most frequently applied. A firm understanding of
the dot convention discussed earlier should make the writing of the
equations quite direct and free of errors. Before writing the equations
for any particular loop, first determine whether the mutual term is pos-
itive or negative, keeping in mind that it will have the same sign as that
for the other magnetically coupled coil. For the two-loop network of
Fig. 21.45, for example, the mutual term has a positive sign since the
current through each coil leaves the dot. For the primary loop,

E; — 112y — Ille_ l2Zm = Z5(11 = 1) =0
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where M of Z,,, = wM £90° is positive, and
11(Z1+ 2, +2Z5) — 1(Z, = Z) = B4

Note in the above that the mutual impedance was treated asiif it were
an additional inductance in series with the inductance L, having a sign
determined by the dot convention and the voltage across which is deter-
mined by the current in the magnetically coupled loop.

For the secondary oop,

—Zy(l; = 11) — I2ZL2 —11Zn—1:Z23=0
or |2(Zz+ZL2+Z3)_I1(ZZ_Zm):0

For the network of Fig. 21.46, we find a mutual term between L, and
L, and L, and L3, labeled My, and M3, respectively.

For the coils with the dots (L, and L3), since each current through the
coils leaves the dot, M3 is positive for the chosen direction of 1, and |5.
However, since the current |, leaves the dot through L,, and |, enters the
dot through coail L,, M, is negative. Consequently, for the input circuit,

El - |1zl - |1Z|_1 - |2(_Zm12) - |3Zm13 = O
or El - ll(Zl + ZLl) + |22m12 - |3Zm13 = 0
For loop 2,
—lZy =12, — |1(_Zm12) =0
_IJ_Zm12 + |2(ZZ + ZLZ) =0

and for loop 3,
_|323 - |3Z|_3 - I]_Zml3 =0

or |1Z + |3(23 + ZLa) =0

M3

In determinant form,

Il(Zl + ZLl) - |22m12 + I3Zm13 =E
—|12m12 + |2(22 + Zle) +0 =0
|12m13 +0 + |3(Z3 + 213) =0

21.14 APPLICATIONS

The transformer has appeared throughout the text in a number of
described applications, from the basic dc supply to the soldering gun to
the flyback transformer of a simple flash camera. Transformers were
used to increase or decrease the voltage or current level, to act as an
impedance matching device, or in some cases to play a dual role of
transformer action and reactive element. They are so common in such a
wide variety of systems that one should make an effort to be very famil-
iar with their general characteristics. For most applications their design
today is such that they can be considered 100% efficient. That is, the
power applied is the power delivered to the load. In general, however,
they are frequently the largest element of a design and because of the
nonlinearity of the B-H curve can cause some distortion of the trans-
formed waveform. By now it should be clear that they are useful only
in situations where the applied voltage is changing with time. The
application of a dc voltage to the primary will result in OV at the sec-
ondary, but the application of a voltage that changes with time, no mat-
ter what its general appearance, will result in a voltage on the sec-
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FIG. 21.46
Applying mesh analysis to a network with two
magnetically coupled coils.
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ondary. Always keep in mind that even though it can provide isolation
between the primary and secondary circuits, a transformer can trans-
form the load impedance to the primary circuit at a level that can sig-
nificantly impact on the behavior of the network. Even the smallest
impedance in the secondary can be made to appear very large in the pri-
mary when a step-down transformer is used.

Transformers, like every other component you may use, have power
ratings. The larger the power rating, the larger the resulting transformer,
primarily because of the larger conductors in the windings to handle the
current. The size of a transformer is aso a function of the frequency
involved. The lower the frequency, the larger the required transformer,
as easily recognized by the size of large power transformers (also
affected by the current levels as mentioned above). For the same power
level the higher the frequency of transformation, the smaller the trans-
former can be. Because of eddy current and hysteresis losses in a trans-
former, the design of the core is quite important. A solid core would
introduce high levels of such losses, whereas a core constructed of
sheets of high-permeability steel with the proper insulation between the
sheets would reduce the losses significantly.

Although very fundamental in their basic structure, transformers are
recognized as one of the major building blocks of electrical and elec-
tronic systems. There isn't a publication on new components published
that does not include a new design for the variety of applications devel-
oping every day.

Low-Voltage Compensation

At times during the year, peak demands from the power company can
result in a reduced voltage down the line. In midsummer, for example,
the line voltage may drop from 120 V to 100 V because of the heavy
load often due primarily to air conditioners. However, air conditioners
do not run as well under low-voltage conditions, so the following
option using an autotransformer may be the solution.

In Fig. 21.47(a), an air conditioner drawing 10 A at 120 V is con-
nected through an autotransformer to the available supply that has
dropped to 100 V. Assuming 100% efficiency, the current drawn from
the line would have to be 12 A to ensure that P, = P, = 1200 W. Using
the analysisintroduced in Section 21.11, we will find that the current in
the primary winding is 2 A with 10 A in the secondary. The 12 A will

120-V air conditioner

F—

Autotransformer

@

- +
Source 120-V air conditioner
10A
- 12A -—
100V

Step-up isolation
transformer

(b)

FIG. 21.47

Maintaining a 120-V supply for an air conditioner: (a) using an

autotransformer; (b) using a traditional step-up transformer.
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exist only in the line connecting the source to the primary. If the volt-
age level were increased using the traditional step-up transformer
shown in Fig. 21.47(b), the same currents would result at the source and
load. However, note that the current through the primary is now 12 A
which is 6 times that in the autotransformer. The result is that the wind-
ing in the autotransformer can be much thinner due to the significantly
lower current level.

Let us now examine the turns ratio required and the number of turns
involved for each setup (associating one turn with each volt of the pri-
mary and secondary).

For the autotransformer:

Ny _V, _ 10V _ 10t

No V, 100V 100t
For the traditional transformer:
Ne _ Ve _ 120V 120t

No V, 100V 100t

In total, therefore, the autotransformer has only 10 turns in the sec-
ondary, whereas the traditional has 120. For the autotransformer we
need only 10 turns of heavy wire to handle the current of 10 A, not the
full 120 required for the traditional transformer. In addition, the total
number of turns for the autotransformer is 110 compared to 220 for the
traditional transformer.

The net result of al the above is that even though the protection
offered by the isolation feature is lost, the autotransformer can be much
smaller in size and weight and, therefore, less costly.

Ballast Transformer

Until just recently, all fluorescent lights such as appearing in Fig.
21.48(a) had a ballast transformer as shown in Fig. 21.48(b). In many
cases its weight alone is amost equal to that of the fixture itself. In
recent years a solid-state equivalent transformer has been developed
that in time may replace most of the ballast transformers. However, for
now and the near future, because of the additional cost associated with
the solid-state variety, the ballast transformer will appear in most fluo-
rescent bulbs.

The basic connections for a single-bulb fluorescent light are pro-
vided in Fig. 21.49(a). Note that the transformer is connected as an
autotransformer with the full applied 120 V across the primary. When
the switch is closed, the applied voltage and the voltage across the sec-
ondary will add and establish a current through the filaments of the flu-
orescent bulb. The starter isinitially a short circuit to establish the con-
tinuous path through the two filaments. In older fluorescent bulbs the
starter was a cylinder with two contacts, as shown in Fig. 21.49(b),
which had to be replaced on occasion. It sat right under the fluorescent
bulb near one of the bulb connections. Now, as shown by the sketch of
the inside of a ballast transformer in Fig. 21.49(c), the starter is now
commonly built into the ballast and can no longer be replaced. The volt-
age established by the autotransformer action is sufficient to heat the fil -
aments but not light the fluorescent bulb. The fluorescent lamp is along
tube with a coating of fluorescent paint on the inside. It isfilled with an
inert gas and a small amount of liquid mercury. The distance between
the electrodes at the ends of the lamp is too much for the applied auto-
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Ballast

FIG. 21.48
Fluorescent lamp: (a) general appearance; (b) internal view with ballast.

transformer voltage to establish conduction. To overcome this problem,
the filaments are first heated as described above to convert the mercury
(a good conductor) from a liquid to a gas. Conduction can then be
established by the application of alarge potential across the electrodes.
This potential is established when the starter (a thermal switch that
opens when it reaches a particular temperature) opens and causes the
inductor current to drop from its established level to zero amperes. This
quick drop in current will establish a very high spike in voltage across
the coils of the autotransformer as determined by v, = L(di_/dt). This
significant spike in voltage will also appear across the bulb and will
establish current between the electrodes. Light will then be given off as
the electrons hit the fluorescent surface on the inside of the tube. It is
the persistence of the coating that helps hide the oscillation in conduc-
tion level due to the low-frequency (60-Hz) power that could result in a
flickering light. The starter will remain open until the next time the bulb
is turned on. The flow of charge between electrodes will then be main-
tained solely by the voltage across the autotransformer. This current is
relatively low in magnitude because of the reactance of the secondary
winding in the resulting series circuit. In other words, the autotrans-
former has shifted to one that is now providing a reactance to the sec-
ondary circuit to limit the current through the bulb. Without this limit-
ing factor the current through the bulb would be too high, and the bulb
would quickly burn out. This action of the coils of the transformer gen-
erating the required voltage and then acting as a coil to limit the current
has resulted in the general terminology of swinging choke.

The fact that the light is not generated by an IR drop across a fila-
ment of abulb is the reason fluorescent lights are so energy efficient. In
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(a) Schematic of single-bulb fluorescent lamp; (b) starter; (c) internal view of

ballast transfor mer.

fact, in an incandescent bulb, about 75% of the applied energy islost in
heat, with only 25% going to light emission. In a fluorescent bulb more
than 70% goes to light emission and 30% to heat losses. As a rule of
thumb, one can assume that the lighting from a 40-W fluorescent lamp
[such as the unit of Fig. 21.48(a) with its two 20-W bulbg] is equivalent
to that of a 100-W incandescent bulb.

One other interesting difference between incandescent and fluores-
cent bulbs is the method of determining whether they are good or bad.
For the incandescent light it isimmediately obviouswhen it failsto give
light at all. For the fluorescent bulb, however, assuming that the ballast
isin good working order, the bulb will begin to dim asits life wears on.
The electrodes will get coated and be less efficient, and the coating on
the inner surface will begin to deteriorate.

Rapid-start fluorescent lamps are different in operation only in that
the voltage generated by the transformer is sufficiently large to atomize
the gas upon application and initiate conduction, thereby removing the
need for a starter and eliminating the warm-up time of the filaments. In
time the solid-state ballast will probably be the unit of choice because of
itsquick response, higher efficiency, and lighter weight, but the transition
will take some time. The basic operation will remain the same, however.

Because of the fluorine gas (hence the name fluorescent bulb) and
the mercury in fluorescent lamps, they must be discarded with care. Ask
your local disposal facility where to take the bulbs. Breaking them for
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insertion in a plastic bag could be a very dangerous proposition. If you
happen to break a bulb and get cut in the process, be sure to go right to
amedical facility since you could sustain fluorine or mercury poisoning.

21.15 COMPUTER ANALYSIS

PSpice

Transformer (Controlled Sources) The simple transformer con-
figuration of Fig. 21.50 will now be investigated using controlled

sources to mimic the behavior of the transformer as defined by its basic
voltage and current relationships.

R

+ +

Vg=20VDO° = EES RL§10052

FIG. 21.50
Applying PSpice to a step-up transfor mer.

For comparison purposes, a theoretical solution of the network
would yield the following:

Z = a’z,
1 2
= (=) 1000
(4)
— 6250
_ (6250Q)(20V) _
and 5650 +100 02V
. 1 1
h  E=~E,=——(7.692V) = 47.692V) = 30.77V
wit o= 250 = (g (7692V) = 4(7.692V) = 30
and V. = E;=30.77V

For the ideal transformer, the secondary voltage is defined by Eg =
N¢/Ng(Ep) which is E = 4E, for the network of Fig. 21.50. The fact that
the magnitude of one voltage is controlled by another requires that we
use the Voltage-Controlled Voltage Source(VCVS) source in the
ANALOG library. It appears as E in the Parts List and has the format
appearing in Fig. 21.51. The sensing voltage is E1, and the controlled
voltage appears across the two terminals of the circular symbol for a
voltage source. Double-clicking on the source symbol will permit set-
ting the GAIN to 4 for this example. Note in Fig. 21.51 that the sens-
ing voltage is the primary voltage of the circuit of Fig. 21.50, and the
output voltage is connected directly to the load resistor RL. Thereis no
real problem making the necessary connections because of the format
of the E source.

The next step is to set up the current relationship for the transformer.
Since the magnitude of one current will be controlled by the magnitude
of another current in the same configuration, a Current-Controlled
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FIG. 21.51
Using PSpice to determine the magnitude and phase angle for the load voltage
of the network of Fig. 21.50.

Current Source(CCCS) must be employed. It aso appears in the
ANAL OG library under the Part List as F and has the format appear-
ing in Fig. 21.51. Note that both currents have a direction associated
with them. For the ideal transformer, I, = Ng/Ny(lg) which is 1, = 4l
for the network of Fig. 21.50. The gain for the part can be set using the
same procedure defined for the E source. Since the secondary current
will be the controlling current, its level must be fed into the F source in
the same direction as indicated in the controlled source. When making
this connection, be sure to click the wire in location before crossing the
wire of the primary circuit and then clicking it again after crossing the
wire. If you do this properly, a connection point indicated by a small
red dot will not appear. The controlled current I, can be connected as
shown because the connection E1 is only sensing a voltage level, essen-
tially has infinite impedance, and can be looked upon as an open circuit.
In other words, the current through R1 will be the same as through the
controlled source of F.

A simulation was set up with AC Sweep and 1 kHz for the Start and
End Frequencies. One data point per decade was selected, and the sim-
ulation was initiated. After the SCHEMATIC1 screen appeared, the
window was exited, and PSpice-View Output File was selected to
result in the AC ANALY SIS solution of Fig. 21.52. Note that the volt-
age is 30.77 V, which is an exact match with the theoretical solution.

Transformer (Library) The same network can be anayzed by
choosing one of the transformers from the EVAL library as shown in
Fig. 21.53. The transformer labeled K3019PL_3C8 was chosen, and
the proper attributes were placed in the Property Editor dialog box.
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FIG. 21.52
The output file for the analysisindicated in Fig. 21.51.

The only three required were COUPLING set at 1, L1_TURNS set at
1,and L2_TURNS set at 4. In the Simulation Settings, AC Sweep was
chosen and IMEGHz used for both the Start and End Frequency
because it was found that it acted as an almost ideal transformer at this
frequency—allittle bit of run and test. When the simulation was run, the
results under PSpice-View Output File appeared as shown in Fig.
21.54—almost an exact match with the theoretical solution of 30.77 V.

kL,

21" |3 [Ofsileil:

ojol<]~ |71

ey

FIG. 21.53
Using a transformer provided in the EVAL library to analyze the network
of Fig. 21.50.
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FIG. 21.54
The output file for the analysisindicated in Fig. 21.53.

PROBLEMS

SECTION 21.2 Mutual Inductance

1. For the air-core transformer of Fig. 21.55: L,=50mH  Ny=80
a. Find the value of Lg if the mutual inductance M is
equal to 80 mH. P
b. Find the induced voltages g, and e if the flux linking
the primary coil changes at the rate of 0.08 Wh/s.
c. Find the induced voltages e, and & if the current iy
changes at the rate of 0.3 A/ms.

a. Repeat Problem 1 if k is changed to 1. N, =20 Lg
b. Repeat Problem 1 if k is changed to 0.2. k=0.8
¢. Compare the results of parts (a) and (b).

3. Repesat Problem 1 for k = 0.9, N, = 300 turns, and Ny
25 turns.

SECTION 21.3 The Iron-Core Transformer

4. For the iron-core transformer (k = 1) of Fig. 21.56:
a. Find the magnitude of the induced voltage E,
b. Find the maximum flux @,

5. Repeat Problem 4 for N, = 240 and N = 30.

6. Find the applied voltage of an iron-core transformer if
the secondary voltage is 240 V, and N, = 60 with N,
720.

7. If the maximum flux passing through the core of Prob-
lem 4 is 125 mWh, find the frequency of the input
voltage. FIG. 21.56

Problems 4, 5, and 7.

2.

FIG. 21.55
Problems 1, 2, and 3.
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Problems 8 through 12.
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SECTION 21.4 Reflected Impedance and Power

8. For the iron-core transformer of Fig. 21.57:
a. Find the magnitude of the current |_ and the voltage
Vi ifa=151,=2A, and Z, = 2-() resistor.
b. Find the input resistance for the data specified in
part (a).
9. Find the input impedance for the iron-core transformer of
Fig. 2157 ifa= 2,1, = 4A, and V; = 1600 V.

10. Find the voltage V, and the current I, if the input imped-
ance of the iron-core transformer of Fig. 21.57 is 4 (),
andV, = 1200V and a = 1/4.

11. If V. = 240V, Z, = 20-Q resistor, I, = 0.05A, and Ng =
50, find the number of turns in the primary circuit of the
iron-core transformer of Fig. 21.57.

12. a. If N, = 400, Ny = 1200, and V, = 100 V, find the
magnitude of 1, for the iron-core transformer of Fig.
2157if 2, =90 +j12Q.

b. Find the magnitude of the voltage V, and the current
I, for the conditions of part (a).

SECTION 21.5 Impedance Matching, Isolation,
and Displacement

13. a. For the circuit of Fig. 21.58, find the transformation
ratio required to deliver maximum power to the
speaker.

b. Find the maximum power delivered to the speaker.

SECTION 21.6 Equivalent Circuit
(Iron-Core Transformer)

14. For the transformer of Fig. 21.59, determine

the equivalent resistance R..

the equivalent reactance X..

the equivalent circuit reflected to the primary.

. the primary current for Vg = 50V £0°.

the load voltage V, .

the phasor diagram of the reflected primary circuit.
the new load voltage if we assume the transformer to
be ideal with a 4:1 turns ratio. Compare the result
with that of part (e).

@eropap o

Vg = 120V 00°

ge

Xs Ry
20 10
+
RL§209 v

|deal transformer

FIG. 21.59

Problems 14 through 16, 30, and 31.
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15. For the transformer of Fig. 21.59, if the resistive load is
replaced by an inductive reactance of 20 (:

a.
b.
C.

d.

Determine the total reflected primary impedance.
Calculate the primary current.

Determine the voltage across R, and X,, and find the
reflected load.

Draw the phasor diagram.

16. Repeat Problem 15 for a capacitive load having a reac-
tance of 20 (2.

SECTION 21.7 Frequency Considerations
17. Discuss in your own words the frequency characteristics
of the transformer. Employ the applicable equivalent
circuit and frequency characteristics appearing in this
chapter.

SECTION 21.8 Series Connection of
Mutually Coupled Coils
18. Determine the total inductance of the series coils of Fig.
21.60.
19. Determine the total inductance of the series coils of Fig.
21.61.

20. Determine the total inductance of the series coils of Fig.

Mp = 1H
[ ] m [ ]
— 000" o0
i Ly =4H L, = 7H
FIG. 21.60
Problem 18.

21.62.
21. Write the mesh equations for the network of Fig. 21.63.

-~ A
My = 0.1H
My, = 02 H k=1

../_\.
/500000 ——300°

L;=2H Ly,=1H Ly=4H

FIG. 21.62
Problem 20.
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k=038

¥
/000 ———000"

[ ]
—

L; = 200mH L, = 600 mH

FIG. 21.61
Problem 19.

FIG. 21.63
Problem 21.
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k = 0.05 SECTION 21.9 Air-Core Transformer
o AN M 22. Determine the input impedance to the air-core trans-
20 10 former of Fig. 21.64. Sketch the reflected primary net-
work.
w = 1000 8H %HEZH R=200Q| SECTION 21.10 Nameplate Data
23. Anideal transformer israted 10 kVA, 2400/120V, 60 Hz.
a. Find the transformation ratio if the 120 V is the sec-
o ondary voltage.
b. Find the current rating of the secondary if the 120 V
FIG. 21.64 is the secondary voltage.
Problems 22 and 32. ¢. Find the current rating of the primary if the 120V is

the secondary voltage.
d. Repeat parts (&) through (c) if the 2400 V is the sec-

= 2A ondary voltage.
O—
* ilj SECTION 21.11 Types of Transformers
g E 24. Determine the primary and secondary voltages and cur-
- rents for the autotransformer of Fig. 21.65.
Vg = 200V +——o0 SECTION 21.12 Tapped and Multiple-Load
. + Transformers
| T g E V. =40V 25. For the center-tapped transformer of Fig. 21.42 where
Pl N, = 100,Ns= 25,7, = RZ0° =50 £0°, andE, =
- — 100V £0°%
O—————=o° a. Determine the load voltage and current.
b. Find the impedance Z;.
FIG. 21.65 c. Cadculate the impedance Z,,.
Problem 24.

26. For the multiple-load transformer of Fig. 21.43 where
Ny =90,N, =15 N3 =45 727,=R, £L0° = 8Q £0°,
Z;=R_£0°=5Q £0°, andE; = 60V £0°:

a. Determine the load voltages and currents.
b. Calculate Z,.

27. For the multiple-load transformer of Fig. 21.44 where
N]_ = 120, N2 = 40, N3 = 30, ZZ = R2 £0°=120Q LO",
Z; =R £0°=10Q £0° and E; = 120V £60°:
a. Determine the load voltages and currents.
b. Caculate Z;.

SECTION 21.13 Networks with
Magnetically Coupled Coils

28. Write the mesh equations for the network of Fig. 21.66.

FIG. 21.66 ) , )
Problem 28. 29. Write the mesh equations for the network of Fig. 21.67.
SECTION 21.15 Computer Analysis
M12

PSpice or Electronics Workbench
| *30. Generate the schematic for the network of Fig. 21.59, and

I\
A O [ ]
L, /;3 . find the voltage V, .
+ 3 *31. Develop a technique using PSpice or EWB to find the
El@ @ Ly 7 [ input impedance at the source for the network of Fig.
% )
A

21.59.

Ls Z4 | *32. Using a transformer from the library, find the load volt-
A T age for the network of Fig. 21.64 for an applied voltage
of 40V ~0°.
M
s Programming Language (C++, QBASIC, Pascal, etc.)
FIG. 21.67 33. Write a program to provide a general solution to the

Problem 29. problem of impedance matching as defined by Example
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21.5. That is, given the speaker impedance and the inter-
nal resistance of the source, determine the required turns
ratio and the power delivered to the speaker. In addition,
calculate the load and source current and the primary and
secondary voltages. The source voltage will have to be
provided with the other parameters of the network.

GLOSSARY

Autotransformer A transformer with one winding common
to both the primary and the secondary circuits. A loss in
isolation is balanced by the increase in its kilovolt-ampere
rating.

Coefficient of coupling (K} A measure of the magnetic cou-
pling of two coils that ranges from a minimum of O to a
maximum of 1.

Dot convention A technique for labeling the effect of the
mutual inductance on a net inductance of a network or
system.

Leakage flux The flux linking the coil that does not pass
through the ferromagnetic path of the magnetic circuit.

Loosely coupled A term applied to two coils that have alow
coefficient of coupling.

Multiple-load transformers Transformers having more than
asingleload connected to the secondary winding or windings.

Mutual inductance Theinductance that exists between mag-
netically coupled coils of the same or different dimensions.

Nameplate data Information such as the kilovolt-ampere
rating, voltage transformation ratio, and frequency of appli-
cation that is of primary importance in choosing the proper
transformer for a particular application.
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34. Given the equivalent model of an iron-core transformer
appearing in Fig. 21.20, write a program to calculate the
magnitude of the voltage V.

35. Given the parameters of Example 21.7, write a program
to calculate the input impedance in polar form.

Primary The coil or winding to which the source of electri-
cal energy is normally applied.

Reflected impedance The impedance appearing at the pri-
mary of a transformer due to a load connected to the sec-
ondary. Its magnitude is controlled directly by the transfor-
mation ratio.

Secondary The coil or winding to which the load is normally
applied.

Step-down transformer A transformer whose secondary
voltage is less than its primary voltage. The transformation
ratio a is greater than 1.

Step-up transformer A transformer whose secondary volt-
age is greater than its primary voltage. The magnitude of
the transformation ratio a is less than 1.

Tapped transformer A transformer having an additional
connection between the terminals of the primary or sec-
ondary windings.

Transformation ratio (a) The ratio of primary to secondary
turns of atransformer.






