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DETERMINANTS

Determinants are employed to find the mathematical solutions for the
variables in two or more simultaneous equations. Once the procedure
is properly understood, solutions can be obtained with a minimum of
time and effort and usually with fewer errors than when using other
methods.

Consider the following equations, where x and y are the unknown
variables and a;, a,, by, by, ¢1, and ¢, are constants;

Col.1 Col.2 Cal.3
ax + by = c (C.1b)

It is certainly possible to solve for one variable in Eq. (C.1a) and
substitute into Eq. (C.1b). That is, solving for x in Eq. (C.14),

c, — by
&

X =
and substituting the result in Eq. (C.1b),
a2 (Lbly> + be — C2
a

It is now possible to solve for y, since it is the only variable remain-
ing, and then substitute into either equation for x. This is acceptable for
two equations, but it becomes a very tedious and lengthy process for
three or more simultaneous equations.

Using determinants to solve for x and y requires that the following
formats be established for each variable:

Cal. Coal. Cal. Col.
1 2 1 2
c, by a G
x=1¢2 bl _ 13 & (C2)
a by a; by
a, b a b,

First note that only constants appear within the vertical brackets and
that the denominator of each is the same. In fact, the denominator is
simply the coefficients of x and y in the same arrangement as in Egs.
(C.1a) and (C.1b). When solving for x, replace the coefficients of x in
the numerator by the constants to the right of the equal sign in Egs.
(C.1a) and (C.1b), and simply repeat the coefficients of the y variable.
When solving for y, replace the y coefficients in the numerator by the
constants to the right of the equal sign, and repeat the coefficients of x.

Each configuration in the numerator and denominator of Egs. (C.2)
is referred to as a determinant (D), which can be evaluated numerically
in the following manner:



Determinant = D =

Caoal. Cal.

2

by

b2 = a1b2 - a2b1

(C.3)

The expanded value is obtained by first multiplying the top left ele-
ment by the bottom right and then subtracting the product of the lower
left and upper right elements. This particular determinant is referred to
as a second-order determinant, since it contains two rows and two

columns.

It is important to remember when using determinants that the
columns of the equations, as indicated in Egs. (C.1a) and (C.1b), must
be placed in the same order within the determinant configuration. That
is, since a; and &, are in column 1 of Egs. (C.14) and (C.1b), they must
be in column 1 of the determinant. (The same is true for b, and b,.)

Expanding the entire expression for x and y, we have the following:

C, by
s — C, byl _ cib, — by
a by ab, — ab;
a b
a C
_ 1 Gl _ a6 — &G
y =
a; by ab, — axb,;
a b

(C.4a)

(C.4b)

EXAMPLE C.1 Evauate the following determinants:

2 2

alz 4

4
" 16

0
-2

0
13 10

9 - 00 - @O =0

| =24 -Q3)@2=8-6=2
_;{ ~ W@ - ©)(-1)=8+6=14

-0 (-2 =0-4=-4

EXAMPLE C.2 Solve for x and y:

X+ y=3
X+ 4y =2

Solution:
31

2 4 _(3@-(@@ _12-2_10

X:

}2 1} @@ - (3

w
N

8 -3 5

APPENDIX C m 1199



1200 m APPENDIXES

2 3
_B82_2-Q@ _4-9_-5__,
5 5 5 5
Check:

X+y=(2)(2 + (-1
=4-1=3 (checks)

X+ 44y = (3)(2) + (4)(—1)
=6—-4=2 (checks)

EXAMPLE C.3 Solvefor x and y:

—-X+2y=3
X—2y=-2

Solution: In this example, note the effect of the minus sign and the
use of parentheses to ensure that the proper sign is obtained for each
product:

3 3
= =2 =21  (3)(-2 - (=22
‘—é 2‘ =D(-2 -3
_—6+4_ -2 _1
- 2-6 -4 2
3
_ 13 =2  (=1(=2-(3)73
—4 —4
_2-9_-—T17_7
-4 -4 4
EXAMPLE C.4 Solvefor x and y:
Xx=3—-4y
20y = —1 + 3x

Solution: In this case, the equations must first be placed in the for-
mat of Egs. (C.18) and (C.1by):
X+ 4y=3
—-3x+ 20y = -1

3 4
—1 20 _ (3)(20) ~ (=)@
‘1 4‘ (1)(20) — (-3)(4)
-3 20

X:

_60+4 64

"o+ 2 2
1 3
y= J—M —1 _ (DD - (=30
32 32

_-1+9 _ 8

1
R R 4




The use of determinants is not limited to the solution of two simul-
taneous equations; determinants can be applied to any number of simul-
taneous linear equations. First we will examine a shorthand method that
is applicable to third-order determinants only, since most of the prob-
lemsin the text are limited to this level of difficulty. We will then inves-
tigate the general procedure for solving any number of simultaneous
equations.

Consider the three following simultaneous equations:

Col.1 Col.2 Col.3 Coal.4

a.lx + bly + C]_Z = d 1
apX + b2y + Cz = d2
a.3X + b3y + ng = d3

inwhich x, y, and zare the variables, and a; 5 3, D1 53, C1 23, and d; 5 3 are
constants.

The determinant configuration for x, y, and z can be found in a man-
ner similar to that for two simultaneous equations. That is, to solve for
X, find the determinant in the numerator by replacing column 1 with the
elements to the right of the equal sign. The denominator is the determi-
nant of the coefficients of the variables (the same applies to y and 2).
Again, the denominator is the same for each variable.

d b ¢ a d ¢ a b, d;
d b, ¢ ~:ﬁ2 d ¢ a b, d;
_1ds by G _ 13 d3 G _ lag by dsl
X p 7Y p 7 D
fu b, C1
where D=m b, c
Bs bs ¢

A shorthand method for evaluating the third-order determinant con-
sists simply of repeating the first two columns of the determinant to the
right of the determinant and then summing the products along specific
diagonals as shown below:

\ . 4(*) 5(*) 6(-)
aix\br -ay” ,/bl
D=8 . b 92 aéz b,
a;’ ,b3‘ TCy T hy

1(+) 2(+) 3(+)

The products of the diagonals 1, 2, and 3 are positive and have the
following magnitudes:

+a;b,c; + bica; + ciasbs

The products of the diagonals 4, 5, and 6 are negative and have the
following magnitudes:

—agh,C; — bsCa; — Czah,

The total solution is the sum of the diagonals 1, 2, and 3 minus the
sum of the diagonals 4, 5, and 6:

| +(aybaCs + biCras + ciahs) — (aghycy + bscra; + caazhy) |(C.5)
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Warning: This method of expansion is good only for third-order
determinants! It cannot be applied to fourth- and higher-order systems.

EXAMPLE C.5 Evauate the following determinant:

) O G
1 2 3 1.2 8] 1 2
-2 1 0| — |-2 }iﬁ;&i%ﬂ{ 1
0 4 2 0 .4 20 4.
) ) #)
Solution:

(DDA + (A0)(0) + (=2 (4]

—[O)@)3) + (D)) + (A(=2)(2)]
2+0—-24)—(0+0-8) =(—22) — (-8
~22+8=-14

EXAMPLE C.6 Solvefor x,y, and z

Ix+0y—2z= -1
Ox+3y+1z= +2
Ix+2y+3z=0

Solution:

LR T
37 o w2l
N
N

ROK| ON K
P OR ONR
MDWO NMwe

N®D|INWSD

[(=DBE)E) + (O)(1)(O) + (=2(A(2] — [(OE)(=2) + AD)(=1) + (3)(2(0)]
[(DE)E) + O)(D)(D) + (=2)(0)(2)] — [(DE)N(—2) + (AD(D) + ((0)(0)]

_(-9+0-8-(0-2+0)

C(9+0+0) —(-6+2+0)

_-17+2 _ 15

9+ 4 13

1 =1 o
0 201
17 073
13

[(DEE) + (=HDA) + (=2(O)(O)] — [()(P)(=2) + O)(D)@) + (3(O)(=1)]
13

1 =1
e 2
1.0

y=

_(6-1+0)—(-4+0+0)
13




1.0, =1 .1 .o

0 3. .2] 0 3

T 2°708] 1 2

zZ=
13
_ [DA)O) + (D) + (=1)(O)2)] = [(HE)(=D + (D) + (0)(0)(0)]
13

_(0+0+0)—(=3+4+0)
B 13
_0-1_ 1
13 13

or fromOx + 3y + 1z= +2,

rezoyzoa(g)- 82 o2

13) 13 13 13
Check:
15 2 13
+O0y-2z= 1| 2 +0+-==-1| —==-
o+ Oy~ 22= -1 — 2+ 0+ 2 =-1] —2=-1/
27 -1 26
+3y+1z=+2l0+ = +——=+2 L= =+
Ox + 3y + 1z 210 13 13 2 13 2/
15 18 -3 18 18
IX+2y+32=0 |-+ +—=0|-Z+"=
Xty +32=0 |= gt gt 3 =0 g T3 =0V

The general approach to third-order or higher determinants
requires that the determinant be expanded in the following form.
There is more than one expansion that will generate the correct result,
but this form is typicaly employed when the material is first intro-

duced.
& El G Bz ) a G & gz
D=8 Db, G =a,(+|b3 €3 +b{—|a& G +c | +H& D3
a; by c o v ! v ' v
3 73 Minor Minor Minor
\—V—/
Cofactor Cofactor Cofactor
Multiplying Multiplying Multiplying
factor factor factor

This expansion was obtained by multiplying the elements of the
first row of D by their corresponding cofactors. It is not a requirement
that the first row be used as the multiplying factors. In fact, any row
or column (not diagonals) may be used to expand a third-order deter-
minant.

The sign of each cofactor is dictated by the position of the mul-
tiplying factors (a;, by, and c; in this case) as in the following stan-
dard format:

+->—- +
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Note that the proper sign for each element can be obtained by simply
assigning the upper left element a positive sign and then changing sign
as you move horizontally or vertically to the neighboring position.

For the determinant D, the elements would have the following signs:

m® b M
B, b 0
TP b M0

The minors associated with each multiplying factor are obtained by
covering up the row and column in which the multiplying factor is
located and writing a second-order determinant to include the remain-
ing elements in the same relative positions that they have in the third-
order determinant.

Consider the cofactors associated with a; and b, in the expansion of
D. The sign is positive for a; and negative for b, as determined by the
standard format. Following the procedure outlined above, we can find
the minors of a; and b, as follows:

a1(min0r) = b2 G| =

1 1
- & &
bl(minor) - a2 2 C2 - ‘33 03
a3 3 C3

It was pointed out that any row or column may be used to expand the
third-order determinant, and the same result will still be obtained.
Using the first column of D, we obtain the expansion

8 Y-aCh Pl o) e

Cl
b2 C2
b3 C3
The proper choice of row or column can often effectively reduce the
amount of work required to expand the third-order determinant. For
example, in the following determinants, the first column and third row,
respectively, would reduce the number of cofactors in the expansion:

b2 C2 bl Cl bl Cl
b, ¢, b, ¢, b, c

2 3-2 . e
D=0 4 5 =2<+‘6 7‘>+0+0=2(28—30)
06 7
=4
14 7
D=[2 6 8 =2<+‘g ;D+o+3<+‘; gD
2 0 3

= 2(32 — 42) + 3(6 — 8) = 2(—10) + 3(—2)
- —26

EXAMPLE C.7 Expand the following third-order determinants:

o2 30
B (.21 2 a0 02 30
ab=32 gg‘1<+m 3 +3< m1 3D)+2+<D2 m)



6
5
0

=106 — 1] + 3[—(6 — 3)] + 2[2 — 6]
— 5+ 3(—3) + 2(—4)

-5-9-8

- —12

¥ 6 04 6
=o+2<— 0 Oa) +8(+DO 5%)
=0+ 2[—(0 — 24)] + 8[(20 — 0)]
= 0+ 2(24) + 8(20)

— 48 + 160
= 208
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