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PROBLEM SOLUTIONS

Solution 16.1.
(&) By thedefinition of the convolution integral
¥ ¥ ¥
fo()* fo(t) = O fa(t- ) fo(r)dr = Q2u(t- t)2ut)dt = 4Qu(t- t)dt

-¥ -¥ 0
Theintegrand, u(t- t), isnonzero only when 1 £ t. This suggests that there are two regions of
consideration: t<0 and t3 0.
Case 1: t<0. Here u(t- t) =0since t isrestricted to theinterval [0¥ ). Hence

f(t)* fo(t) =0, for t<O0.

Case2: t3 0.
¥ t
fo(t)* fo(t) =4 Qu(t- t)dt = 4Qdt = 4t, for t3 0.
-¥ 0
In sum,
0, t<O

]
0% Ta0=1 40 12 g

(b) By the definition of the convolution integral

¥ ¥ ¥
fo(0)* fa(t)= O folt- 1) fa(t)dt = O2u(t- 1)4e” ZF ut)dr =8¢ **u(t- 1)dt
-¥ -¥ 0

Theintegrand, u(t- t), isnonzeroonly when t £t. This suggests that there are two cases to
consider: t<0O and t3 O.
Case 1: t<0. Here u(t- 1) =0since t isrestricted to theinterval [0¥ ). Hence

f(f)* f4(t)=0, for t<O.

Case2: t3 0.
t

t
fo(t)* fa(t)=8CF Zot = - 46 JSAL-€ 2ty
0
In sum,
i0, t<0
|

f2(t)* f2(t) :T4(1' e 2t)’ t3 0

(c) By thedefinition of the convolution integral and the sifting property of the deltafunction

¥ ¥
f(t)* f3() = O fi(t- 1) fa(t)dr = OSO(t- 1)4e F Wr)dr =
-¥ -¥

=206 % u(r) =208 2u(t)
T=

(d) By the definition of the convolution integral
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¥ ¥ ¥
fa()* f3(t) = ) fa(t- 1) fa(t)dr = O de X Dy(t- 1)ae Zu(r)dr =166 2 u(t- 1)de
-¥ -¥ 0

Theintegrand, u(t- t), isnonzeroonly when t £t. This suggests that there are two cases to
consider: t<0 and t3 0.
Case 1: t<0. Here u(t- t) =0since t isrestricted to theinterval [0¥ ). Hence

fot) * f5(t) =0, for t<O.

Case2: t3 0.
t
fot) * f5(t) =166 2 (pht = 16te™ !
0
In sum,
50 To0 =1 <9
3() 3()_':‘16te-2t, t3 0

(e) By thedefinition of the convolution integral and the sifting property of the deltafunction

¥ ¥
ft+2)* fo(t+4) = ) fy(t+2- 1) fo@@ + d)dt = OSO(t+2- 1)2u@ + 4)dr =
-¥ -¥

=10u(t + 4)], —; 4, =10u(t + 6)
(f) By thedistributive property of convolution
fo(t) * [ f2(0) + f3(t)] = F2(0)* F2(0) + F2(D* f3(0)
Using the results of parts (a) and (b) the result follows immediately

i0, t<0
|

0 [ 220+ 01141, L g2y g2 g

Solution 16.2.
(&) By definition
¥ ¥ ¥
fa(t)= O f1(7) fo(t- T)dt = QKU - T)Kou(t- T - To)dt = KKy Qu(t- T- To)dt
-¥ -¥ T,

Here observe that u(t- ©- To) =0 for t>t- T,. Hence there are two cases to consider:
t- To<Ty and t- T 3 T.

Casel: t- To <T;. Here u(t- t- Tp) =0, since T isrestricted to the interval [Ty, ¥).
f3t)=0

Case2: t- T23 Tl'
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t-T,
fat) = KiKz O dt = KiKp(t- To- Tp)
T
Insum,
i0, t<T+To
fat)=1i s
’|‘K1K2(t- T2- Tl)’ t Tl +T2
(b) By definition
¥ ¥ ¥
fa(t) = O fi(t- 1) fo(tr)dt = GKJ_U(t - T+ TpKou(t + Tp)dt = K1K» 0 ut-t+Ty)de
-¥ -¥ -T,

Here observe that u(t- ©+T;) =0 for t>t+T;. Hence there are two cases to consider:
t+T1<-T2 and t+T13 -T2.

Casel: t+T; <-T,. Here u(t- T +Tq) =0, Since t isredtricted to theinterval [- T, ¥): fa(t)=0.

Case 2: t+T13 -T2.

t+Tl
f3(t) = K1K2 c\) dr = K1K2(t + Tl + T2)
_'|'2
In sum,
i0, t<-T;- T
fa(t) = | L L
TKKo(t-To- T, t3-T- T
(c) By definition
¥ ¥ ¥
fat)= O fy(t- 1) fo(t)dr = OKqu(t- T)Ke 2 u(t)dt = KK, O F ut- T)dt
-¥ -¥ 0

Theintegrand is nonzero only when t £ t. Hence, there are two casesto consider: t<0 and t3 0.

Casel: t<0. fa(t)=0,for t<O.

Case2:t3 0.
t -at ut
< - e y KiK .
f5(t) = KiKp O Tt = KiKp—— 0 = —22(1- ¢ &),
-a f a
0 t
Therefore

fa(t) = KlT*fZ(l- e yu(). for t2 0.

(d) By definition
¥ ¥ ¥

fa(t)= O fy(t- 1) fo(r)dt = OKqu(t- T+ TKoe” Fu(t)dr = KK O F ut- 1+ T)dr
-¥ -¥ 0
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Theintegrand is nonzero only when T £t + T, . Hence, there are two casesto consider: t+T; <0
and t+ Tl 3 0.

Casel: t+T;<0. Here ut- t+T;) =0, since t is restricted to the interval [0¥). Hence
f5(t)=0.

Case2: t+T;3 0.

t+T, -at ut+T1 KK
f3(t) = K1K2 (\) e dT = K1K2 A q) = 172 [1_ e a(t+T1)]_
0

Therefore
fo(t) = KiKo [ - a(t+T1)]u(t +Ty).
(e) By definition

¥ ¥
f3(t) = 0 f1(t- 1) fo(t)dt = QKqu(- t+1:)K2e Tu(r)dt = KiKo O & u--t+t)de
-¥ -¥ 0

The integrand is nonzero only when t 3 t. Hence, there are two casesto consider: t£0 and t>0.
Casel: t£0. Here W- t+t)=1,sncet 3 0. Hence

¥\ -at e at U¥ K1K2
f3(t) = K1K203 dr = K1Ko u = ,for t£0.
-af a
0 %
Case2: t>0.
¥ -at l‘J¥
. - - KiKs .
f3(t): K]_Kz(ﬁ aTdT = K1K2e u = 1 26 at,fOl' t>0.
-a g a
t G
In sum,
\IK1K2
3\)=1
Ko a5
i a
Solution 16.3.
(& By definition
¥ ¥
f(t) = Qfl(t) fo(t- T)dt = OKe Fum)Ke 2 Dyt- tydr = KK, 0 2u(t- 1t)de
-¥ -¥ 0

Theintegrand, u(t- 1), isnonzero only when t 3 t. Hence, there are two casesto consider: t<0
and t3 0.

Case 1: t<0. Here u(t- 1) =0,sncet 3 0. Hence f3(t)=0, for t<O.
Case2: t3 0.
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t
f4(t) = KiKoe™ & oyt = K4Ke™ &t for t2 0.

0
In sum,
le(9 = lin(s)
Cs+£R
(b) By definition
a=1
K=1

Theintegrand, u(t- t), isnonzero only when t 3 t. Hence, there are two casesto consider: t<0
and t2 0.

Case 1: t<0. Here u(t- 1) =0,sncet 3 0. Hence f3(t)=0, for t<O.

Case2: t3 0.
it if a=b
fat) = KyKoe bt(‘)e(b AT 4t —.l [ o)t 1] £ aib
0 Tb- a
Therefore, for t3 0,
1K 4K 56t tu() if a=b

fa(t) =
3(t) = i}glK;[ at _ bt] if alb
(c) By replacing K1 =50, K, =20 and a=10 intheformulaof f3(t) in part (a) the answer for
part (i) iseasly obtained as
t<O

fa(t)= 1000e 10 ts 0
t
For pat (ii) the parameters have the following vaues v ()= e & Pdr=€"" t_¥ =1,
-¥
K,=0.2, a=10 and b=0.2. Using these valuesin the formuladeveloped in part (b) for f5(t) the
answer followsimmediately

fa(t) = 0.102(e' 02t o 10t)u(t)

SOLUTION 16.4.
(a) Using the impul se response theorem and the definition of the convolution integral the response
of the system, y(t), can be computed as follows

¥ ¥
yt)= Oh(t- tiva)dr = 26 X Du(t- 1)u(- 1)- u(z- 3)dr
-¥ -¥

Obsarving that u(t - 1)- u(tr - 3) isnonzero only when 1 £t < 3yields
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2(t-1)

3
y(t)=2Ce u(t- t)de

1

The integrand in the above equation is nonzero only when t £ t. This suggests three regions of
consideration: t<1,1£t£ 3,and 3<t.

Casel: t<1. Here u(t- 1) =0, since 1 isrestricted to theinterval [1,3]. Hence y(t) =0, for t<1.
Case2: 1£t£ 3.

t
t
y(t) = 2¢”C Vo = 2 ‘)]1 =1- 2V for1£tE3

1
Case 3: 3<t.

3

3

1

In sum,
10, t<1
yy=i1- &¥0 1£t£3

':A'ez(l' t)(e4 - 1), 3<t

A picture of y(t) issketched in the next figure.

(b) Using the impul se response theorem and the definition of the convolution integral the response
of the system, y(t), can be computed as follows

¥ ¥
y)= Oh(t- tiva)dr = 26 XU Du(t- tyu@- t+1)ule - 1)- u(t- 3)]d
-¥ -¥

Observing that u(t - 1)- u(t - 3) isnonzero only when 1£ t < 3 yields

3
y(®) = 20e?C Vu(t- t)u@- t+t)de
1
Theintegrand in the above equation is nonzero only when t- 2 £t £ t. This suggests four regions
of consideration: t<1,1£t£ 3, 3<t£5and 5<t.
Casel: t<1. Here u(t- 1) =0, since t isrestricted to theinterval [1,3]. Hence y(t) =0, for t<1.
Case2: 1£t£ 3. Here u(t- t)u(2- t+1) isnonzeroonly when 1£ 1 £ t. Therefore,
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t
t
wozzdfﬁ*mr:e%“ohzl-émﬂlfm1£t£a
1

Case3: 3<t£5. Here u(t- t)u(2- t+1) isnonzeroonly when t- 2 £t £ 3. Therefore,

3
3
yt)=2 (\)ez(a.--t)oh:ez(«:-t)]t 2:e2(3-t)_ e'4,for3<t£5_
t-2 )

Case4: 5<t. Here ut- 1)u(2- t+1) =0, gnce t isredtricted to theinterval [1,3]. Therefore,
y(t)=0, for5<t.
A picture of y(t) is sketched in the next figure.

yit)
1
0.9
0.8
07

(c) By theimpulse response theorem, the zero-state response of the circuit y(t) is

| - YO =hm*v(y -
Using the definition of the convolution integral and the sifting property of deltafunction it follows
that

10, t<0
2, 0£t<1
f-2, 1£1<2
Y= 20()- 20(t- D+ht- =157 Loy
¥L 3Et<4
{0, 4£t

Using the waveform of h(t) giveninfigure P16.4, y(t) issketched in the next picture.
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SOLUTION 16.5.
(a) By definition
¥ ¥
fa(t)= O fi(t- 1) fo(t)dt = Q8(t- T- 2)2xu(t +1)dr
-¥ -¥

By the sifting property of deltafunctionit followsthat f4(t) = 2u(t + 1)]T —t.o =2U(t- 1).

(b) By the definition of convolution and the sifting property of delta function

¥ ¥
fe(t)= O fy(t- 1) fat)dr = OB(t- 1 - 2)e Fuf)dt
-¥ -¥
=% u(t) o e At 2)u(t- 2)
(c) By definition
¥ ¥ ¥
fe(h) = O fo(t- 1) fa)dt = Q2u(t- T +1)e Zu(t)dr =20 Zu(t- 1 +1)dr
-¥ -¥ 0

The integrand in the above equation is nonzero only when t £ t +1. This suggests two regions of
consideration: t<-land - 1£ t.

Casel: t<-1. Here t- T +1)=0,since 0£t. Hence fg(t) =0, for t<- 1.

Case2: - 1£t. Here u(t- T +1) isnonzero only when t £ t +1. Therefore,

t+1 (41
fo(t) =2 Qe *fdr = e'ZT]O _q. g At
0

It follows that
fo(t) = [1- e 2(“1)] u(t +1)

(d) By the definition of convolution and the sifting property of delta function we have
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¥ ¥
()= O fyt- 1)fat- 2dr = Od(t- 1- 262 Au@ - 2)dr =
-¥ -¥
=g AT 2y Z)L T e Aty 4y

SOLUTION 16.6.
(&) By definition

fo(t) = [1- e 2] g 41y
Here observethat u(t—t) = 0 for t >t. Hence, there aretwo casesto consider: t£ Oandt> 0.

Cael: t£O0
t N
ed eat
y(t) = K (‘)eatdt:K_H =K__
ag a
-¥ -¥
Case2: t>0
! at ° at eatuo K
=K e dt=K e“dt =K—y =—
X0 S S aa¥ a

(b) By definition
14 ¥
y() =K Qut - e P ult)dt =K du(t)e ot
-¥ t

Here observethat u(t —t) = 0 for t <t; hencethelower limit of integration ist. Also, because of the
presence of u(t) in the integrand, there are two casesto consider: t<QOandt3 O.

Casel: t<O
¥ e'atl:I¥ K
yt) =K Qe dt =K——g =—
0 —ago a
Case2: t3 0
%—at e-atl;|¥ K -a
y(t)—Ktoe dt—K_aa —;e
SOLUTION 16.7.

(@) Using the definition of the convolution integral and the sifting property of delta function,
f5(t) can be computed as below

Y4 ¥
fet)= O fa(t- 1)far)dr = ye 2 Dut- 1)8(c- 4)dr =
-¥ -¥

= e'a(t'r)u(t - 1) . g alt- 4)u(t- 4)

A pictureof fg(t), for a=1, issketched in the next figure.
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ooooooooo0
[ DY NSRS | ey BN '
1 1 1

(b) By definition

¥ ¥ ¥
fe() = O fy(t- T)f1(t)dt =K?2 Qu(t- T)u(r)dt = K2 (u(t- t)de
-¥ -¥ 0

Since ut- 1) isnonzero only when 1 £ t, there are two regions of consideration: t<Oand O £ t.
Case 1: t<0. Here u(t- 1) =0, sncet 3 0. Hence
fe(t) =0, for t<O.

Case2: 0£ L.

t

fe(t) =K 2(pt =K%, for O£ t.

0
A pictureof fg(t), for K =1, issketched in the next figure.
f

(c) By definition

¥ ¥
f(t) = O fyt- 1) fo@)dt = OKu(t- 1) Fu(t)dt =K " Fu(t- t)dt
-¥ -¥ 0

Since Wt- 1) isnonzero only when 1 £ t, there are two regions of consideration: t<Oand O £ t.
Case 1: t<0. Here u(t- 1) =0, sincet 2 0. Therefore, f4(t) =0, for t<O.
Case2: O£ t.
t K
() =K T =—¢ "’“]
0

t

O:E(l- e'at),forOEt.
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A pictureof f(t), for t<0 and a=1, issketched in the next figure.

(d) By definition

¥ ¥ 0
fa(t)= O fy(t- 1) fa@)dt = OKu(t- 1)e®* u-t)dt =K )e* u(t- 1)dr
-¥ -¥ -¥

Theintegrand, u(t - t), isnonzero only when T £t . This suggests two regions of consideration:
tEOandO<t.

Case 1. £0.
t
. K arlt K
fa(t) = K oea‘u(t-r)drz—ea‘] =2e? fortgo0.
-y a -¥ a
Case2:0<t.
0
. K 210 K
fa(t) = K oea‘fu(t-r)dr:—eaf] =2 foro<t.
a -¥ a
-¥
In sum,
Rt te0
fgt)=12
15 0<t
I a

A pictureof fg(t), for K =1 and a=1, is sketched in the next figure.
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SOLUTION 16.8.
(& Using the current division formula

169 = —= 1in(9)
Cs+—
R

By Ohm’slaw the Laplace transform of capacitor’ s voltage
1
Ve®=51c(®)
Therefore the transfer function of the circuit
Ve(9) _ 1 1
i corl S*4
R

H(9 =

Taking the inverse Laplace transform of H(s) yields the impulse response h(t) = e'4tu(t) .

(b) By theimpulse response theorem
¥ ¥
Ve() =i () * () = Qiin(t- T)h)dr = 93 T Put- t)e Fu(r)dr =
-¥ -¥
¥
=30 Uy 1)
0
Theintegrand is nonzero only when t £t. Therefore there are two regions of consideration:
t<Oand O£ t.
Case 1: t<0. Here u(t- 1) =0,since 0£ 1. Hence v.(t) =0, for t<O.
Case2: 0£ L.



1/25/02 P16-13 © R. A. DeCarlo, P. M. Lin

t
t
ve( =3¢ " Far=-¢ (t+3t)]o =e'-e* forogt.
0

In sum,
v =(e"-e*uov.

SOLUTION 16.9.
(8 By voltage division formula

1
Vout(9) = S]_ Vin (9
R+—
Cs
Therefore the transfer function
1
H(S) — VOUt (S) - Cs — 1
Vi n(s) R + i S+ 1
Cs

Taking the inverse Laplace transform of H(9) yields yields the impulse response h(t) = e tu(t).
By the impul se response theorem and the convolution definition

¥ ¥
Vour 1= ON(t- tvip()dt = ge EPu(t- )| u(-1) + 26 F ur)|dr =
-¥ -¥

¥
e U Py(t- tyde +20e TV

0

ut- t)de

+I|<O/O

For both integrals the integrand is nonzero only when t £t. This suggests two regions of
consideration: t<Oand O £ t.
Case 1: t<0. Herethe second integral is zero since, for thisintegral, T isrestricted to [0¥).

tt

t
ve(= O T Vdr=¢"" , =1 fort<o.

¥
Case2: O£ t.

0 t
ve(® = O @ Wdr + 208 e
-¥ 0

0 t
=et-t] L 28—(t-r)]oze-t_ z(e-Zt- e-t):ge't- 262 forO£t

(c) By theimpulse response theorem and the definition of convolution
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¥ ¥
Vot ()= ON(t- Din(@)ke = & Dt e Fle
_¥ _¥
0 ¥
= oe' (t'T)u(t_ T)ea‘c dT + @' (t-T)u(t_ T)e_ at d’C
-¥ 0
0 ¥
= e't c\)e’f (a+1)u(t_ T)dT +e-tc‘p‘t (1— a)U(t- ’C)d’t
-¥ 0

For both integrals the integrand is nonzero only when t £t. This suggests two regions of
consideration: t<Oand O £ t.
Case 1: t<0. Herethe second integral iszero since, for thisintegral, T isrestricted to [0¥).

t et(a+1)ut at
Vo (=€ ' 9F@ Vg =& U = fort<o.
-¥ g.¥
Case2: O£ t.
0 t
Vo) =€ ' 9@ Vr +e L pF T g =
-¥ 0
t(a+1) 2 t -t t
_t€ 7 -tat(l-a)y. _ © -t a1 (1-a)
= + = — 4
S a¥ e (())e dt i ¢ 93 dt

Here observethat a+1 isnonzero since a> 0.
For computing the second integral, in case 2, we need to distinguish two subcases: a=1
and at 1.

t 1ot : _
t if a=1
tax(ta), 18
¢ dT_-'-i(e'at-e't) if atl
0 11- a
Therefore, for O £ t,
i ot
{e—+1+e'tt if a=1
Vout (1) =1 ae-t 1
-'-—+—(e'at-e't) if atl
fa+l 1-a

SOLUTION 16.10.
(@) Theimpulse response is obtained by taking the inverse Laplace transform of the transfer
function

h(t) = - 26" “2tu(t)

By the impulse response theorem the response y(t) equals
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¥
yt)=h@®)*v(t)= Qh(t- t)v(t)dt

-¥
Substituting v(t) = u(t +1)- u(t- 1) inthe above integral yields
¥

y(t)= Oh(t- D[u@ +1)- u( - D]dr
-¥

Here observethat u(t +1)- u(t - 1) isnonzero only when - 1£1 £1. Hence
1 1

-0.2(t-7)

y(t)= Oh(t- t)dt =-2Qe u(t- t)dt

-1 -1

The integrand is nonzero only when t £ t. This suggests three regions of consideration: t<-1,
-l£t<land1l£t.

Casel: t<-1. y(t)=0

Case2: - 1£t<1.

t
y(t)=-2 (‘)e' O'Z(H)dr :10[e' 0.2(t+1) _ 1] Jfor-1£t<1.
-1
Case3:1£t.

1
y(t)=-2 (‘)e' O'Z(H)dr =10e %2 (e' 0.2 e0'2) ,forl1£t.
-1

(b) The transfer function of the leaky integrator (see equation 14.14 in the textbook) is given by
1

__ R
H(9 =
Cs+i

Ro

whereR; is the leakage resistance of the capacitor C and R, is the resistance connected at the
inverting input of the op amp. Equating the two expressions of H(s) we obtain that

(1
R _ -2
Coy L S*+02
Ry

Matching the coefficients and taking into account that the smallest resistor is 10kW the following
values are obtained: R =10kW, R, =100kW and C = 5x10 °F .

(c) Theimpulse response is obtained by taking the inverse Laplace transform of the transfer
function

h(t) = Ke™ 2u(t)

By the impulse response theorem the response y(t) equals
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¥

yt)=h@®)*v(t)= Qh(t- t)v(t)dt
-¥

Substituting v(t) = u(t+T)- u(t- T) intheaboveintegra yields

¥
y(t)= Oh(t- D[u@ +T)- u( - T)]dt
-¥

Hereobservethat Wt +T)- u(t- T) isnonzeroonly when - TEt £ T. Hence

T T
yt)= Oht- t)dt =K e 2 Dyt- t)de
-T -T

The integrand is nonzero only when t £ t. This suggests three regions of consideration: t<-T,
-TEt<TandTETt.

Casel: t<-T. y(t)=0

Case2:-TEt<T.

t
yt) =K Oe at-1) 4 = %[1- e a(t+T)] for-TEt<T.

T
Case3: T £t.
T
yt)=K Q€ at-7) g zge' at(eaT - aT), for T £1.
T
In sum,
i
"'0 t<-T
y(t) = [1 e a(”T)] STEt<T

|
ize (eaT- e'aT), TEt

SOLUTION 16.11.
(a) First observe, from figure P16.11(a), that

fa(t) = (- 2t + Au(®) - u(t- 2)]

By definition
¥ ¥ 2
fat)= O fo(t- 1) fo(t)dt = Q4u(t- t)(-2t +4)[u@)- u - 2)]dt =-8(Yt- 2)u(t- t)dt
-¥ -¥ 0

The integrand is nonzero only when 1 £t. This suggests three regions of consideration: t<0,

Oft<2and 2£t.

Case 1: t<0. Here u(t- 1) =0 duetothefact that T isrestricted to theinterva [0,2]. Hence
f3(t)=0, for t<O.
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Case2: 0E£t<2.
fa(t) = -8t - 2)ct :-8?7- 214 =-4(t2- 4t),for0£t<2.
0 24,
Case3. 2£L.
: @2 _oU
fa(t)=-8C\t - 2)dt = -8%7 - 2t.0 =16, for 2£ t.
0 24,
In sum,
10, t<0
fat) = - 4(t2- 4t), 0£t<2
116, 2£ 1

A pictureof f5(t) issketched in the next figure.

it
16
14
12
10

(b) First observe, from figure P16.11(b), that

fo(t) = tlu(t)- ut- 2]+ (4- Hlu(t- 2)- u(t- 4)]

By definition y
fat)= O fa(t- 1) fp(r)dt
By replacing fy(t) and f,(t) with theirexp-ronswe have
fo(t) = E4u(t- {t[u(r)- u@- 2)]+4- Duk - 2)- u(t- H}dr=
¥ ¥ ¥
= 04u(t- t)tfuk)- u(t- 2)]dt + O4u(t- t)(4- t)u(t- 2)- uk - 4)]dt =
¥ -¥

2 4
=4Cu(t- t)dt +4Q4- T)u(t- 1)t
0 2
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The integrands are nonzero only when 1 £ t. This suggests four regions of consideration: t<0,

0f£t<2,2£t<4,and 4£t.

Case 1: t<0. Here u(t- 1) =0 dueto thefact that t isrestricted to theinterval [0,4]. Hence
f3(t)=0, for t<O.

Case 2: 0 £ t<2. hereobservethat the second integral is zero since, for thisintegral, t isrestricted
totheinterva [2,4]. Therefore
t

fo(t) = 4Cxot = 2t2, for O£ t<2.

0
Case3: 2£t<4.
2 t & L2060
f5(t) = ACxot + A0 4- T)dt =8 +4gdt- —-U =-2t% +16t- 16, for 2£ t< 4.
& 2 gg
0 2 &
Case4d: 4£t.
A
2 N @ 720U
f3(t)=4Qrdt + 4Q4- 1)dt =8+4c41- —-U =16,for 4£1t.
& 2 g§
0 2 b,
In sum,
i0, t<0
o _jet?, 0£t<2
0= 22 116t- 16, 2£1<4
{16, Aft

A pictureof f5(t) issketched in the next figure.
f3|:t]|
16
14
12
10

SOLUTION 16.12. (a) By voltagedivision,
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1 2/3 2/3
_,__2 s +25s5+1 (s+05) (s+2

2
H(S) OUt S
Vin 2s+5

Hence, the impulse responseis

h(t) = %e’ O3ty (t) - %e’ 2t()

(b) By definition

¥
h(t)* Vin(®) = h(t- t Jvin(t)dt —% Oe X Yyt - t)eu(- t) at
-¥ -¥
20 % -2(t-t) t
"3 oe ut-t)eu(-t)dt
-¥

Casel: t£0.

t
0
S05(t-1) ot g o 2t gty = -05t L5t 4 S2t 3t g

2 ' 20 20 |
Vour (1) == 0€ =3 0 3 0¢
-¥ -¥ -¥

o0e” 05t 20e & t
_ Oi - [el.St] L 0: [e3t] y = 4.444¢" - 2.2226" = 2.222¢"

Case2: t>0.

20e'05t[e15t]0 ] 20e" & [egt ]0 _20e 9% 20e2
¥ ¥

Ve (1) = )
out (1) 45 9 45 9

SOLUTION 16.13.
(& Theimpulse response of the circuit has been computed in problem 16.12

ge’ 2 u(t)

h(t):ge' 05t () =

By the impul se response theorem and the convolution definition

¥

Vout (1) = h(t) *vin () = Qh(t- T)vip(t)dt =
¥
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1/25/02

¥
_20 O[e' 05(t-1) _ o 2(t-1:)]u(t_ el

The integrand is nonzero only when t £ t. Hence

t
20 \[6-0.50-1)_ o 2(t-r)]e-rc|dT

Vout (1) ==
3
-¥

The existence of the function e ! under the integral suggests two regions of consideration: t£0

and 0<t.
Casel: t£0.
t
Vout(t)zz—?? é[e-O.S(t-r)_ o 2(t-r)]erd,t _
-¥
20 t 20 o
_ 20 o5t c\)el.Sth_ 20 -2t (‘)eatd«;:
3 37

20 05t[ ]t 20 2t[ 3c]t _
=25° 1€ [y 9°® |® |¢7
= 4.444¢" - 2.222e! =2.222¢! for t£0.

Case2:0<t.

wa0-2 of 29

t
-0.5(t-1) -2(t-1)]etd,c +§)(\:[e-o.5(t-r) )

o 0.5t- 051 _ e-2t+’t]dT _

0&” w
o

0
20 J .- 20
2 O[e 0.5t+1.50 2t+3t]d‘c E

. .0 A .
05+15 - 2+3 i) gy OB- 050 Lot

t

u

- = u

15 3 g, 38 05 &

=17.778 9% - 20e ! + 4.444€ % foro<t.

_ 2
3@

In sum,
)= 12222e O£t
Youtt) =17 77867 05t o007t + 44446 2, <t

SOLUTION 16.14.
(& Theimpulse response of the circuit is obtained by taking the inverse Laplace transform of H(s)
h(t)=(2¢"- 26 % +2e " ucy

(b) Theresult followsfrom the following MATLAB code
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>> p= [_1!'2"4];
>>r1=[2-24];
>>k=0;

>> [n,d] = residue(r,p,k)
n =

4 14 16

d=
1 7 14 8

Therefore,
4% +14s+16
S +72+14s+8

H(9 =

(c) By the impulse response theorem
y(®) = u(® * h(t) = u(t)* [2e‘ tu(t) - 2¢72tu(t) + 4 ‘”u(t)]
Using the distributive property of convolution we have
y(t) = u(t)* [2e' tu(t)] Fu(t)* [ 2 2tu(t)] +u(t)* [4e' 4tu(t)]
In problem P16.2(c) the following equation has been obtained
[K )] * [K € atu(t)] 2 KlT*fZ 1- & yu()
Using the above equation y(t)isimmediately obtained
y(t) = 2(1- e t)u(t) - (1- e 2t)u(t) 4 (1- e ‘“) u(t) =
= (2- 2etre?. e'4t)u(t)
(d) By theimpulse response theorem
yt)= f(§* h®) =[8u(- O - 8- t- T)]* [2e‘ tu(t) - 2¢72tu(t) + 4 M u(t)]

Using the distributive property of convolution we have

y(t) = 8u(- ) * [2e‘ tuct) - 2¢" 2u(t) + 4e“”u(t)] i

_8u(-t- T)* [Ze'tu(t)- 26 2ty(t) + 4e'4tu(t)]
We denote
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Va0 =8u(- 26" u() - 26 u(D) + 46 *u(y
By the time invariance property it follows that

y(®) = yi(D) - ya(t- T)

In order to compute y;(t) we will use the following equation which has been obtained in problem
16.2(e)

i KiK
PR i
Klu(-t)*[Kze' u(t)]:i
IKlKZe-a'[1 t>0
I a
Therefore,
|16 t£0

Vi) =1 6t go2t 4gedt et
The zero-state response to the input f(t) can now be computed

1o, t£0

y(t):hese' e +ge - 16, 0<tET

%16[e o (t- T)] 8[ -2t -2(t-T)]+8[e-4t_ e Mt 1oy

SOLUTION 16.15.
(a) Using the convolution theorem the transfer function of the cascadeis

H(9 =L[h(t)] = L[m()* ho()) * ha(t)] = L[ m®)] 4] ha())] x[ha(t)] = H1(8) XH 2(5) *H 5(s)
From table 13.1

1

Hﬂ$=;

10
"'2(3):ST2

2

H3(9 :?

Therefore,
20
H(9 =—
s’(s+2)

A partid fraction expansion of H(s) can be obtained using the residue command in MATLAB:

>> num = [20];
>>den=[12000];
>> [r,p,K] = residue(num,den)
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[l

Hence
—_-2'5.}.2;5.{.-_5.}.@
s+2 s &2 3

H(9

Taking the inverse Laplace transform yields the impul se response of the cascade

h(t) = - 2.5e” 2 u(t) + 2.5u(t) - 5tu(t) +5t2u(t)

(b) By the impulse response theorem and the convolution theorem, the Laplace transform of the
step response of the cascade equals

20
st (s+2)

9=HEVE =5 5

A partid fraction expansion of H(s) can be obtained using the residue command in MATLAB:

1
M
S

>> num = [20];
>>den=[120000];
>>[r,p,K] = residue(num,den)

r=

1.2500
-1.2500

2.5000
-5.0000
10.0000
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[l

Hence
Y(8 = 1.25+- 1.25+£3+-_5+£)
T s+2 S 32 33 54
Taking the inverse Laplace transform yields the step response of the cascade

y(t) = 1.25¢ 2tu(t) - 1.25u(t) + 2.5tu(t) - 2.5t2u(t) + 1.667t3u(t) .

SOLUTION 16.16.
(& By thevoltagedivision formula
1

1
Vou (9= =5 ST M= GrgrgVin(9
Cs

Therefore, the transfer function of the circuit is

_Vou®_ 1 _ 1
Vin(s) CRs+1 s+1

H(9)

Taking the inverse Laplace transform yields the impulse response h(t) = e tu(t).
(b) From table 13.1 the Laplace transform of v, (t) is

1,1
Vin(9) = S+(s+1)2

By the impulse response theorem and the convol ution theorem it follows that

16 1 U 1 1
VOUt(S) - H(S)Nln(s)_ S+1g§+ (S+1)26_ S(S"'l) + (S+1)3

A partial fraction expansion of V:(9) is

1 1 1
Vpt(9==- —— +

Taking the inverse Laplace transform yields
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Vour (1) = u(t) - € tut) - 0.5t% u(t).

Using the time domain convolution method v, (t) can be computed as follows
¥

Vout 1) = Qh(t- T)vip(t)dt =
-¥

= 0e ©Vut- 1)|uw) +1e Tun)|de
-¥

From the experience earned by computing convolution integrals we know that the computation of the
above integral requires more computational work than the Laplace transform method. More
computations imply, of course, more sources of errors.

From the solution of this problem we have seen that, in the case of the Laplace transform method,
the computational burden consists in computing Laplace and inverse Laplace transforms. For a
large class of functions these transforms can be found in tables(for example table 13.1). The only
computation that we did, in the solution of this problem, was the partia fraction expansion of

Vout (9 -

(¢) Inthiscasethe (unilateral) transform method cannot be used because v, (t) * 0 for t<O.

SOLUTION 16.17.
(@) Theimpulse response can be obtained by taking the inverse Laplace transform of H(9).
Therefore

h(t) = 8e” 1%tu(t)
(b) Fromtable13.1 .
Vin(9) = 2116
By the impulse response theorem and the convolution theorem it follows that
64
(s+10)(s? +16)

Vout (9 = H(8) ¥V (s) =

Vout (9 can be further written as

- 0.5517s+5517 0.5517 — 05517 S +1379— 4 N 0.5517

+
s +16 s+10 2 +16 2 +16 s+10

Vout(9) =

The above expansion of V;(S can be obtained by using the technique of example 13.14, page
514. Taking the inverse Laplace transform yields

Vout (1) = - 0.5517cos(4t)u(t) +1.379sin(4 tyu(t) + 0.5517e” 1% u(t).
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(©) Inthiscase
8

a9 =L o P sintad] =

Therefore
64

[(s+ 2)2 +16J(s+10)

Vout (9 = H(S)¥Vjp(s) =

Using again the technique of example 13.14, page 514, V(S can bewritten as

-08s+48 0.8 S+2 4 0.8
= + +

Vout (S = + =-0. 6
(9 (s+2?+16 S+10 (s+2)%2+16 ~ (s+2)?+16 s+10

Taking the inverse Laplace transform yields

Vout (1) = - 0.8¢” 2 cos(dt)u(t) +1.6e” X sin(4t)u(t) + 0.8e" Ctu(t) V.

In this context the Laplace transform method is faster than the time domain convolution. Thisis
dueto the fact that v, () hasarelatively complicated expression and the convolution integral will
require more computational work than the Laplace transform method.

(d) Inthis context the Laplace transform method cannot be used because vi, (t) * 0 for t<0. The
time domain convolution method will be used to compute the response vt (t). By the impulse
response thorem

Vout (0= () *vin (9 = [86" ' u(®)] * [u(- 0]

Using the result of problem 16.2, part (), it follows that

(108 t£0
VOUt( )_,:\08e' 10t’ O<t

SOLUTION 16.18.
(8 Replacing Ry, Ry, C; and C, with their values the transfer function can be obtained

S

H(9 = —
(9 +55+2
Theonly zero of H(s) is0 and the polesof H(9 are—0.5and -2. A partia fraction expansion of
H(9is:
-0.167 0.667
H(9 =505 " s+2
The impulse response can be obtained by taking the inverse Laplace transform of H(9

h(t) = -0.167¢ %2 +0.667¢” 2
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(b) Vout (t) will be computed using the Laplace transform method. This approach is valid because
h(t) and vj, (t) are zero for t<O0.
From table 13.1 the Lapace transform of v, (t) is
1
Vin(9) =——
|n( ) (S+ 2)2
By the impul se response theorem and the convol ution theorem it follows that

S 1 S
262 +55+2 (s+2)2  2s% +13s3 +30s2 + 285+ 8

Vout (9 = H(g) ¥V (9=

A partial fraction expansion of V;:(S) can be obtained using the residue command in MATLAB:
>>a=[10];

>>ph=[21330288];

>> [r,p,k] = residue(a,b)

r=
0.0741
0.1111
0.6667
-0.0741

p =
-2.0000
-2.0000
-2.0000
-0.5000

k =

(1
Therefore,
-0.0741 0.0741 0.1111 0.6667

+ + +
s+05  s+2  (s+2)2 (s+2)°

Vout (9 =
Taking the inverse Laplace transform yields

Vout (1) = [- 0.07416 %% + 007426 2 +0.1111te” 2 +0.3333t% 2 u(p) V.

One would prefer the time domain convolution method to compute v, (t), but the computations
may require more work relatively to the Laplace transform method.

(©) Inthispart v;,(t) * O for t<0. Therefore the time domain convolution method will be used to

compute Vi, (t).
By the impulse response theorem

Vout (t) = h(t) *vip () =
¥

= O|- 0.1667e 3V + 06667 2 |u(t - t)e® u(- 1)drt =
-¥
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0
= Ol- 0.1667¢ 5" + 06667 20 |u(t - 1)eF dr
-¥

The integrand of the previous integral is nonzero only when t £ t. This suggests two regions of
consideration: t<Oand O £ t.

Casel: t<0.
t t
Vout (1) = -0.1667e” % e dr +0.6667¢ 2t (e dr =
-¥ -¥
A 2.5T U’[ e 4t u
= .01667¢ 05§ +0.6667¢ A8 g =
X205 ¢ 5 4
e U_¥ U_¥
= 0.]e , for t<0.
Case2: 0£t.
0 0
Vout (t) = -0.1667e % e dr +0.6667¢ 2t (e dr =
-¥ -¥
ee2 ee4 UO
= .0.1667e 05te—u +0.6667€ &=—0 =
25 5 4
829 fly 0y

=-0.1667¢ % +0.6667e ! for O£ t.

SOLUTION 16.19.
Replacing Rand C with their values
s-5 10
HO=551 5+

The zero-state response Vg (t) will be computed using the time domain convolution method
because v, (t) * O for t<O.
The impulse response of the circuit is
h(t) = 8(t) - 108" Xu(t)
By the impulse response theorem
¥

Vout () = h(®) *vin () = Qh@)vin(t- t)dt =
¥
¥

=109[5¢)- 106 u(r)]cos[lO(t- )]t =
¥

¥ ¥

=10 )5 (t)cog(t- 1)dt - 10 ()10e T u(t)cod10(t - 1)]dt
-¥ -¥

Using the sifting property of the delta function and expanding cos(t - t)it follows that
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¥ ¥
Vout (£) = 10cos(t - T) - 100cos(10t) (> cos(10t) dt - 100sin(10t) (g sin(10c )dt
0 0

Using the definition of the Laplace transform we observe that
¥

. -5t s u
cos(10c)dt =L |cos(10t)u(t =——p73 =0.04
G cos(107) [eostmu®lss = 21008
and
¥ 10 U
~ -5r . .
sin(10c)dt = L{sin(10x)u(t =———py =0.08
G sn(1a)de = LIsnA0uOles= 750
Therefore

Vout (t) = 10cos(10t) - 4cos(10t) - 8sin(10t)
= 6cos(t) - 8sin(101) = 10cos[10t +tan” 1(%)]

Notice that v (t) and vi, (t) have the same frequency and magnitude.

SOLUTION 16.20.
(8 First noticethat v, (t- T) = u(t). Therefore w(t) = u(t) and

W(s)=3
(b) Using the properties of the Laplace transform it follows that
VY (9 = H(8) W (9 = —2
Out(s) - (S) (S) - S(S+2)

A partial fraction expansion of V,i(9) is

1
Vour(9 = Pl

Taking theinverse Laplace transform yields
_ Vour (£) = u(t) - € *'u(t)
(b) Since
Vin() =w(t+T)

it follows, by the time invariance property, that

Vout (1) = Vo (t+T).
Therefore,

2(t+T)

Vo ()= u(t+T)- e ut+T) V.

SOLUTION 16.21.
(a) First observe from figure P16.21 that

Vin() =ut+T)- u(t- T)
From the definition of w(t) it follows that
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w(t) = vin(t- T) = u(t) - u(t- 2T)
Therefore

W()==--e
S s
(& By theimpulse response theorem and the convolution theorem it follows that

W __ 2 osTy\_ & 1 6 -osT)_
Vair(9 = HOW (9 = g [1- €T )= 85 551 € ™) =

1 1 4 1 6 -2sT

Ts s+2 €s s+20

Taking the inverse Laplace transform and using the time shift property of the Laplace transform
yields

v (t) = (1- e'Zt)u(t)- [1- e'z(t'ZT)]u(t- oT)
Because
Vin () =w(t+T)
it follows, by the time invariance property, that

Vout (t) = Vot (t+T) =
= (1- e 2(t+T))u(t+T)- [1- e 2("T)]u(t- T) V.

SOLUTION 16.22. (a) Theuseof t =t +T, inthe problem statement meansreplacet by t+T;.
However, strictly speaking we should have used a statement of the form t =t'+T; which isdonein
the proof below. By definition of the convolution and the property of commutivity,

¥ e¥ u
FE-T g0 = Qft- h-gMd =g fE-tgt)yded  =[F()* 9t)fe=. 7,
-¥ e ¥ u.":t-Tl

Observethat t =t'+T;. Hence
[f(t- 1)* 9O}z, = FE)* 0(E)

Realizing that t and t' are simply dummy variables, we immediately obtain the result. From a
systems perspective, this corresponds to the property of time-invariance where a shift of an input

function by T, yields a corresponding shift of the output function by T,.

(b) The stepsin this part are similar to those of part (a).
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¥

fit- TD*g(t- To)= Qf(t- - t)g(t - T)dt
-¥

Letl =t - T, inwhichcaset =I +T, anddl =dt. Hence

¥ e¥ U
f(t- TD*gt- To)= Of(t- T- To-1)g(l )dl :g(‘)f(t'-l Ya(l )dl 3
-¥ e¥ t=t-T;- T,

=[f(t)* o(t)] = T-T

Sincet =t'+T; + T,, and t and t' are dummy variables, we have
[f(t- T)* o(t- T}y, = FE)* 1)

and the result follows.

1 1
SOLUTION 16.23. Fromtable 13.1, G(s) = ——, H(s) = .
O 52 1975

(@ Define p(t) =f(t—2) = u(t).
Then, P(s) :—i . Consider

1 05 05

PSIG(s)= S(s+2) s s+2

Hence

p(t)* g(t) = 0.5u(t) - 0.5¢ >u(t)
From problem 16.22 part (a),

F(0)* 9(t) = [ PO)* 9] orep = [o.su(t) - 05¢ 2‘u(t)]t:t+2 = [0.5- 056" 21yt +2)
(b) Define p(t) = f(t — 2) = u(t).

Then, P(s) :—i . Consider

1 025 025 0.5
s(s+2) S s+2 (s+2)

Hence
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p(t)* h(t) =(0.25- 0.25¢ % - 0.5te” 2 Ju(t)

From problem 16.22 part (a),
(O h() =[PO)* (D], =[[0:25- 025¢*'- 05t *futw)] _

=[o.25- 0.25¢" At*2) _ o.5(t +2)e" A | y(t + 2)

SOLUTION 16.24.
() Thepicturesof f(t) and o(t) are sketched in the next figures

I' g":l ] ] ] ] ] 1 ] ] ]

) T T | — | — T T 1 i EEE LR i
j R A R S R 0 -

1 ".": ' ' 0E T

i i 1 1 1 S S I O

08 f--a-- ;.......:.......:............... g e

08 ﬁ ', x r 1 r AR R -ug

O4p--+-- Ir' = r St S r = 04 : : : : -
R o e et v e et

L L e oy e e e e
E £ 4 2 0 2 4 B B 1

(b) Using the convolution theorem it follows that
L[f(t- 21)* o(t- m] = L[f(t- 20)] L [g(t- m)]
From table 13.1

L[ f(t- 20)] = L[u()] =

nlpP

1
+1

L[g(t- m)] = L[sin(t)u(t)] =

Y

Therefore
1 S

1
L[ f(t- 2n)* g(t- TE)]:S(SZ—Jrl):g' 211

Taking the inverse Laplace transform yields
f(t- 2n)* g(t- ) = u(t) - cos(t)u(t) =[1- cos(t)]u(t)
Using the property give in problem 16.22(b) it follows that

(O * gt =[f(t- 2t)* ot- 7)];=rspman =[1- cOS(t+ 30)]u(t +3r)
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SOLUTION 16.25.

Define
W(t) = vin(t- 2)
Hence
w(t) = u(t)
and, from table 13.1,
W(s)=3
From table 13.1 we also have that
1 1
Hq(9 =—— and H»(s) =
(9= 535 A Ha(9)= s
The impulse response of the cascadeis
h(t) = hy (t) * ha(t)
Hence the transfer function of the cascadeis
H(9 = Hq(S)H5(9 =
(9= HiIH29 = s

We denote by v(‘)’:’n (t)the zero state response due to the input w(t). Hence,

W _ _ 1
Vou(9 = HOW($ = =

A partid fraction expansion of Vovl‘jt(s) is obtained using the residue command in MATLAB:

>>a=[1];
>>ph=[13310];
>> [r,p,k] = resdue(a,b)

r=
-1.0000
-1.0000
-1.0000
1.0000

-1.0000

-1.0000

-1.0000
0

k =
(]

Therefore

1 -1 -1 -1
-+ + 5+ 3
s s+1 (s+1) (s+1)

Vovl\J/t(s) =

Taking theinverse Laplace transform yields
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vah ) =[1- et - tet - O.5t2e't]u(t) v
Dueto the fact that
Vin () = w(t +2)
the time invariance property implies that
Vout (t) = V(\;th (t+2)=
=[1- e D (t+2)e ¢+ _ o5t +2)2e (t+2)]u(t+2) V.

SOLUTION 16.26.
(&) Using the sifting property of the deltafunction it follows that

fa(t)=[8(t) +8(t- 4)]* fa(t) = fot) + fo(t- 4)

The right-hand side of the above equation interprets as a graphical sum of shifted picturesof fx(t).
A pictureof f4(t) issketched in the next figure.
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(b) Inorder to compute the area beneath fo(t- t) xfo(t) four regions will be considered: t <0,

Of£t<l,1£t<2and 2£t.
Step 1: t<0. Inthiscase fy(t- 1) xfo(r)=0 for al t. Therefore

fo(t)* fo(t) =0 for t<O.

Step2: 0£t<1. Inthiscase fy(t- 1) *fy(r)=16 for O£ £t andis zero elsewhere. The area
beneath fo(t- t) xfo(r) equals16t. Therefore
fo(t)* fo(t) =16t for O£ t<1.

Step3: 1£t<2. Inthiscase fy(t- 1) *xfo(r)=16 for t- 1<t £1 and is zero elsewhere. Hence
the areabeneath f,(t- t) xfo(t)equals
fo(t)* fo(t) =16(2- t) for LEt<2.
Step4: 2£t. Inthiscase fy(t- t) xfo(r) =0 for al ©. Therefore
fo(t)* fo(t) =0 for2 £ t.

A pictureof fg(t)issketched in the next figure.
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(c) In order to compute the area beneath f5(t- 1) %f3(t) fiveregionswill be considered: t<O0,
Of£t<l,1£t<2,2£t<3and 3£t.

Step 1: t<0. Inthiscase fy(t- 1) xf3(t) =0 for al T. Therefore fy(t)* f3(t)=0 for t<O.
Step2: 0£t<1. Inthiscase fy(t- 1) *fz(t) =8 for O£t £t and is zero elsewhere. Therefore
the areabeneath fo(t- 1) xf3(t) equals

fo(t)* fa(r) =8t for O£ t<1.
Step3: 1£t<2. Here
18 t-1<1<1
fot- 7) xfg(t) =1 24, 1£T<t
%0, otherwise

Hence, the areabeneath fo(t- 1) %f3(t) equals
fo(t)* fa(t)=g1- (t- 1)] +24(t- 1)=8(2t- 1) for 1£t<2.

Step4: 2£t< 3. Inthiscase fy(t- 1) xf3(t) =24 for t- 1<t <2 andis zero otherwise. Hence,
the areabeneath fo(t- 1) %f3(t) equals
fo()* f5(t) = 24[2- (t- 1)] = 24(3- t) for 2£t< 3.

Step 5: 3£ t. Here fy(t- t) xf3(t) =0 for al t. Therefore fy(t)* f3(t)=0 for t<O.
A pictureof fg(t)issketched in the next figure.
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SOLUTION 16.27.
By the impul se response theorem, it follows that the responseis

y(t)=h®)* f(t) =
=h(t)*[3(t)- 3(t - 1)
Using the distributive property of convolution and the sifting property of deltafunction y(t) can be

written as

y(t)=h(t)- h(t- 1)
The right-hand side of the above equation interprets as a graphical sum of (shifted) pictures of h(t).
The picturesof h(t), h(t- 1) and y(t) are sketched in the next figures.

__________________

SOLUTION 16.28.
(@) Fromthe pictureof f(t) and h(t) infigure P16.28 we observe that, in order to compute the
areabeneath h(t- 1) f (1), weneed to consider four cases. t<0,0£t<4,4£t<8and 8£ t.
Step 1: t<0. Here h(t- t)f(t) =0 for al t. Therefore the areabeneath h(t- t)f (1) equalszero
and
ht)* f(t)=0 for t<O0.
Step2: 0£t<4. Inthiscase h(t- t)f(t) =1 for 0£1 £ t and is zero otherwise. Hence the area
beneath h(t- t)f (1) equals
h(t)* f(t)=t for 0£t< 4.
Step 3: 4£ t<8. Inthiscase
11, t-4<t£4
ht-t)f(t)=12 4E£tTEt
%O, otherwise
Therefore the area beneath h(t- t)f (t) equals
ht)* f(t)=[4- (t- 4)]+2(t- 4=t for 4£1t<8.
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Step4: 8£t. Here h(t- 1)f (1) =2 for t- 4<1 £t andiszero otherwise. Hence
ht)* f(t)=2t- (t- 4)=8] for 8£ .

A picture of y(t) is sketched in the next figure.

(b) Theimpulseresponseis

h(t) = u(t)- u(t- 4)

By the impul se response theorem

¥ ¥
y(t)= x(®)* h(t) = Ox(@)h(t- 1)dt = O x@)[u(t-1)- u(t- T - 4)]de
-¥ -¥

Hereobservethat u(t- t)- u(t- t - 4) isnonzeroonly when tEt <t- 4.
Therefore
t-4

y)= O x()dt
t
which interprets as the running area under x(t) over theinterval [t- 4,t].

SOLUTION 16.29.
Theresponse, y(t), is obtained asindicated in the statement of the problem, by using the following
MATLAB code:

>>tstep =1,

>>vin=[1];

>>h=][0,2, 3 1,1];

>>y = tstep* conv(vin, h);

>>y=[0y(0];

>> t = O:tstep:tstep* (Iength(vin)+length(h));
>> plot(t,y)

>> grid

The responseis plotted in the next figure.
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SOLUTION 16.30.
A picture of vip, (t) sketched in the next figure.

L ]

...............................

In order to plot the response, y(t), the MATLAB code of problem 16.29 will be used with only one
modification. Namely

vin=[1,1,2,2]

asit can be observed from the picture of vi, (t) with thetime step tstep = 1.
Thereforethe MATLAB codeis:

>>tstep =1,

>>vin=[1,1,2, 2];

>>h=[0,23 1, 1];

>>y = tstep* conv(vin,h);

>>y=[0y0];

>> t = O:tstep:tstep* (length(vin)+length(h));
>> plot(ty)

>>grid

Theresponse is plotted in the next figure.
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