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a axial flow induction factor
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a constant defining magnitude of structural damping

A, Ap rotor swept area

As, Aw upstream and downstream stream-tube cross-sectional areas
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c blade chord; Weibull scale parameter

¢ damping coefficient per unit length

Ci generalized damping coefficient with respect to the ith mode

C decay constant

C(v) Theodorsen’s function, where v is the reduced frequency:
C(v) = F(v) +iG(v)

Cq sectional drag coefficient

Ct sectional force coefficient (i.e., Cq or C; as appropriate)

C sectional lift coefficient

cy coefficient of a Kinner pressure distribution

G pressure coefficient

Cp power coefficient

Co torque coefficient

Cr thrust coefficient; total cost of wind turbine

Crp total cost of baseline wind turbine

Cx coefficient of sectional blade element force normal to the rotor plane

G, coefficient of sectional blade element force parallel to the rotor plane

C(Ar, n) coherence—i.e., normalized cross spectrum — for wind speed

fluctuations at points separated by distance s measured in the across
wind direction

Cix(n) coherence—i.e., normalized cross spectrum — for longitudinal wind
speed fluctuations at points j and k
d streamwise distance between vortex sheets in a wake

dq pitch diameter of pinion gear
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pitch diameter of planet gear

drag force; tower diameter; rotor diameter; flexural rigidity of plate
energy capture, i.e., energy generated by turbine over defined time
period; modulus of elasticity

time averaged value of expression within brackets

tip loss factor; Coriolis parameter

probability density function

blade tip displacement in jth mode

blade tip displacement in ith mode at the end of the nth time step
blade j first mode tip displacement

hub displacement for tower first mode

force

load in x (downwind) direction

load in y direction

force between gear teeth at right angles to the line joining the gear
centres

function determining the radial distribution of induced velocity
normal to the plane of the rotor

cumulative probability density function

vortex sheet strength; peak factor, defined as the number of standard
deviations of a variable to be added to the mean to obtain the extreme
value in a particular exposure period, for zero-up-crossing frequency,
v

peak factor as above, but for zero upcrossing frequency g
geostrophic wind speed; shear modulus; gearbox ratio

t second gust factor

height of atmospheric boundary layer; duration of time step; thickness
of thin-walled panel; maximum height of single gear tooth contact
above critical root section

hub height

elements of transformational matrix, H, used in wind simulation
complex frequency response function for the ith mode

turbulence intensity; second moment of area; moment of inertia;
electrical current (shown in bold when complex)

blade inertia about root

ambient turbulence intensity

added turbulence intensity

added turbulence intensity above hub height

inertia of rotor about horizontal axis in its plane

longitudinal turbulence intensity

lateral turbulence intensity

vertical turbulence intensity

total wake turbulence intensity

V-1

shape parameter for Weibull function; integer; reduced frequency,
(wc/2W)

generalized stiffness with respect to the ith mode, defined as m;w?
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Kp power coefficient based on tip speed

Ksmp size reduction factor accounting for the lack of correlation of wind
fluctuations over structural element or elements

Ksy(11) size reduction factor accounting for the lack of correlation of wind
fluctuations at resonant frequency over structural element or elements

K, () modified Bessel function of the second kind and order v

K(x) function determining the induced velocity normal to the plane of a
yawed rotor

L length scale for turbulence (subscripts and superscripts according to
context); lift force

L, integral length scale for the along wind turbulence component, u,
measured in the longitudinal direction, x

m mass per unit length, integer

m; generalized mass with respect to the ith mode

mry generalized mass of tower, nacelle and rotor with respect to tower
first mode

M moment; integer

M mean bending moment

Mr teeter moment

Mx blade in-plane moment (i.e., moment causing bending in plane of
rotation); tower side-to-side moment

My blade out-of-plane moment (i.e., moment causing bending out of
plane of rotation); tower fore-aft moment

My blade torsional moment; tower torsional moment

Mys low-speed shaft moment about rotating axis perpendicular to axis of
blade 1

Mzs low-speed shaft moment about rotating axis parallel to axis of blade 1

Myn moment exerted by low-speed shaft on nacelle about (horizontal) y-
axis

WPAN moment exerted by low-speed shaft on nacelle about (vertical) z-axis

n frequency (Hz); number of fatigue loading cycles; integer

Mo zero up-crossing frequency of quasistatic response

m frequency (Hz) of 1st mode of vibration

N number of blades; number of time steps per revolution; integer

N(r) centrifugal force

N(S) number of fatigue cycles to failure at stress level S

p static pressure

p aerodynamic power; electrical real (active) power

P() associated Legrendre polynomial of the first kind

q(r, t) fluctuating aerodynamic lift per unit length

Q rotor torque; electrical reactive power

Qa aerodynamic torque

Q rate of heat flow

Q mean aerodynamic lift per unit length

)5 dynamic factor defined as ratio of extreme moment to gust quasistatic
moment

Qg load torque at generator
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loss torque

associated Legrendre polynomial of the second kind

generalized load, defined in relation to a cantilever blade by Equation
(A5.13)

radius of blade element or point on blade; correlation coefficient
between power and wind speed; radius of tubular tower

radius of point on blade

radii of points on blade or blades

blade tip radius; ratio of minimum to maximum stress in fatigue load
cycle; electrical resistance

Reynold’s number

normalized power spectral density, 1.S,(n)/02, of longitudinal wind-
speed fluctuations, u, at a fixed point

distance inboard from the blade tip; distance along the blade chord
from the leading edge; separation between two points; Laplace
operator; slip of induction machine

separation between two points measured in the along-wind direction
wing area; autogyro disc area; fatigue stress range

electrical complex (apparent) power (bold indicates a complex
quantity)

uncertainty or error band

cross spectrum of longitudinal wind-speed fluctuations, u, at points j
and k (single sided)

single-sided power spectrum of bending moment

single-sided power spectrum of generalized load

single-sided power spectrum of longitudinal wind-speed fluctuations,
u, at a fixed point

single-sided power spectrum of longitudinal wind-speed fluctuations,
u, as seen by a point on a rotating blade (also known as rotationally
sampled spectrum)

cross spectrum of longitudinal wind-speed fluctuations, u, as seen by
points at radii r; and r, on a rotating blade or rotor (single sided)
single-sided power spectrum of lateral wind speed fluctuations, v, at a
fixed point

single-sided power spectrum of vertical wind-speed fluctuations, w,
at a fixed point

time; gear tooth thickness at critical root section; tower wall thickness
rotor thrust; duration of discrete gust; wind-speed averaging period
fluctuating component of wind speed in the x-direction; induced
velocity in x-direction; in-plane plate deflection in x-direction; gear
ratio

friction velocity in boundary layer

free stream velocity

instantaneous wind speed in the along-wind direction

mean component of wind speed in the along-wind direction —
typically taken over a period of 10 min or 1 h

annual average wind speed at hub height
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Uy
Uy,
Uel
Ueso
Uo
U:

Uref

U
L

0,
VA
Vi
Vi

streamwise velocity at the rotor disc

streamwise velocity in the far wake

extreme 3 s gust wind speed with 1 year return period

extreme 3 s gust wind speed with 50 year return period

turbine upper cut-out speed

turbine rated wind speed, defined as the wind speed at which the
turbine’s rated power is reached

reference wind speed defined as 10 min mean wind speed at hub
height with 50 year return period

strain energy of plate flexure

in-plane strain energy

fluctuating component of wind speed in the y-direction; induced
velocity in y-direction; in-plane plate deflection in y-direction
airspeed of an autogyro; longitudinal air velocity at rotor disc,

U (1 — a) (Section 7.1.9); voltage (shown in bold when complex)
instantaneous lateral wind speed

electrical volt-amperes

fibre volume fraction in composite material

blade tip speed

fluctuating component of wind speed in the z-direction; induced
velocity in z-direction; out-of-plane plate deflection

wind velocity relative to a point on rotating blade; electrical power
loss

downwind co-ordinate — fixed and rotating axis systems; downwind
displacement

stochastic component of a variable

length of near wake region

first-mode component of steady tip displacement

electrical inductive reactance

lateral co-ordinate with respect to vertical axis (starboard positive) —
fixed-axis system

lateral co-ordinate with respect to blade axis — rotating-axis system
lateral displacement

vertical co-ordinate (upwards positive) — fixed-axis system

radial co-ordinate along blade axis — rotating-axis system

section modulus

electrical impedance (bold indicates a complex quantity)

ground roughness length

number of teeth on pinion gear

periodic component of a variable

angle of attack - i.e., angle between air flow incident on the blade and
the blade chord line; wind-shear power law exponent

inclination of local blade chord to rotor plane (i.e., blade twist plus
pitch angle, if any)
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wake skew angle: angle between the axis of the wake of a yawed rotor
and the axis of rotation of rotor

weighted mass ratio defined in Section 5.8.6

logarithmic decrement of aerodynamic damping

logarithmic decrement of structural damping

logarithmic decrement of combined aerodynamic and structural
damping; width of tower shadow deficit region

angle between axis of teeter hinge and the line perpendicular to both
the rotor axis and the low-speed shaft axis

proportion of time in which a variable takes the maximum, mean or
minimum values in a three-level square wave

flow angle of resultant velocity W to rotor plane

yaw angle; Euler’s constant (= 0.5772)

load factor

partial safety factor for material fatigue strength

partial safety factor for material ultimate strength

blade circulation; vortex strength

gamma function

ellipsoidal parameter; shaft tilt; one eighth of Lock number (defined in
Section 5.8.8)

impact factor in DS 472, defined as ratio of extreme moment to the

10 min mean

von Karman’s constant

cross-correlation function between velocity components at points in
space a distance s apart, in the direction parallel to the line joining
them

cross-correlation function between velocity components at points in
space a distance s apart, in the direction perpendicular to the line
joining them

auto-correlation function for along-wind velocity component at radius
r on stationary rotor

auto-correlation function for along-wind velocity component as seen
by a point at radius r on a rotating rotor

cross-correlation function between along-wind velocity components
at radii 7 and > (not necessarily on same blade), for stationary rotor
cross-correlation function between along-wind velocity components
as seen by points (not necessarily on same blade) at radii 7, and r, on
a rotating rotor

tip speed ratio; latitude; ratio of longitudinal to transverse buckle half
wavelengths

tangential speed of blade element at radius r divided by wind speed:
local speed ratio

yaw rate

non-dimensional radial position, r/R; viscosity; coefficient of friction
mode shape of ith blade mode

mode shape of ith tower mode

tower first mode shape
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ury(r) normalized rigid body deflection of blade j resulting from excitation
of tower first mode

Uz mean value of variable z

v ellipsoidal co-ordinate; mean zero up-crossing frequency

0 wind-speed direction change; random phase angle; cylindrical panel
co-ordinate; brake disc temperature

p air density

pg(rl, 12, T) normalized cross-correlation function between along-wind velocity
components as seen by points (not necessarily on same blade) at radii
r1 and 7, on a rotating rotor (i.e., K0(r1, 12, 7)/02

o blade solidity; standard deviation; stress

g mean stress

oM standard deviation of bending moment

oM standard deviation of first-mode resonant bending moment, at blade
root for blade resonance, and at tower base for tower resonance

OMB standard deviation of quasistatic bending moment (or bending
moment background response)

O Mh standard deviation of hub dishing moment

oMt standard deviation of teeter moment for rigidly mounted, two-bladed
rotor

vt standard deviation of mean of blade root bending moments for two-
bladed rotor

ool standard deviation of generalized load with respect to first mode

Or rotor solidity

Oy standard deviation of fluctuating component of wind in along-wind
direction

Oy standard deviation of wind speed in across-wind direction

Ow standard deviation of wind speed in vertical direction

Oyl standard deviation of first-mode resonant displacement, referred to
blade tip for blade resonance, and to nacelle for tower resonance

T time interval; non-dimensional time; shear stress

v Poisson’s ratio

) angular frequency (rad/s)

g demanded generator rotational speed

; natural frequency of ith mode (rad/s)

g generator rotational speed

oy induction machine rotor rotational speed

s induction machine stator field rotational speed

Q rotational speed of rotor; earth’s rotational speed

3 damping ratio

Y angle subtended by cylindrical plate panel

Yuu(r, 1', n) real part of normalized cross spectrum (see Appendix 1, section Al.4)
by blade azimuth
¢ teeter angle

Subscripts
a aerodynamic
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0

baseline

compressive

disc; drag; design

extreme value with return period of 1 year
extreme value with return period of 50 years
extreme

fibre

mode i

mode j

blade |

characteristic

lift

matrix

moment

maximum value of variable
minimum value of variable

value at end of nth time step
generalized load

value at tip radius, R

structural

tensile

thrust

downwind; ultimate

lateral

vertical

wake

deflection in along-wind direction

rotationally sampled (applied to wind-speed spectra)
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Axis definitions

z is radially outwards from the hub centre along the
blade axis

x is perpendicular to the blade axis, and in the plane
passing through the blade and shaft axis — in the
downwind direction

y is perpendicular to the blade and shaft axes, to give

y a right-hand co-ordinate system

NB: Although shaft is tilt and rotor coning are not shown
on the sketch, the axis definitions given accommodate
Y both these variants

Figure C1 Co-ordinate System for Blade Loads, Positions and Deflections (rotates with
blade) NB: Although shaft tilt and rotor coning are not shown on the sketch, the axis
definitions given accommodate both these variants.



Axis Definitions

x is along the shaft axis, in the downwind
direction

z is perpendicular to the shaft axis and in the
vertical plane passing through the shaft axis

v is perpendicular to the shaft axis and
horizontal to starboard, giving a right-hand
co-ordinate system

NB: Although shaft is tilt and rotor coning are not
1:Z shown on the sketch, the axis definitions given
accommodate both these variants

Figure C2 Fixed Co-ordinate System for Hub Loads and Deflections, and Positions with
Respect to Hub NB: Although shaft tilt and rotor coning are not shown on the sketch, the axis
definitions given accommodate both these variants.
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Introduction

1.1 Historical Development

Windmills have been used for at least 3000 years, mainly for grinding grain or
pumping water, while in sailing ships the wind has been an essential source of
power for even longer. From as early as the thirteenth century, horizontal-axis
windmills were an integral part of the rural economy and only fell into disuse with
the advent of cheap fossil-fuelled engines and then the spread of rural electrifica-
tion. The use of windmills (or wind turbines) to generate electricity can be traced
back to the late nineteenth century with the 12kW DC windmill generator
constructed by Brush in the USA and the research undertaken by LaCour in
Denmark. However, for much of the twentieth century there was little interest in
using wind energy other than for battery charging for remote dwellings and these
low-power systems were quickly replaced once access to the electricity grid became
available. One notable exception was the 1250 kW Smith—Putnam wind turbine
constructed in the USA in 1941. This remarkable machine had a steel rotor 53 m in
diameter, full-span pitch control and flapping blades to reduce loads. Although a
blade spar failed catastrophically in 1945, it remained the largest wind turbine
constructed for some 40 years (Putnam, 1948).

Golding (1955) and Shepherd and Divone in Spera (1994) provide a fascinating
history of early wind turbine development. They record the 100 kW 30 m diameter
Balaclava wind turbine in the then USSR in 1931 and the Andrea Enfield 100 kW
24 m diameter pneumatic design constructed in the UK in the early 1950s. In this
turbine hollow blades, open at the tip, were used to draw air up through the tower
where another turbine drove the generator. In Denmark the 200 kW 24 m diameter
Gedser machine was built in 1956 while Electricité de France tested a 1.1 MW 35 m
diameter turbine in 1963. In Germany, Professor Hutter constructed a number of
innovative, lightweight turbines in the 1950s and 1960s. In spite of these technical
advances and the enthusiasm, among others, of Golding at the Electrical Research
Association in the UK there was little sustained interest in wind generation until
the price of oil rose dramatically in 1973.

The sudden increase in the price of oil stimulated a number of substantial
Government-funded programmes of research, development and demonstration. In
the USA this led to the construction of a series of prototype turbines starting with
the 38 m diameter 100 kW Mod-0 in 1975 and culminating in the 97.5 m diameter
2.5 MW Mod-5B in 1987. Similar programmes were pursued in the UK, Germany
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and Sweden. There was considerable uncertainty as to which architecture might
prove most cost-effective and several innovative concepts were investigated at full
scale. In Canada, a 4 MW vertical-axis Darrieus wind turbine was constructed and
this concept was also investigated in the 34 m diameter Sandia Vertical Axis Test
Facility in the USA. In the UK, an alternative vertical-axis design using straight
blades to give an "H’ type rotor was proposed by Dr Peter Musgrove and a 500 kW
prototype constructed. In 1981 an innovative horizontal-axis 3 MW wind turbine
was built and tested in the USA. This used hydraulic transmission and, as an
alternative to a yaw drive, the entire structure was orientated into the wind. The
best choice for the number of blades remained unclear for some while and large
turbines were constructed with one, two or three blades.

Much important scientific and engineering information was gained from these
Government-funded research programmes and the prototypes generally worked as
designed. However, it has to be recognized that the problems of operating very
large wind turbines, unmanned and in difficult wind climates were often under-

Figure 1.1 1.5MW, 64 m diameter Wind Turbine (Reproduced by permission of NEG
MICON, www.neg-micon.dk)
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estimated and the reliability of the prototypes was not good. At the same time as
the multi-megawatt prototypes were being constructed private companies, often
with considerable state support, were constructing much smaller, often simpler,
turbines for commercial sale. In particular the financial support mechanisms in
California in the mid-1980s resulted in the installation of a very large number of
quite small (< 100 kW) wind turbines. A number of these designs also suffered
from various problems but, being smaller, they were in general easier to repair and
modify. The so-called ‘Danish” wind turbine concept emerged of a three-bladed,
stall-regulated rotor and a fixed-speed, induction machine drive train. This decep-
tively simple architecture has proved to be remarkably successful and has now been
implemented on turbines as large as 60 m in diameter and at ratings of 1.5 MW. The
machines of Figures 1.1 and 1.2 are examples of this design. However, as the sizes
of commercially available turbines now approach that of the large prototypes of the
1980s it is interesting to see that the concepts investigated then of variable-speed
operation, full-span control of the blades, and advanced materials are being used
increasingly by designers. Figure 1.3 shows a wind farm of direct-drive, variable-
speed wind turbines. In this design, the synchronous generator is coupled directly
to the aerodynamic rotor so eliminating the requirement for a gearbox. Figure 1.4
shows a more conventional, variable-speed wind turbine that uses a gearbox, while
a small wind farm of pitch-regulated wind turbines, where full-span control of the
blades is used to regulate power, is shown in Figure 1.5.

Figure 1.2 750 kW, 48 m diameter Wind Turbine, Denmark (Reproduced by permission of
NEG MICON, www.neg-micon.dk)
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Figure 1.3 Wind Farm of Variable-Speed Wind Turbines in Complex Terrain (Reproduced
by permission of Wind Prospect Ltd., www.windprospect.com)

Figure 1.4 1 MW Wind Turbine in Northern Ireland (Reproduced by permission of Renew-
able Energy Systems Ltd., www.res-ltd.com)

The stimulus for the development of wind energy in 1973 was the price of oil and
concern over limited fossil-fuel resources. Now, of course, the main driver for use
of wind turbines to generate electrical power is the very low CO, emissions (over
the entire life cycle of manufacture, installation, operation and de-commissioning)
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Figure 1.5 Wind Farm of Six Pitch-regulated Wind Turbines in Flat Terrain (Reproduced by
permission of Wind Prospect Ltd., www.windprospect.com)

and the potential of wind energy to help limit climate change. In 1997 the Commis-
sion of the European Union published its White Paper (CEU, 1997) calling for 12
percent of the gross energy demand of the European Union to be contributed from
renewables by 2010. Wind energy was identified as having a key role to play in the
supply of renewable energy with an increase in installed wind turbine capacity
from 2.5 GW in 1995 to 40 GW by 2010. This target is likely to be achievable since at
the time of writing, January 2001, there was some 12 GW of installed wind-turbine
capacity in Europe, 2.5 GW of which was constructed in 2000 compared with only
300 MW in 1993. The average annual growth rate of the installation of wind
turbines in Europe from 1993-9 was approximately 40 percent (Zervos, 2000). The
distribution of wind-turbine capacity is interesting with, in 2000, Germany account-
ing for some 45 percent of the European total, and Denmark and Spain each having
approximately 18 percent. There is some 2.5 GW of capacity installed in the USA of
which 65 percent is in California although with increasing interest in Texas and
some states of the midwest. Many of the California wind farms were originally
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Table 1.1 Installed Wind Turbine Capa-
city Throughout the World, January 2001

Location Installed capacity
(MW)
Germany 5432
Denmark 2281
Spain 2099
Netherlands 444
UK 391
Total Europe 11831
California 1622
Total USA 2568
Total World 16461

Courtesy of Windpower Monthly News Magazine

constructed in the 1980s and are now being re-equipped with larger modern wind
turbines.

Table 1.1 shows the installed wind-power capacity worldwide in January 2001
although it is obvious that with such a rapid growth in some countries data of this
kind become out of date very quickly.

The reasons development of wind energy in some countries is flourishing while
in others it is not fulfilling the potential that might be anticipated from a simple
consideration of the wind resource, are complex. Important factors include the
financial-support mechanisms for wind-generated electricity, the process by which
the local planning authorities give permission for the construction of wind farms,
and the perception of the general population particularly with respect to visual
impact. In order to overcome the concerns of the rural population over the environ-
mental impact of wind farms there is now increasing interest in the development of
sites offshore.

1.2 Modern Wind Turbines

The power output, P, from a wind turbine is given by the well-known expression:
1 3

where p is the density of air (1.225 kg/m?), Cp is the power coefficient, A is the rotor
swept area, and U is the wind speed.

The density of air is rather low, 800 times less than that of water which powers
hydro plant, and this leads directly to the large size of a wind turbine. Depending
on the design wind speed chosen, a 1.5 MW wind turbine may have a rotor that is
more than 60 m in diameter. The power coefficient describes that fraction of the
power in the wind that may be converted by the turbine into mechanical work. It
has a theoretical maximum value of 0.593 (the Betz limit) and rather lower peak
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values are achieved in practice (see Chapter 3). The power coefficient of a rotor
varies with the tip speed ratio (the ratio of rotor tip speed to free wind speed) and is
only a maximum for a unique tip speed ratio. Incremental improvements in the
power coefficient are continually being sought by detailed design changes of the
rotor and, by operating at variable speed, it is possible to maintain the maximum
power coefficient over a range of wind speeds. However, these measures will give
only a modest increase in the power output. Major increases in the output power
can only be achieved by increasing the swept area of the rotor or by locating the
wind turbines on sites with higher wind speeds.

Hence over the last 10 years there has been a continuous increase in the rotor
diameter of commercially available wind turbines from around 30 m to more than
60 m. A doubling of the rotor diameter leads to a four-times increase in power
output. The influence of the wind speed is, of course, more pronounced with a
doubling of wind speed leading to an eight-fold increase in power. Thus there have
been considerable efforts to ensure that wind farms are developed in areas of the
highest wind speeds and the turbines optimally located within wind farms. In
certain countries very high towers are being used (more than 60-80 m) to take
advantage of the increase of wind speed with height.

In the past a number of studies were undertaken to determine the ‘optimum’ size
of a wind turbine by balancing the complete costs of manufacture, installation and
operation of various sizes of wind turbines against the revenue generated (Molly
et al., 1993). The results indicated a minimum cost of energy would be obtained with
wind turbine diameters in the range of 35-60 m, depending on the assumptions
made. However, these estimates would now appear to be rather low and there is no
obvious point at which rotor diameters, and hence output power, will be limited
particularly for offshore wind turbines.

All modern electricity-generating wind turbines use the lift force derived from the
blades to drive the rotor. A high rotational speed of the rotor is desirable in order to
reduce the gearbox ratio required and this leads to low solidity rotors (the ratio of
blade area/rotor swept area). The low solidity rotor acts as an effective energy
concentrator and as a result the energy recovery period of a wind turbine, on a good
site, is less than 1 year, i.e., the energy used to manufacture and install the wind
turbine is recovered within its first year of operation (Musgrove in Freris, 1990).

1.3 Scope of the Book

The use of wind energy to generate electricity is now well accepted with a large
industry manufacturing and installing thousands of MWs of new capacity each
year. Although there are exciting new developments, particularly in very large
wind turbines, and many challenges remain, there is a considerable body of estab-
lished knowledge concerning the science and technology of wind turbines. This
book is intended to record some of this knowledge and to present it in a form
suitable for use by students (at final year undergraduate or post-graduate level) and
by those involved in the design, manufacture or operation of wind turbines. The
overwhelming majority of wind turbines presently in use are horizontal-axis, land-
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based turbines connected to a large electricity network. These turbines are the
subject of this book.

Chapter 2 discusses the wind resource. Particular reference is made to wind
turbulence due to its importance in wind-turbine design. Chapter 3 sets out the basis
of the aerodynamics of horizontal-axis wind turbines while Chapter 4 discusses their
performance. Any wind-turbine design starts with establishing the design loads and
these are discussed in Chapter 5. Chapter 6 sets out the various design options for
horizontal-axis wind turbines with approaches to the design of some of the important
components examined in Chapter 7. The functions of the wind-turbine controller are
discussed in Chapter 8 and some of the possible analysis techniques described. In
Chapter 9 wind farms and the development of wind-energy projects are reviewed
with particular emphasis on environmental impact. Finally, Chapter 10 considers
how wind turbines interact with the electrical power system.

The book attempts to record well-established knowledge that is relevant to wind
turbines, which are currently commercially significant. Thus, it does not discuss a
number of interesting research topics or where wind-turbine technology is still
evolving rapidly. Although they were investigated in considerable detail in the
1980s, vertical-axis wind turbines have not proved to be commercially competitive
and are not currently manufactured in significant numbers. Hence the particular
issues of vertical-axis turbines are not dealt with in this text.

There are presently some two billion people in the world without access to mains
electricity and wind turbines, in conjunction with other generators, e.g., diesel
engines, may in the future be an effective means of providing some of these people
with power. However, autonomous power systems are extremely difficult to design
and operate reliably, particularly in remote areas of the world and with limited
budgets. A small autonomous AC power system has all the technical challenges of
a large national electricity system but, due to the low inertia of the plant, requires a
very fast, sophisticated control system to maintain stable operation. Over the last 20
years there have been a number of attempts to operate autonomous wind-diesel
systems on islands throughout the world but with only limited success. This class
of installation has its own particular problems and again, given the very limited
size of the market at present, this specialist area is not dealt with.

Installation of offshore wind turbines is now commencing. The few offshore wind
farms already installed are in rather shallow waters and resemble land-based wind
farms in many respects using medium sized wind turbines. Very large wind farms
with multi-megawatt turbines located in deeper water, many kilometres offshore,
are now being planned and these will be constructed over the coming years.
However, the technology of offshore wind-energy projects is still evolving at too
rapid a pace for inclusion in this text which attempts to present established engin-
eering practice.
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2
The Wind Resource

2.1 The Nature of the Wind

The energy available in the wind varies as the cube of the wind speed, so an
understanding of the characteristics of the wind resource is critical to all aspects of
wind energy exploitation, from the identification of suitable sites and predictions of
the economic viability of wind farm projects through to the design of wind turbines
themselves, and understanding their effect on electricity distribution networks and
consumers.

From the point of view of wind energy, the most striking characteristic of the
wind resource is its variability. The wind is highly variable, both geographically
and temporally. Furthermore this variability persists over a very wide range of
scales, both in space and time. The importance of this is amplified by the cubic
relationship to available energy.

On a large scale, spatial variability describes the fact that there are many different
climatic regions in the world, some much windier than others. These regions are
largely dictated by the latitude, which affects the amount of insolation. Within any
one climatic region, there is a great deal of variation on a smaller scale, largely
dictated by physical geography — the proportion of land and sea, the size of land
masses, and the presence of mountains or plains for example. The type of vegeta-
tion may also have a significant influence through its effects on the absorption or
reflection of solar radiation, affecting surface temperatures, and on humidity.

More locally, the topography has a major effect on the wind climate. More wind
is experienced on the tops of hills and mountains than in the lee of high ground or
in sheltered valleys, for instance. More locally still, wind velocities are significantly
reduced by obstacles such as trees or buildings.

At a given location, temporal variability on a large scale means that the amount
of wind may vary from one year to the next, with even larger scale variations over
periods of decades or more. These long-term variations are not well understood,
and may make it difficult to make accurate predictions of the economic viability of
particular wind-farm projects, for instance.

On time-scales shorter than a year, seasonal variations are much more predict-
able, although there are large variations on shorter time-scales still, which although
reasonably well understood, are often not very predictable more than a few days
ahead. These ‘synoptic’ variations are associated with the passage of weather
systems. Depending on location, there may also be considerable variations with the
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Figure 2.1 Wind Spectrum Farm Brookhaven Based on Work by van der Hoven (1957)

time of day (diurnal variations) which again are usually fairly predictable. On these
time-scales, the predictability of the wind is important for integrating large amounts
of wind power into the electricity network, to allow the other generating plant
supplying the network to be organized appropriately.

On still shorter time-scales of minutes down to seconds or less, wind-speed
variations known as turbulence can have a very significant effect on the design and
performance of the individual wind turbines, as well as on the quality of power
delivered to the network and its effect on consumers.

Van der Hoven (1957) constructed a wind-speed spectrum from long- and short-
term records at Brookhaven, New York, showing clear peaks corresponding to the
synoptic, diurnal and turbulent effects referred to above (Figure 2.1). Of particular
interest is the so-called ‘spectral gap” occurring between the diurnal and turbulent
peaks, showing that the synoptic and diurnal variations can be treated as quite
distinct from the higher-frequency fluctuations of turbulence. There is very little
energy in the spectrum in the region between 2 h and 10 min.

2.2 Geographical Variation in the Wind Resource

Ultimately the winds are driven almost entirely by the sun’s energy, causing differ-
ential surface heating. The heating is most intense on land masses closer to the equator,
and obviously the greatest heating occurs in the daytime, which means that the region
of greatest heating moves around the earth’s surface as it spins on its axis. Warm air
rises and circulates in the atmosphere to sink back to the surface in cooler areas. The
resulting large-scale motion of the air is strongly influenced by coriolis forces due to
the earth’s rotation. The result is a large-scale global circulation pattern. Certain
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identifiable features of this such as the trade winds and the ‘roaring forties” are well
known.

The non-uniformity of the earth’s surface, with its pattern of land masses and
oceans, ensures that this global circulation pattern is disturbed by smaller-scale vari-
ations on continental scales. These variations interact in a highly complex and non-
linear fashion to produce a somewhat chaotic result, which is at the root of the day-
to-day unpredictability of the weather in particular locations. Clearly though, under-
lying tendencies remain which lead to clear climatic differences between regions.
These differences are tempered by more local topographical and thermal effects.

Hills and mountains result in local regions of increased wind speed. This is partly
a result of altitude — the earth’s boundary layer means that wind speed generally
increases with height above ground, and hill tops and mountain peaks may “project’
into the higher wind-speed layers. It is also partly a result of the acceleration of the
wind flow over and around hills and mountains, and funnelling through passes or
along valleys aligned with the flow. Equally, topography may produce areas of
reduced wind speed, such as sheltered valleys, areas in the lee of a mountain ridge
or where the flow patterns result in stagnation points.

Thermal effects may also result in considerable local variations. Coastal regions
are often windy because of differential heating between land and sea. While the sea
is warmer than the land, a local circulation develops in which surface air flows from
the land to the sea, with warm air rising over the sea and cool air sinking over the
land. When the land is warmer the pattern reverses. The land will heat up and cool
down more rapidly than the sea surface, and so this pattern of land and sea breezes
tends to reverse over a 24 h cycle. These effects were important in the early
development of wind power in California, where an ocean current brings cold
water to the coast, not far from desert areas which heat up strongly by day. An
intervening mountain range funnels the resulting air flow through its passes,
generating locally very strong and reliable winds (which are well correlated with
peaks in the local electricity demand caused by air-conditioning loads).

Thermal effects may also be caused by differences in altitude. Thus cold air from
high mountains can sink down to the plains below, causing quite strong and highly
stratified ‘downslope” winds.

The brief general descriptions of wind speed variations in Sections 2.1 to 2.5 are
illustrative, and more detailed information can be found in standard meteorological
texts. Section 9.1.3 describes how the wind regimes at candidate sites can be
assessed, while wind forecasting is covered in Section 2.9.

Section 2.6 presents a more detailed description of the high-frequency wind fluctua-
tions known as turbulence, which are crucial to the design and operation of wind
turbines and have a major influence on wind turbine loads. Extreme winds are also
important for the survival of wind turbines, and these are described in Section 2.8.

2.3 Long-term Wind speed Variations

There is evidence that the wind speed at any particular location may be subject to
very slow long-term variations. Although the availability of accurate historical
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records is a limitation, careful analysis by, for example, Palutikoff, Guo and
Halliday (1991) has demonstrated clear trends. Clearly these may be linked to long-
term temperature variations for which there is ample historical evidence. There is
also much debate at present about the likely effects of global warming, caused by
human activity, on climate, and this will undoubtedly affect wind climates in the
coming decades.

Apart from these long-term trends there may be considerable changes in windi-
ness at a given location from one year to the next. These changes have many causes.
They may be coupled to global climate phenomema such as el nifio, changes in
atmospheric particulates resulting from volcanic eruptions, and sunspot activity, to
name a few. These changes add significantly to the uncertainty in predicting the
energy output of a wind farm at a particular location during its projected lifetime.

2.4 Annual and Seasonal Variations

While year-to-year variation in annual mean wind speeds remains hard to predict,
wind speed variations during the year can be well characterized in terms of a
probability distribution. The Weibull distribution has been found to give a good
representation of the variation in hourly mean wind speed over a year at many
typical sites. This distribution takes the form

rn —op(-(4) ) @)

where F(U) is the fraction of time for which the hourly mean wind speed exceeds
U. It is characterized by two parameters, a ‘scale parameter’ ¢ and a ‘shape
parameter” k which describes the variability about the mean. c is related to the
annual mean wind speed U by the relationship

U=cr1+1/k 2.2)

where I' is the complete gamma function. This can be derived by consideration of
the probability density function

_dRu) U (u)k
f(U) = —W =k ok exp\ — F (23)
since the mean wind speed is given by
u= J uf(tndu (2.4)
0

A special case of the Weibull distribution is the Rayleigh distribution, with k = 2,
which is actually a fairly typical value for many locations. In this case, the factor
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I'(1+1/k) has the value \/7/2 =0.8862. A higher value of k, such as 2.5 or 3,
indicates a site where the variation of hourly mean wind speed about the annual
mean is small, as is sometimes the case in the trade wind belts for instance. A lower
value of k, such as 1.5 or 1.2, indicates greater variability about the mean. A few
examples are shown in Figure 2.2. The value of I'(1 4+ 1/k) varies little, between
about 1.0 and 0.885 see (Figure 2.3).
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The Weibull distribution of hourly mean wind speeds over the year is clearly the
result of a considerable degree of random variation. However, there may also be a
strong underlying seasonal component to these variations, driven by the changes in
insolation during the year as a result of the tilt of the earth’s axis of rotation. Thus in
temperate latitudes the winter months tend to be significantly windier than the
summer months. There may also be a tendency for strong winds or gales to develop
around the time of the spring and autumn equinoxes. Tropical regions also
experience seasonal phenomena such as monsoons and tropical storms which affect
the wind climate. Indeed the extreme winds associated with tropical storms may
significantly influence the design of wind turbines intended to survive in these
locations.

Although a Weibull distribution gives a good representation of the wind regime
at many sites, this is not always the case. For example, some sites showing distinctly
different wind climates in summer and winter can be represented quite well by a
double-peaked ‘bi-Weibull" distribution, with different scale factors and shape
factors in the two seasons, i.e.,

ki ka
FU) = Fiexp <— (g) ) + (1 - F)exp (— <%) ) (2.5)

Certain parts of California are good examples of this.

2.5 Synoptic and Diurnal Variations

On shorter time-scales than the seasonal changes described in Section 2.4, wind
speed variations are somewhat more random, and less predictable. Nevertheless
these variations contain definite patterns. The frequency content of these variations
typically peaks at around 4 days or so. These are the ‘synoptic” variations, which
are associated with large-scale weather patterns such as areas of high and low
pressure and associated weather fronts as they move across the earth’s surface.
Coriolis forces induce a circular motion of the air as it tries to move from high- to
low-pressure regions. These coherent large-scale atmospheric circulation patterns
may typically take a few days to pass over a given point, although they may
occasionally ‘stick” in one place for longer before finally moving on or dissipating.

Following the frequency spectrum to still higher frequencies, many locations will
show a distinct diurnal peak, at a frequency of 24 h. This is usually driven by local
thermal effects. Intense heating in the daytime may cause large convection cells in
the atmosphere, which die down at night. This process is described in more detail
in Section 2.6 as it also contributes significantly to turbulence, on time-scales
representative of the size of the convection cells. Land and sea breezes, caused by
differential heating and cooling between land and sea, also contribute significantly
to the diurnal peak. The daily direction reversal of these winds would be seen as a
12 h peak in the spectrum of wind speed magnitude.
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2.6 Turbulence
2.6.1 The nature of turbulence

Turbulence refers to fluctuations in wind speed on a relatively fast time-scale,
typically less than about 10 min. In other words it corresponds to the highest
frequency spectral peak in Figure 2.1. It is useful to think of the wind as consisting
of a mean wind speed determined by the seasonal, synoptic and diurnal effects
described above, which varies on a time-scale of one to several hours, with
turbulent fluctuations superimposed. These turbulent fluctuations then have a zero
mean when averaged over about 10 min. This description is a useful one as long as
the ‘spectral gap” in Figure 2.1 is reasonably distinct.

Turbulence is generated mainly from two causes: ‘friction” with the earth’s
surface, which can be thought of as extending as far as flow disturbances caused by
topographical features such as hills and mountains, and thermal effects which can
cause air masses to move vertically as a result of variations of temperature, and
hence of the density of the air. Often these two effects are interconnected, such as
when a mass of air flows over a mountain range and is forced up into cooler regions
where it is no longer in thermal equilibrium with its surroundings.

Turbulence is clearly a complex process, and one which cannot be represented
simply in terms of deterministic equations. Obviously it does obey certain physical
laws, such as those describing the conservation of mass, momentum and energy.
However, in order to describe turbulence using these laws it is necessary to take
account of temperature, pressure, density and humidity as well as the motion of the
air itself in three dimensions. It is then possible to formulate a set of differential
equations describing the process, and in principle the progress of the turbulence
can be predicted by integrating these equations forward in time starting from
certain initial conditions, and subject to certain boundary conditions. In practice, of
course, the process can be described as ‘chaotic” in that small differences in initial
conditions or boundary conditions may result in large differences in the predictions
after a relatively short time. For this reason it is generally more useful to develop
descriptions of turbulence in terms of its statistical properties.

There are many statistical descriptors of turbulence which may be useful,
depending on the application. These range from simple turbulence intensities and
gust factors to detailed descriptions of the way in which the three components of
turbulence vary in space and time as a function of frequency.

The turbulence intensity is a measure of the overall level of turbulence. It is
defined as

I= (2.6)

e

where o is the standard deviation of wind speed variations about the mean wind
speed U, usually defined over 10 min or 1 h. Turbulent wind speed variations can
be considered to be roughly Gaussian, meaning that the speed variations are
normally distributed, with standard deviation ¢, about the mean wind speed U.
However, the tails of the distribution may be significantly non-Gaussian, so this
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approximation is not reliable for estimating, say, the probability of a large gust
within a certain period.

The turbulence intensity clearly depends on the roughness of the ground surface
and the height above the surface. However, it also depends on topographical
features such as hills or mountains, especially when they lie upwind, as well as
more local features such as trees or buildings. It also depends on the thermal
behaviour of the atmosphere: for example, if the air near to the ground warms up
on a sunny day, it may become buoyant enough to rise up through the atmosphere,
causing a pattern of convection cells which are experienced as large-scale turbulent
eddies.

Clearly as the height above ground increases, the effects of all these processes
which are driven by interactions at the earth’s surface become weaker. Above a
certain height, the air flow can be considered largely free of surface influences. Here
it can be considered to be driven by large-scale synoptic pressure differences and
the rotation of the earth. This air flow is known as the geostrophic wind. At lower
altitudes, the effect of the earth’s surface can be felt. This part of the atmosphere is
known as the boundary layer. The properties of the boundary layer are important
in understanding the turbulence experienced by wind turbines.

2.6.2 The boundary layer

The principal effects governing the properties of the boundary layer are the strength
of the geostrophic wind, the surface roughness, Coriolis effects due to the earth’s
rotation, and thermal effects.

The influence of thermal effects can be classified into three categories: stable,
unstable and neutral stratification. Unstable stratification occurs when there is a lot
of surface heating, causing warm air near the surface to rise. As it rises, it expands
due to reduced pressure and therefore cools adiabatically. If the cooling is not
sufficient to bring the air into thermal equilibrium with the surrounding air then it
will continue to rise, giving rise to large convection cells. The result is a thick
boundary layer with large-scale turbulent eddies. There is a lot of vertical mixing
and transfer of momentum, resulting in a relatively small change of mean wind
speed with height.

It the adiabatic cooling effect causes the rising air to become colder than its
surroundings, its vertical motion will be suppressed. This is known as stable
stratification. It often occurs on cold nights when the ground surface is cold. In this
situation, turbulence is dominated by friction with the ground, and wind shear (the
increase of mean wind speed with height) can be large.

In the neutral atmosphere, adiabatic cooling of the air as it rises is such that it
remains in thermal equilibrium with its surroundings. This is often the case in
strong winds, when turbulence caused by ground roughness causes sufficient
mixing of the boundary layer. For wind energy applications, neutral stability is
usually the most important situation to consider, particularly when considering the
turbulent wind loads on a turbine, since these are largest in strong winds. Never-
theless, unstable conditions can be important as they can result in sudden gusts
from a low level, and stable conditions can give rise to significant asymmetric
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loadings due to high wind shear. There can also be rapid changes in wind direction
with height in this situation.

In the following sections, a series of relationships are presented which describe
the properties of the atmospheric boundary layer, such as turbulence intensities,
spectra, length scales and coherence functions. These relationships are partly based
on theoretical considerations, and partly on empirical fits to a wide range of
observations from many researchers taken in various conditions and in various
locations.

In the neutral atmosphere, the boundary-layer properties depend mainly on the
surface roughness and the Coriolis effect. The surface roughness is characterized by
the roughness length z,. Typical values of z, are shown in Table 2.1.

The Coriolis parameter f is defined as

f =2Qsin(|4]) (2.7)

where Q is the angular velocity of the earth’s rotation, and 4 is the latitude. This is
zero at the equator, so the following description applies only to temperate latitudes.
Here the height of the boundary layer is given by

h=u*/(6f) (2.8)
where u™* is known as the friction velocity, given by:
u*/U(z) = «/[In(z/z0) + W] (2.9)

where « is the von Karman constant (approximately 0.4), z is the height above
ground and z, is the surface roughness length. W is a function which depends on
stability: it is negative for unstable conditions, giving rise to low wind shear, and
positive for stable conditions, giving high wind shear. For neutral conditions, ESDU
(1985) gives W = 34.5fz/u*, which is small compared to In(z/z,) for situations of
interest here. If W is ignored, the wind shear is then given by a logarithmic wind
profile:

U(z) o In(z/z,) (2.10)

Table 2.1 Typical Surface Roughness Lengths

Type of terrain Roughness length z,(m)
Cities, forests 0.7

Suburbs, wooded countryside 0.3

Villages, countryside with trees and hedges 0.1

Open farmland, few trees and buildings 0.03

Flat grassy plains 0.01

Flat desert, rough sea 0.001
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A power law approximation,
U(z) x z* (2.11)

is often used, where the exponent « is typically about 0.14, but varies with the type
of terrain. However, the value of a should also depend on the height interval over
which the expression is applied, making this approximation less useful than the
logarithmic profile.

If the surface roughness changes, the wind shear profile changes gradually
downwind of the transition, from the original to the new profile. Essentially, a new
boundary layer starts, and the boundary between the new and old boundary layers
increases from zero at the transition point until the new boundary layer is fully
established. The calculation of wind shear in the transition zone is covered by, for
example, Cook (1985).

By combining Equations (2.8) and (2.9), we obtain the wind speed at the top of

the boundary layer as
— u* u*
Uh)y=—|(In| — | — In6+5.75 (2.12)
K on

This is similar to the so-called geostrophic wind speed, G, which is the notional
wind speed driving the boundary layer as calculated from the pressure field. The
geostrophic wind speed is given by

+B? (2.13)

where, for neutral conditions, A =In6 and B =4.5. This relationship is often
referred to as the geostrophic drag law.

The effect of surface roughness is not only to cause the wind speed to decrease
closer to the ground. There is also a change in direction between the ‘free” pressure-
driven geostrophic wind and the wind close to the ground. Although the geo-
strophic wind is driven by the pressure gradients in the atmosphere, coriolis forces
act to force the wind to flow at right angles to the pressure gradient, causing a
characteristic circulating pattern. Thus in the northern hemisphere, wind flowing
from high pressure in the south to low pressure in the north will be forced
eastwards by coriolis effects, in effect to conserve angular momentum on the
rotating earth. The result is that the wind circulates anti-clockwise around low-
pressure areas and clockwise around high-pressure areas, or the other way round
in the southern hemisphere. Close to the ground, these flow directions are modified
due to the effect of surface friction. The total direction change, a, from the
geostrophic to the surface wind is given by
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sina = B (2.14)

)

+B?

2.6.3 Turbulence intensity

The turbulence intensity in the neutral atmosphere clearly depends on the surface
roughness. For the longitudinal component, the standard deviation o, is approxi-
mately constant with height, so the turbulence intensity decreases with height.
More precisely, the relationship o, ~ 2.5u* may be used to calculate the standard
deviation, with the friction velocity u™ calculated as in the previous section. More
recent work (ESDU, 1985) suggests a variation given by:

_ 7.51(0.538 + 0.09In(z/z0)) Pu*

O 14 0.156 In(u*/ fz0) (2.15)

where
n=1-6fz/u* (2.16)
p=n'° (2.17)

This approximates to 0, = 2.5u™ close to the ground, but gives larger values at
greater heights. The longitudinal turbulence intensity is then

I, = Glt/U (218)

The lateral (v) and vertical (w) turbulence intensities are given (ESDU, 1985) by

oy &
I, =—=1, (1 —0.22cos <_2h)> (2.19)
_Ow _ _ 472
IL,=—=1, (1 0.45 cos (2h>> (2.20)

Note that specific values of turbulence intensity for use in design calculations are
prescribed in some of the standards used for wind turbine design calculations, and
these may not always correspond with the above expressions. For example, the
Danish standard (DS472, 1992) specifies

I, = 1.0/ 1In(z/zp) (2.21)
with I, = 0.8, and I, = 0.51,,. The IEC standard (IEC, 1999) gives

I, = Iis(a+15/U)/(a + 1) (2.22)
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where I;5 = 0.18 for ‘higher turbulence sites” and 0.16 for ‘lower turbulence sites’,
with corresponding values of a of 2 and 3 respectively. For the lateral and vertical
components, a choice is allowed: either I, = 0.8, and I, = 0.51,, or an isotropic
model with I, = I, = I,. The Germanischer Lloyd rules (GL, 1993) simply specify
20 percent turbulence intensity. Figure 2.4 shows example longitudinal turbulence
intensities for the GL, IEC and Danish standards. The values for the Danish
standard are given for 50 m height with roughness lengths of 0.3 and 0.03 m
respectively.
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Figure 2.4 Turbulence Intensities According to Various Standards

2.6.4 Turbulence spectra

The spectrum of turbulence describes the frequency content of wind-speed varia-
tions. According to the Kolmogorov law, the spectrum must approach an asympto-
tic limit proportional to n=>° at high frequency (here 1 denotes the frequency, in
Hz). This relationship is based on the decay of turbulent eddies to higher and
higher frequencies as turbulent energy is dissipated as heat.

Two alternative expressions for the spectrum of the longitudinal component of
turbulence are commonly used, both tending to this asymptotic limit. These are the
Kaimal and the von Karman spectra, which take the following forms:
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Kaimal: nSuz(n) = 4nL1”/l£ (2.23)
o (1 + 6nLy,/U)>/3
von Karman: nSu(m) _ dnla/U (2.24)

02 (14 70.8(nly,/U)2)5/6

where S,(n) is the autospectral density function for the longitudinal component
and Ly, and Ly, are length scales. In order for these two forms to have the same
high-frequency asymptotic limit, these length scales must be related by the ratio
36/ 70.8)7%/4 ie., L1, = 2.329L,,. The appropriate length scales to use are discussed
in the next section.

According to Petersen et al. (1998), the von Karman spectrum gives a good
description for turbulence in wind tunnels, although the Kaimal spectrum may give
a better fit to empirical observations of atmospheric turbulence. Nevertheless the
von Karman spectrum is often used for consistency with analytical expressions for
the correlations. The length scale L,, is identified as the integral length scale of the
longitudinal component in the longitudinal direction, denoted *L,. The Kaimal
spectrum has a lower, broader peak than the von Karman spectrum (see Figures 2.5
to 2.7).

Recent work suggests that the von Karman spectrum gives a good representation
of atmospheric turbulence above about 150 m, but has some deficiencies at lower
altitudes. Several modifications have been suggested (Harris, 1990) and a modified
von Karman spectrum of the following form is recommended (ESDU, 1985):

nS,(n)
o

2.987nLs,/U
"+ @anLs, /U)2)5/e

1.294nLs, /U
(1 + (nLs, /TR0

=p + B (2.25)

All three of these spectra have corresponding expressions for the lateral and vertical
components of turbulence. The Kaimal spectra have the same form as for the
longitudinal component but with different length scales, L;, and L;,, respectively.
The von Karman spectrum for the i component (i = v or w) is

nSi(n) _ A(nLai/ U)(1 + 755.2(nly; /U)?)

— 2.26
o} (1+283.2(nLy;/U))11/6 (2.26)
where Ly, = *L, and Ly, = *Ly. For the modified von Karman spectrum it is
nSi(n) 2.987(nLs;/U)(1 + 8(4mnLs;/U)?) 1.294nL3;/U
7 =h )2)1/6 +h e 2 (220
0; (1 + (4mnLs;/U)?) (14 2mnLs;/U)?)

2.6.5 Length scales and other parameters

To use the spectra defined above, it is necessary to define the appropriate length
scales. Additional parameters 1, B2, F1, and F, are also required for the modified
von Karman model.
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The length scales are dependent on the surface roughness zp, as well as on the
height above ground (z); proximity to the ground constrains the size of turbulent
eddies and thus reduces the length scales. If there are many small obstacles on the
ground of typical height z’, the height above ground should be corrected for the
effect of these by assuming that the effective ground surface is at a height z’ — 2.5z
(ESDU, 1975). Far enough above the ground, i.e., for z > z;, the turbulence is no
longer constrained by the proximity of the surface and becomes isotropic. Accord-
ing to ESDU (1975), z; = 1000z)'® and above this height *L, =280 m, and YL, =
*L, =*L, =*L, = 140 m. Even for very small roughness lengths zj, the isotropic
region is well above the height of a wind turbine and the following corrections for
z < z; should be applied:

*L, = 280(z/z;)%
YL, = 140(z/z;)"3®
L, = 140(z/z:)** (2.28)
YL, = 140(z/ ;)"
L, = 140(z/z;)*>°

together with *L,, = YL, = 0.35z (for z <400 m). Expressions for YL, and *L,, are not
given. The length scales *L,, *L, and *L;, can be used directly in the von Karman
spectra. For the Kaimal spectra we already have Ly, = 2.329"L,, and to achieve the
same high frequency asymptotes for the other components we also have
Liy = 3.2054*L,, L1y = 3.2054"L,,.

Later work based on measurements for a greater range of heights (Harris, 1990;
ESDU, 1985) takes into account an increase in length scales with the thickness of the
boundary layer, i, which also implies a variation of length scales with mean wind
speed. This yields more complicated expressions for the nine length scales in terms
of z/h, 0, /u™ and the Richardson number u* /(f z).

Note that some of the standards used for wind turbine loading calculations
prescribe that certain turbulence spectra and/or length scales be used. These are
often simplified compared to the expressions given above. Thus the Danish
standard (DS 472, 1992) specifies a Kaimal spectrum with

L1, =150 m, or 5z for z<30m
L1, =03L1, (2.29)

Liw = 0.1Ly,,

while the IEC standard (IEC, 1999) recommends either a Kaimal model with
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L1, =170.1 m, or 5.67z for z<30 m
L1y, = 0.3333L4, (2.30)
Ly, = 0.08148L,

or an isotropic von Karman model with

*L,=735m, or 2.45z for z<30 m
(2.31)
L, ="Ly, =05L,

Eurocode 1 (1997) specifies a longitudinal spectrum of Kaimal form with L, =
1.7L;, where

L; = 300(z/300)¢ (2.32)

for z <300 m, with € varying between 0.13 over open water to 0.46 in urban areas.
This standard is used for buildings, but not usually for wind turbines.

Figure 2.5 compares these various longitudinal turbulence spectra at 30 m height,
for a mean wind speed of 10 m/s. The surface roughness is 0.001 m, corresponding
to very flat land or rough sea, and the latitude is 50°. There is reasonable agreement
between the various spectra in this situation, apart from the Eurocode spectrum
which is shifted to somewhat lower frequencies. Note the characteristic difference
between the Kaimal and von Karman spectra, the latter being rather more sharply
peaked. The improved von Karman spectrum (Equation 2.25) is intermediate in
shape.
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Figure 2.5 Comparison of Spectra over Smooth Terrain at 10 m/s
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Figure 2.6 shows a similar figure for a roughness length of 0.1 m, typical of
villages or farmland with hedges and trees. Only the Eurocode and improved von
Karman spectra have moved, coming closer together.

A further comparison is shown in Figure 2.7. The intermediate roughness length
of 0.01 m is used here, but the wind speed is increased to 25 m/s. Now the IEC and
DS472 spectra have shifted further than the other two towards the higher frequen-
cies. There is now a rather marked difference between the two groups of spectra.

2.6.6 Cross-spectra and coherence functions

The turbulence spectra presented in the preceding sections describe the temporal
variation of each component of turbulence at any given point. However, as the
wind-turbine blade sweeps out its trajectory, the wind-speed variations it experi-
ences are not well represented by these single-point spectra. The spatial variation of
turbulence in the lateral and vertical directions is clearly important, since this
spatial variation is ‘sampled’ by the moving blade and thus contributes to the
temporal variations experienced by it.

In order to model these effects, the spectral description of turbulence must be
extended to include information about the cross-correlations between turbulent
fluctuations at points separated laterally and vertically. Clearly these correlations
decrease as the distance separating two points increases. The correlations are also
smaller for high-frequency than for low-frequency variations. They can therefore be
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Figure 2.6 Comparison of spectra over Rough Terrain at 10 m/s
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Figure 2.7 Comparison of Spectra at 25 m/s

described by ‘coherence’ functions, which describe the correlation as a function of
frequency and separation. The coherence C(Ar, n) is defined by

|S12(n)]

v/ S11(1) Sx2(n)

C(Ar, n) = (2.33)

where 7 is frequency, Si2(n) is the cross-spectrum of variations at the two points
separated by Ar, and S11(n) and Sx»(n) are the spectra of variations at each of the
points (usually these can be taken as equal).

Starting from von Karman spectral equations, and assuming Taylor’s frozen
turbulence hypothesis, an analytical expression for the coherence of wind-speed
fluctuations can be derived. Accordingly for the longitudinal component at points
separated by a distance Ar perpendicular to the wind direction, the coherence
Cyu(Ar, n)is:

Cu(Ar, 1) = 0.994(As/6(1) — 273> A1 16(n.)) (2.34)

Here Aj(x) = x/K;(x) where K is a fractional order modified Bessel function, and



28 THE WIND RESOURCE

0.747\% [ 2an\*
o an (LY (2) e
u

with ¢ = 1. L, is a local length scale which can be defined as:

! 2 z 2
Lu(Ar, n) =2 fu(n)\/ (jL“AAyy)z i(AZLZ“AZ) (2.36)

where Ay and Az are the lateral and vertical components of the separation Ar,
and YL, and *L, are the lateral and vertical length scales for the longitudinal
component of turbulence. Normally f,(n) =1, but ESDU (1975) suggests a mod-
ification at low frequencies where the wind becomes more anisotropic, with
fu(n) = MIN(1.0, 0.04n2/3).

The IEC (1999) standard gives an isotropic turbulence model for use with the von
Karman spectrum, in which *L, = 2YL, = 2°L,, and then L, =*L,, and f,(n) = 1.
The modified von Karman model described in Equation (2.25) also uses f,(n) =1,
but the factor c¢ in Equation (2.35) is modified instead (ESDU, 1985).

For the lateral and vertical components, the corresponding equations are as
follows. The analytical derivation for the coherence, based as before on the von
Karman spectrum and Taylor’s hypothesis, is

0.597
Ci(Ar, n) = 1 [4.781y7 Asjs(n:) — Av1/6(n7)] (2.37)

2.869y% —

for i = u or v, where #; is calculated as in Equation (2.35) but with L, replaced by L,
or L, respectively, and with ¢ = 1. Also

niLi(Ar, n)
Yi= Ar (2.38)
and L, and L, are given by expressions analogous to Equation (2.36).

The expressions for spatial coherence in Equations (2.34) and (2.37) above are
derived theoretically from the von Karman spectrum, although there are empirical
factors in some of the expressions for length scales for example. If a Kaimal rather
than a von Karman spectrum is used as the starting point, there are no such
relatively straightforward analytical expressions for the coherence functions. In this
case a simpler and purely empirical exponential model of coherence is often used.
The IEC (1999) standard, for example, gives the following expression for the
coherence of the longitudinal component of turbulence:

0.12\* /n\?
Cu(Ar, n) = exp (—8.8Ar ( L ) +<ﬁ) )

=~ exp(—1.4n,) (2.39)
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with 7, as in Equation (2.35).

The standard also states that this may also be used with the von Karman model,
as an approximation to Equation (2.34). However, the standard does not specify the
coherence of the other two components to be used in conjunction with the Kaimal
model.

The three turbulence components are usually assumed to be independent of one
another. This is a reasonable assumption, although in practice Reynolds stresses
may result in a small correlation between the longitudinal and vertical components
near to the ground.

Clearly there are significant discrepancies between the various recommended
spectra and coherence functions. Also these wind models are applicable to flat sites,
and there is only limited understanding of the way in which turbulence character-
istics change over hills and in complex terrain. Given the important effect of
turbulence characteristics on wind turbine loading and performance, this is clearly
an area in which there is scope for further research.

2.7 Gust Wind Speeds

It is often useful to know the maximum gust speed which can be expected to occur
in any given time interval. This is usually represented by a gust factor G, which is
the ratio of the gust wind speed to the hourly mean wind speed. G is obviously a
function of the turbulence intensity, and it also clearly depends on the duration of
the gust — thus the gust factor for a 1 s gust will be larger than for a 3 s gust, since
every 3 s gust has within it a higher 1 s gust.

While it is possible to derive expressions for gust factors starting from the
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Figure 2.8 Gust Factors Calculated from Equation (2.40)
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turbulence spectrum (Greenway, 1979; ESDU, 1983), an empirical expression due to
Weiringa (1973) is often used as it is much simpler, and agrees well with theoretical
results. Accordingly the t s gust factor is given by

G(t) =1+ 0.42,1n @ (2.40)

where [, is the longitudinal turbulence intensity. Figure 2.8 shows the gust factors
for several different turbulence intensities and gust durations calculated according
to this expression.

2.8 Extreme Wind Speeds

In addition to the foregoing descriptions of the average statistical properties of the
wind, it is clearly of interest to be able to estimate the long-term extreme wind
speeds which might occur at a particular site.

A probability distribution of hourly mean wind speeds such as the Weibull
distribution will yield estimates of the probability of exceeding any particular level
of hourly mean wind speed. However, when used to estimate the probability of
extreme winds, an accurate knowledge of the high wind speed tail of the distribu-
tion is required, and this will not be very reliable since almost all of the data which
was used to fit the parameters of the distribution will have been recorded at lower
wind speeds. Extrapolating the distribution to higher wind speeds cannot be relied
upon to give an accurate result.

Fisher and Tippett (1928) and Gumbel (1958) have developed a theory of extreme
values which is useful in this context. If a measured variable (such as hourly mean
wind speed U) conforms to a particular cumulative probability distribution F(U),
i.e., F(U) — 1 as U increases, then the peak values of hourly mean wind speed in a
given period (a year, for example) will have a cumulative probability distribution of
FN, where N is the number of independent peaks in the period. In the UK, for
example, Davenport (1964) has estimated that there are about 160 independent
wind speed peaks per year, corresponding to the passage of individual weather

systems. Thus if
—\ k
FU)=1- exp <— (g) )

as for a Weibull distribution, the wind speed peaks in 1 year will have a cumulative
probability distribution given approximately by

el )

However, as indicated above, this is unlikely to give accurate estimates for extreme
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hourly means, since the high-wind tail of the distribution cannot be considered to
be reliably known. However, Fisher and Tippett (1928) demonstrated that for any
cumulative probability distribution function which converges towards unity at least
exponentially (as is usually the case for wind speed distributions, including the
Weibull distribution), the cumulative probability distribution function for extreme
values U will always tend towards an asymptotic limit

F(U) = exp(—exp(—a(U — U")))

as the observation period increases. U’ is the most likely extreme value, or the mode
of the distribution, while 1/a represents the width or spread of the distribution and
is termed the dispersion.

This makes it possible to estimate the distribution of extreme values based on a
fairly limited set of measured peak values, for example a set of measurements of
the highest hourly mean wind speeds U recorded during each of N storms. The N
measured extremes are ranked in ascending order, and an estimate of the cumula-
tive probability distribution function is obtained as

where m(U) is the rank, or position in the sequence, of the observation U. Then a
plot of —In(— In(E(U))) against U is used to estimate the mode U’ and dispersion
1/a by fitting a straight line to the datapoints. This is the method due to Gumbel.
Lieblein (1974) has developed a numerical technique which gives a less biased
estimate of U’ and 1/a than a simple least squares fit to a Gumbel plot.

Having made an estimate of the cumulative probability distribution of extremes

F(U), the M year extreme hourly mean wind speed can be estimated as the value of
U corresponding to the probability of exceedance F =1 — 1/M.

According to Cook (1985), a better estimate of the probability of extreme winds is
obtained by fitting a Gumbel distribution to extreme values of wind speed squared.
This is because the cumulative probability distribution function of wind speed
squared is closer to exponential than the distribution of wind speed itself, and it
converges much more rapidly to the Gumbel distribution. Therefore by using this
method to predict extreme values of wind speed squared, more reliable estimates
can be obtained from a given number of observations.

2.8.1 Extreme winds in standards

The design of wind turbines must allow them to withstand extremes of wind speed,
as well as responding well to the more ‘typical’ conditions described above. There-
fore the various standards also specify the extremes of wind speed which must be
designed for. This includes extreme mean wind speeds as well as various types of
severe gust.

Extreme conditions may be experienced with the machine operating, parked or
idling with or without various types of fault or grid loss, or during a particular
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operation such as a shut-down event. The extreme wind conditions may be
characterized by a ‘return time’: for example a 50 year gust is one which is so severe
that it can be expected to occur on average only once every 50 years. It would be
reasonable to expect a turbine to survive such a gust, provided there was no fault
on the turbine.

It is always possible that the turbine happens to be shut down on account of a
fault when a gust occurs. If the fault impairs the turbine’s ability to cope with a
gust, for example if the yaw system has failed and the turbine is parked at the
wrong angle to the wind, then the turbine may have to withstand even greater
loads. However, the probability of the most extreme gusts occurring at the same
time as a turbine fault is very small, and so it is usual to specify that a turbine with
a fault need only be designed to withstand, for example, the annual extreme gust
and not the 50 year extreme gust.

For this to be valid, it is important that the faults in question are not correlated
with extreme wind conditions. Grid loss is not considered to be a fault with the
turbine, and is actually quite likely to be correlated with extreme wind conditions.

Clearly the extreme wind speeds and gusts (both in terms of magnitude and
shape) may be quite site-specific. They may differ considerably between flat coastal
sites and rugged hill-tops for example.

The IEC (1999) standard, for example, specifies a ‘reference wind speed’ Vi
which is five times the annual mean wind speed. The 50 year extreme wind speed
is then given by 1.4 times Vi at hub height, and varying with height using a power
law exponent of 0.11. The annual extreme wind speed is taken as 75 percent of the
50 year value.

The standard goes on to define a number of transient events which the turbine
must be designed to withstand. These are described in more detail in Section 5.4.3
and include the following.

o Extreme operating gust (EOG): a decrease in speed, followed by a steep rise, a steep
drop, and a rise back to the original value. The gust amplitude and duration vary
with the return period.

o ECxtreme direction change (EDC): this is a sustained change in wind direction,
following a cosine-shaped curve. The amplitude and duration of the change once
again depend on the return period.

o Extreme coherent gust (ECG): this is a sustained change in wind speed, again
following a cosine-shaped curve with the amplitude and duration depending on
the return period.

o Extreme coherent gust with direction change (ECD): simultaneous speed and direc-
tion transients similar to EDC and ECG.

o Extreme wind shear (EWS): a transient variation in the horizontal and vertical wind
gradient across the rotor. The gradient first increases and then falls back to the
initial level, following a cosine-shaped curve.
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These transient events are deterministic gusts intended to represent the extreme
turbulent variations which would be expected to occur at the specified return
period. They are not intended to occur in addition to the normal turbulence
described previously. Such deterministic coherent gusts, however, have little basis
in terms of actual measured or theoretical wind characteristics, and are likely to be
superseded in future standards by something more closely related to the actual
characteristics of extreme turbulence.

2.9 Wind-speed Prediction and Forecasting

Because of the variable nature of the wind resource, the ability to forecast wind
speed some time ahead is often valuable. Such forecasts fall broadly into two
categories: predicting short-term turbulent variations over a time-scale of seconds
to minutes ahead, which may be useful for assisting with the operational control of
wind turbines or wind farms, and longer-term forecasts over periods of a few hours
or days, which may be useful for planning the deployment of other power stations
on the network.

Short-term forecasts necessarily rely on statistical techniques for extrapolating the
recent past, whereas the longer-term forecasts can make use of meteorological
methods. A combination of meteorological and statistical forecasts can give very
useful predictions of wind farm power output.

2.9.1 Statistical methods

The simplest statistical prediction is known as a ‘persistence’ forecast: the predic-
tion is set equal to the last available measurement. In other words the last measured
value is assumed to persist into the future without any change:

Yk = Yk
where y;_; is the measured value at step k — 1 and ¥y is the prediction for the next
step.

A more sophisticated prediction might be some linear combination of the last n
measured values, i.e.,

Yr = Z a;Yr_i
i1

This is known as an nth order autoregressive model, or AR(77). We can now define
the prediction error at step k by

ekiﬁk*yk

and then use the recent prediction errors to improve the prediction:
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n m
Vo= aiyiit+ > bjei;
i-1 =t

This is known as an nth order autoregressive, mth order moving average model, or
ARMA(n, m). This can be further extended to an ARMAX model, where the X
stands for an ‘exogenous’ variable: another measured variable which is included in
the prediction because it influences y.

The model parameters a;, b; can be estimated in various ways. A useful technique
is the method of recursive least squares, or RLS (Ljung and Soderstrém, 1983).
Estimates of the model parameters are updated on each timestep in such a way as
to minimize the expected value of the sum of squares of the prediction errors. By
including a so-called ‘forgetting factor’, the influence of older observations can be
progressively reduced, leading to an adaptive estimation of the parameters, which
will gradually change to accommodate variations in the statistical properties of the
variable y.

Bossanyi (1985) investigated the use of ARMA models for wind-speed predic-
tions from a few seconds to a few minutes ahead, obtaining reductions in rms
prediction errors of up to 20 percent when compared to a persistence forecast. The
best results were obtained when predicting 10 min ahead from 1 min data.

Kariniotakis, Nogaret and Stavrakakis (1997) compare ARMA methods against a
selection of more recent techniques such as neural network, fuzzy logic and
wavelet-based methods. The fuzzy logic method is tentatively selected as giving the
best predictions over periods of 10 min to 2 h, with improvements of 10-18 percent
compared to persistence.

Nielsen and Madsen (1999) use an ARX model with recursive least squares to
predict wind-farm power output based on previous values of power output, and
measured wind speed as an exogenous variable, supplemented by a function
describing the diurnal variations of wind speed and by meteorogical forecasts of
wind speed and direction. Predictions up to 48 h ahead are considered, and the
inclusion of meteorological forecasts is shown to improve the predictions signifi-
cantly, especially for the longer period forecasts.

2.9.2 Meteorological methods

As indicated in the previous section, much better predictions can be made by using
meteorological forecasts than by using purely statistical methods, when predictions
over time-scales of a few hours or days are considered. Very sophisticated meteor-
ological forecasts are available from highly detailed simulation models of the
atmosphere, fed by many recorded observations of pressure, temperature, wind
speed, etc. over wide areas of land and sea.

Landberg (1997, 1999) describes the use of such models to predict wind-farm
output, by extrapolating the large-scale wind predictions produced by these models
down the specific wind-farm site. The geostrophic drag law and the logarithmic
wind shear profile (Section 2.6.2) are used to extrapolate the wind forecasts down to
ground level. Modifications to the flow resulting from the topography, the physical
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geography and surface roughness conditions in the area surrounding the wind-
farm are then modelled by the WA®P program (Mortensen et al., 1993). A turbine
wake interaction model PARK (Sanderhoff, 1993) then takes account of wind
direction in relation to the actual turbine positions to calculate wake losses, and
finally a statistical model (as described in the previous section) combines the
meteorological forecasts with recent measurements on the wind farm to give
predictions of the energy output which are good enough to be useful in planning
the deployment of other power stations on the network.

2.10 Turbulence in Wakes and Wind Farms

As it extracts energy from the wind, a turbine leaves behind it a wake characterized
by reduced wind speeds and increased levels of turbulence. Another turbine
operating in this wake, or deep inside a wind farm where the effects of a number of
wakes may be felt simultaneously, will therefore produce less energy and suffer
greater structural loading than a turbine operating in the free stream.

Immediately behind a turbine, its wake can crudely be considered as a region of
reduced wind speed slightly larger in diameter than the turbine itself (Vermeulen,
1980). The reduction in velocity is directly related to the thrust coefficient of the
turbine, since this determines the momentum extracted from the flow. As this
reduced wind speed region convects downstream, the wind speed gradient be-
tween the wake and the free flow outside the wake results in additional shear-
generated turbulence, which assists the transfer of momentum into the wake from
the surrounding flow. Thus the wake and the surrounding flow start to mix, and
the region of mixing spreads inwards to the centre of the wake, as well as outwards
to make the width of the wake increase. In this way, the velocity deficit in the wake
is eroded and the wake becomes broader but shallower until the flow has fully
recovered far downstream. The rate at which this occurs is dependent on the
ambient turbulence level.

In addition to this shear-generated turbulence, the turbine itself generates
additional turbulence directly, as a result of the tip vortices shed by the blades and
the general disturbance to the flow caused by the blades, nacelle and tower. This
‘mechanical’ component of turbulence is of relatively high frequency, and decays
relatively quickly. Bossanyi (1983) develops a theoretical model which describes
how this additional turbulence might decay: large eddies give rise to smaller ones,
and so the turbulent energy moves to higher and higher frequencies until it is
eventually dissipated as heat. The model predicts a faster rate of decay in low
winds and in high ambient turbulence intensities.

Beyond the near wake region, once the shear-generated turbulence has reached
the centre of the wake and started to erode the centreline velocity deficit, the mean
velocity variation in the wake can be described well by an axisymmetric profile
with a Gaussian cross-section. The development of the wake profile downstream of
this point can be reasonably well predicted, for example using an eddy viscosity
model (Ainslie, 1988). This is partly theoretical, derived from the Navier—Stokes
equation of fluid flow, but with some empirical terms.
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Theoretical models capable of predicting turbulence levels in the wake are less
well developed. Quarton and Ainslie (1989) examined a number of different sets of
wake turbulence measurements, both in wind tunnels using small wind turbine
models or gauze simulators, and behind full-size turbines in the free stream. An
empirical formula for added turbulence I at a downstream distance x from the
turbine was found to give a good fit to the various measurements:

I =48CY I§%(x/x,) "%

where Cr is the turbine thrust coefficient, Iy the ambient turbulence intensity, and
x, the length of the near wake region. Here Iy and I, are expressed as percentages.
On the basis of further work, an improved expression was subsequently proposed
by Hassan (1992):

I =5.7CY 1§ % (x/x,) %

The added turbulence is defined as the square root of the additional wind speed
variance normalized by the mean wind speed, i.e.,

I = \V Isvake - I%

where Iy is the total wake turbulence intensity, at any given downstream
distance.

The length of the near wake region, x,, is calculated according to Vermeulen
(1980) in terms of the rotor radius R and the thrust coefficient Ct as

nro

e
dx

where
m+1
= R _—
o 5
1
m=———
vV1-Cr

. V0.214 + 0.144m(1 — /0.134 + 0.124m)
~ (1-+/0.214 + 0.144m)+/0.134 + 0.124m

and dr/dx is the wake growth rate:

o (60 (8). (),
dx_ dx a dx m dx A
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where

dr

<—> =2.51 + 0.005
dx/,

is the growth rate contribution due to ambient turbulence,

(dr) (1 -m)V149+m
dx/),,  (1+m)9.76

is the contribution due to shear-generated turbulence, and

dr
<a>/l_ 0.012B4

is the contribution due to mechanical turbulence, where B is the number of blades
and 4 is the tip speed ratio.

Deep inside a wind farm, the reduction in wind speed and the increase in
turbulence intensity are the result of the superposition of wakes from many upwind
turbines. Frandsen and Thegersen (1999) propose a model based on the geostrophic
drag law which takes into account the additional ‘surface roughness” caused by the
turbines themselves. This leads to a formula for added turbulence above hub
height:

0.36

L=— 2
T 14024/s15/Cr

where s; and s are the inter-turbine spacings, normalized by rotor diameter, within
a row and between rows. Since this does not apply below hub height, the average
added turbulence intensity I is then calculated as

L. :%(IOJF \/I§+Ii+>

However, no consensus has yet emerged on a sufficiently well-validated formula
for turbulence intensity within a wind farm for use in wind turbine design
calculations.

211 Turbulence in Complex Terrain

Predicting the turbulence intensity and spectrum at a given point within an area of
complex terrain is not straightforward. Hilly terrain upwind of the site in question
will lead to generally higher turbulence levels, and some authors have suggested
that this can be calculated from a ‘regional roughness length’ which takes the
topography into account as well as the surface roughness (Tieleman, 1992). On the
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other hand, distortion of the flow by the local terrain may reduce the turbulence
intensity. At heights above ground which are of importance for wind turbines,
rapid distortion theory applies, which means that the variance of the turbulent
fluctuations will not change much as the flow passes over terrain features such as
hills. Therefore if there is acceleration of the flow as it passes over a hill, the
turbulence intensity will decrease, and the length scale will increase, resulting in a
shift of the turbulence spectrum towards lower frequencies, without any change of
shape (Schlez, 2000). This effect is therefore easily estimated once a model such as
WASP has been used to calculate the speed-up factor at a particular point. However,
the effect is also accompanied by a shift of turbulent energy from the longitudinal
to the lateral and vertical components of turbulence, causing the turbulence on hill-
tops to be more isotropic (Petersen et al., 1998).
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Aerodynamics of Horizontal-Axis
Wind Turbines

To study the aerodynamics of wind turbines some knowledge of fluid dynamics in
general is necessary and, in particular, aircraft aerodynamics. Excellent text books
on aerodynamics are readily available, a bibliography is given at the end of this
chapter, and any abbreviated account of the subject that could have been included
in these pages would not have done it justice; recourse to text books would have
been necessary anyway. Some direction on which aerodynamics topics are neces-
sary for the study of wind turbines would, however, be useful to the reader.

For Sections 3.2 and 3.3 a knowledge of Bernoulli’s theorem for steady, incom-
pressible flow is required together with the concept of continuity. For Sections 3.4
and 3.10 an understanding of vortices is desirable and the flow field induced by
vortices. The Biot—Savart law, which will be familiar to those with a knowledge of
electric and magnetic fields, is used to determine velocities induced by vortices. The
Kutta—Joukowski theorem for determining the force on a bound vortex should also
be studied. For Sections 3.5, 3.6 and 3.7 to 3.10 a knowledge of the lift and drag of
aerofoils is essential, including the stalled flow and so a brief introduction has been
included in the Appendix at the end of this chapter.

3.1 Introduction

A wind turbine is a device for extracting kinetic energy from the wind. By removing
some of its kinetic energy the wind must slow down but only that mass of air which
passes through the rotor disc is affected. Assuming that the affected mass of air
remains separate from the air which does not pass through the rotor disc and does
not slow down a boundary surface can be drawn containing the affected air mass
and this boundary can be extended upstream as well as downstream forming a long
stream-tube of circular cross section. No air flows across the boundary and so the
mass flow rate of the air flowing along the stream-tube will be the same for all
stream-wise positions along the stream-tube. Because the air within the stream-tube
slows down, but does not become compressed, the cross-sectional area of the
stream-tube must expand to accommodate the slower moving air (Figure 3.1).
Although kinetic energy is extracted from the airflow, a sudden step change in
velocity is neither possible nor desirable because of the enormous accelerations and
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Figure 3.1 The Energy Extracting Stream-tube of a Wind Turbine

forces this would require. Pressure energy can be extracted in a step-like manner,
however, and all wind turbines, whatever their design, operate in this way.

The presence of the turbine causes the approaching air, upstream, gradually to
slow down such that when the air arrives at the rotor disc its velocity is already
lower than the free-stream wind speed. The stream-tube expands as a result of the
slowing down and, because no work has yet been done on, or by, the air its static
pressure rises to absorb the decrease in kinetic energy.

As the air passes through the rotor disc, by design, there is a drop in static
pressure such that, on leaving, the air is below the atmospheric pressure level. The
air then proceeds downstream with reduced speed and static pressure — this region
of the flow is called the wake. Eventually, far downstream, the static pressure in the
wake must return to the atmospheric level for equilibrium to be achieved. The rise
in static pressure is at the expense of the kinetic energy and so causes a further
slowing down of the wind. Thus, between the far upstream and far wake condi-
tions, no change in static pressure exists but there is a reduction in kinetic energy.

3.2 The Actuator Disc Concept

The mechanism described above accounts for the extraction of kinetic energy but in
no way explains what happens to that energy; it may well be put to useful work but
some may be spilled back into the wind as turbulence and eventually be dissipated
as heat. Nevertheless, we can begin an analysis of the aerodynamic behaviour of
wind turbines without any specific turbine design just by considering the energy
extraction process. The general device that carries out this task is called an actuator
disc (Figure 3.2).

Upstream of the disc the stream-tube has a cross-sectional area smaller than that
of the disc and an area larger than the disc downstream. The expansion of the
stream-tube is because the mass flow rate must be the same everywhere. The mass
of air which passes through a given cross section of the stream-tube in a unit length
of time is p AU, where p is the air density, A is the cross-sectional area and U is the
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Figure 3.2 An Energy Extracting Actuator Disc and Stream-tube

flow velocity. The mass flow rate must be the same everywhere along the stream-
tube and so

pAocUoc = pAdUd = PAwa (31)

The symbol oo refers to conditions far upstream, d refers to conditions at the disc
and w refers to conditions in the far wake.

It is usual to consider that the actuator disc induces a velocity variation which
must be superimposed on the free-stream velocity. The stream-wise component of
this induced flow at the disc is given by —all,, where a is called the axial flow
induction factor, or the inflow factor. At the disc, therefore, the net stream-wise
velocity is

U = U (1 — a) (3.2)

3.21 Momentum theory

The air that passes through the disc undergoes an overall change in velocity,
Uy — U, and a rate of change of momentum equal to the overall change of velocity
times the mass flow rate:

Rate of change of momentum = (U, — Uy)pAqUy (3.3)

The force causing this change of momentum comes entirely from the pressure
difference across the actuator disc because the stream-tube is otherwise completely
surrounded by air at atmospheric pressure, which gives zero net force. Therefore,

(p — p)Ad = (U — Uy)pAgUs(1 — a) (3.4)

To obtain the pressure difference (p} — py) Bernoulli’s equation is applied sepa-
rately to the upstream and downstream sections of the stream-tube; separate equa-
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tions are necessary because the total energy is different upstream and downstream.
Bernoulli’s equation states that, under steady conditions, the total energy in the
flow, comprising kinetic energy, static pressure energy and gravitational potential
energy, remains constant provided no work is done on or by the fluid. Thus, for a
unit volume of air,

1
Epll2 + p+ pgh = constant. (3.5)
Upstream, therefore, we have

1 1
5 Po Ul + pooglios = 5 pallG + P& + pagha (3.6)

Assuming the flow to be incompressible (p.. = pq) and horizontal (h = hq) then,
Lo T oo +
Epuoo+poo:§pud+pd (3.6a)
Similarly, downstream,
1 5 1 5 _
Epuw+poc:§plld+pd (3.6b)
Subtracting these equations we obtain
+ 1 2 2
(pd - pd) = Ep(uoo - uw)
Equation (3.4) then gives
1
S P = U)Ag = (Us = Uy)pAalso(1 — ) (37)

and so
Uy =1 —2a)Uy (3.8)

That is, half the axial speed loss in the stream-tube takes place upstream of the
actuator disc and half downstream.

3.2.2 Power coefficient
The force on the air becomes, from Equation (3.4)

F=(p{ — pa)Ad = 2pAqU%a(1 - a) (3.9)
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As this force is concentrated at the actuator disc the rate of work done by the force
is FU4 and hence the power extraction from the air is given by

Power = FUy = 2pAqU> a(1 — a)? (3.10)
A power coefficient is then defined as

Cp— Power @3.11)

1
EpuioAd

where the denominator represents the power available in the air, in the absence of
the actuator disc. Therefore,

Cp = 4a(1 — a)® (3.12)

3.2.3 The Betz limit

The maximum value of Cp occurs when

dcp -

which gives a value of a = %
Hence,

16
Chy = 5 = 0.59 (3.13)

The maximum achievable value of the power coefficient is known as the Betz
limit after Albert Betz the German aerodynamicist (119) and, to date, no wind
turbine has been designed which is capable of exceeding this limit. The limit is
caused not by any deficiency in design, for, as yet, we have no design, but because
the stream-tube has to expand upstream of the actuator disc and so the cross section
of the tube where the air is at the full, free-stream velocity is smaller than the area
of the disc.

Cp could, perhaps, more fairly be defined as

Power extracted =~ Power extracted

~ Power available 16 (1 3 )
S A
7 <2PUOC d

Cp (3.14)

but this not the accepted definition of Cp.
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Figure 3.3 Variation of Cp and Cr with Axial Induction Factor a
3.2.4 The thrust coefficient

The force on the actuator disc caused by the pressure drop, given by Equation (3.9),
can also be non- dimensionalized to give a Coefficient of Thrust Cr

Cr= 1Power (3.15)
2
= A
7 PUAd
Cr =4a(l —a) (3.16)

A problem arises for values of a =13 because the wake velocity, given by
(1 —2a)Uy, becomes zero, or even negative; in these conditions the momentum
theory, as described, no longer applies and an empirical modification has to be
made (Section 3.5).

The variation of power coefficient and thrust coefficient with a is shown in Fig-
ure 3.3.

3.3 Rotor Disc Theory

The manner in which the extracted energy is converted into usable energy depends
upon the particular turbine design. Most wind energy converters employ a rotor
with a number of blades rotating with an angular velocity €2 about an axis normal
to the rotor plane and parallel to the wind direction. The blades sweep out a disc
and by virtue of their aerodynamic design develop a pressure difference across the
disc, which, as discussed in the previous section, is responsible for the loss of axial
momentum in the wake. Associated with the loss of axial momentum is a loss of
energy which can be collected by, say, an electrical generator attached to the rotor
shaft if, as well as a thrust, the rotor experiences a torque in the direction of rotation.
The generator exerts a torque equal and opposite to that of the airflow which keeps
the rotational speed constant. The work done by the aerodynamic torque on the
generator is converted into electrical energy. The required aerodynamic design of
the rotor blades to provide a torque as well as a thrust is discussed in Section 3.5.
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3.3.1 Wake rotation

The exertion of a torque on the rotor disc by the air passing through it requires an
equal and opposite torque to be imposed upon the air. The consequence of the
reaction torque is to cause the air to rotate in a direction opposite to that of the rotor;
the air gains angular momentum and so in the wake of the rotor disc the air
particles have a velocity component in a direction which is tangential to the rotation
as well as an axial component (Figure 3.4).

The acquisition of the tangential component of velocity by the air means an
increase in its kinetic energy which is compensated for by a fall in the static
pressure of the air in the wake in addition to that which is described in the previous
section.

The flow entering the actuator disc has no rotational motion at all. The flow
exiting the disc does have rotation and that rotation remains constant as the fluid
progresses down the wake. The transfer of rotational motion to the air takes place
entirely across the thickness of the disc (see Figure 3.5). The change in tangential
velocity is expressed in terms of a tangential flow induction factor a’. Upstream of
the disc the tangential velocity is zero. Immediately downstream of the disc the
tangential velocity is 2Q2ra’. At the middle of the disc thickness, a radial distance
from the axis of rotation, the induced tangential velocity is Qra’. Because it is
produced in reaction to the torque the tangential velocity is opposed to the motion
of the rotor.

An abrupt acquisition of tangential velocity cannot occur in practice. Figure 3.5
shows the flow accelerating in the tangential direction as it is ‘squeezed” between
the blades; the separation of the blades has been reduced for effect but it is the
increasing solid blockage that the blades present to the flow as the root is ap-
proached that causes the high values of tangential velocity close to the root.

3.3.2 Angular momentum theory

The tangential velocity will not be the same for all radial positions and it may well
also be that the axial induced velocity is not the same. To allow for variation of both
induced velocity components consider only an annular ring of the rotor disc which
is of radius r and of radial width or.

The increment of rotor torque acting on the annular ring will be responsible for

T~

Figure 3.4 The Trajectory of an Air Particle Passing Through the Rotor Disc
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Figure 3.5 Tangential Velocity Grows Across the Disc Thickness

imparting the tangential velocity component to the air whereas the axial force acting
on the ring will be responsible for the reduction in axial velocity. The whole disc
comprises a multiplicity of annular rings and each ring is assumed to act indepen-
dently in imparting momentum only to the air which actually passes through the
ring.

The torque on the ring will be equal to the rate of change of angular momentum
of the air passing through the ring. Thus,

torque = rate of change of angular momentum

= mass flow rate X change of tangential velocity X radius
0Q = pdAqU(1 — a)2Qa'r? (3.17)

where 0 A4 is taken as being the area of an annular ring.
The driving torque on the rotor shaft is also 6Q and so the increment of rotor
shaft power output is

OP = 6QQ

The total power extracted from the wind by slowing it down is therefore deter-
mined by the rate of change of axial momentum given by Equation (3.10) in Section
322
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OP =2pdAqU> a(1 — a)?
Hence
200 AqU a(1 — a)* = pdAqU.(1 — a)2Q%a’r*
and
Uioa(l —a) = Q*%a’

Qr is the tangential velocity of the spinning annular ring and so 4, = Qr/U, is
called the local speed ratio. At the edge of the disc r = R and 1 = QR/U is known
at the tip speed ratio. Thus

a(l —a) = A2a’ (3.18)

The area of the ring is 0 Ap = 2nrdr therefore the incremental shaft power is, from
Equation (3.17),

0P =dQQ = (;pU;anér)éla’(l —a)i?

The term in brackets represents the power flux through the annulus, the term
outside the brackets, therefore, is the efficiency of the blade element in capturing
the power, or blade element efficiency:

0y =4a'(1 — a)i? (3.19)

In terms of power coefficient

d Co— dxpUP (1 — a)a'22r _ 80— a)a'ilr

dr * R2

1
—pU aR?
2P

d _ 112 .3
@Cp =81 —a)a'lu (3.20)

where u = r/R.
Knowing how a and a' vary radially, Equation (3.20) can be integrated to
determine the overall power coefficient for the disc for a given tip speed ratio, 4.

3.3.3 Maximum power

The values of a and a" which will provide the maximum possible efficiency can be
determined by differentiating Equation (3.19) by either factor and putting the result
equal to zero. Whence

d u_l—a
da'” 4

(3.21)



50 AERODYNAMICS OF HORIZONTAL-AXIS WIND TURBINES

From Equation (3.18)

giving
a'22 =1 —a)1 - 2a) (3.22)

The combination of Equations (3.18) and (3.21) gives the required values of a and a’
which maximize the incremental power coefficient:

1 a(l —a)
a==-anda =—5—-= 3.23
3 pEm (3.23)
The axial flow induction for maximum power extraction is the same as for the non-
rotating wake case, that is, a = % and is uniform over the entire disc. On the other
hand a’ varies with radial position.
From Equation (3.20) the maximum power is

1
Cp= J 8(1 — a)a'A%u® du
0

Substituting for the expressions in Equations (3.23)

a(l —a) 16

1
_ -~ 2,33, 2 _2®
Cp = Lsa a){ yem ]/1 1 du=4a(l — ay = = (3.24)

Which is precisely the same as for the non-rotating wake case.

3.3.4 Wake structure

The angular momentum imparted to the wake increases the kinetic energy in the
wake but this energy is balanced by a loss of static pressure:

Ap, = % p(2Qa'r)? (3.25)

Substituting the expression for a’ given by Equations (3.23)

2
a( — ”)} (3.26)

1 2

The tangential velocity increases with decreasing radius (Equation (3.23)) and so
the pressure decreases creating a radial pressure gradient. The radial pressure
gradient balances the centrifugal force on the rotating fluid. The pressure drop
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across the disc caused by the rate of change of axial momentum as developed in
Section 3.2.1 (Equation (3.9)) is additional to the pressure drop associated with the
rotation of the wake and is uniform over the whole disc.

If the wake did not expand as it slows down the rotational wake structure
together with the rotational pressure gradient would not change as the wake
develops whereas the pressure loss caused by the change of axial momentum will
gradually reduce to zero in the fully-developed wake, as shown in Figure 3.2. The
pressure in the fully developed wake would therefore be atmospheric super-
imposed on which would be the pressure loss given by Equation (3.26). Conse-
quently, the axial force on the fluid in the wake causing it to slow down would be
only that caused by the uniform pressure drop across the disc given by Equation
(3.9), as is assumed in the simple theory of Section 3.2.1. The rotational pressure
drop does not contribute to the change of axial momentum.

In fact, the wake does expand and the full details of the analysis are given by
Glauert (1935a). Glauert’s analysis is applied to propellers where the flow is
accelerated by the rotor but this is only a matter of reversing the signs of the flow
induction factors. The inclusion of flow expansion and wake rotation in a fully
integrated momentum theory shows that the axial induced velocity in the devel-
oped wake is greater than 2a but the effect is only significant at tip speed ratios less
than about 1.5, which is probably outside of the operating range for most modern
wind turbines. The analysis does, however, demonstrate that the kinetic energy of
wake rotation is accounted for by reduced static pressure in the wake. Glauert’s
conclusion about wake expansion and its interaction with wake rotation is that its
inclusion makes little difference to the results obtained from the simple axial
momentum theory and so can be ignored. Where, in the same reference, Glauert
deals with “Windmills and Fans’ (1935b) he adopts the simple momentum theory
but then has to account for kinetic energy of wake rotation, which he does by
assuming that it is drawn from the kinetic energy of the flow. The rotational kinetic
energy of the wake is therefore regarded as a loss and reduces the level of the
energy that can be extracted. Consequently, at low local speed ratios, the inboard
sections of a rotor, the local aerodynamic efficiency falls below the Betz limit. Most
authors since Glauert have assumed the same conclusion but, in fact, Glauert
himself has demonstrated that the conclusion is wrong. The error makes very little
difference to the final results for most modern wind turbines designed for the
generation of electricity. For wind pumps, where a high starting torque and high
solidity are required, the error would probably be very significant because they
operate at very low tip speed ratios.

3.4 Vortex Cylinder Model of the Actuator Disc
3.4.1 Introduction
The momentum theory of Section 3.1 uses the concept of the actuator disc across

which a pressure drop develops constituting the energy extracted by the rotor. In
the rotor disc theory of Section 3.3 the actuator disc is depicted as being swept out
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by a multiplicity of aerofoil blades each with radially uniform bound circulation
AT'. From the tip of each blade a helical vortex of strength AI' convects downstream
with the local flow velocity (Figure 3.6). If the number of blades is assumed to be
very large but the solidity of the total is finite and small then the accumulation of
helical tip vortices will form the surface of a tube. As the number of blades
approaches infinity the tube surface will become a continuous tubular vortex sheet.

From the root of each blade, assuming it reaches to the axis of rotation, a line
vortex of strength AI" will extend downstream along the axis of rotation contribut-
ing to the total root vortex of strength I'. The vortex tube will expand in radius as
the flow of the wake inside the tube slows down. Vorticity is confined to the surface
of the tube, the root vortex and to the bound vortex sheet swept by the multiplicity
of blades to form the rotor disc; elsewhere in the wake and everywhere else in the
entire flow field the flow is irrotational.

The nature of the tube’s expansion cannot be determined by means of the
momentum theory and so, as an approximation, the tube is allowed to remain
cylindrical Figure 3.7. The Biot-Savart law is used to determine the induced
velocity at any point in the vicinity of the actuator disc. The cylindrical vortex
model allows the whole flow field to be determined and is accurate within the
limitations of the non-expanding cylindrical wake.

3.4.2 Vortex cylinder theory

The vortex cylinder has surface vorticity which follows a helical path with a helix
angle ¢ or, as it has been termed previously, the flow angle at the blade tip. The
strength of the vorticity is ¢ = dI'/dn, where n is a direction in the tube surface
normal to the direction of AI', and has a component gy = gcos ¢, parallel to the
rotor disc. Due to gy the axial (parallel to the axis of rotor rotation) induced velocity
at the rotor plane is uniform over the rotor disc and can be determined by means of
the Biot—Savart law as

Figure 3.6 Helical Vortex Wake Shed by Rotor with Three Blades Each with Uniform
Circulation A"
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Figure 3.7 Simplified Helical Vortex Wake Ignoring Wake Expansion

Iy = —% . (3.27)

In the far wake the axial induced velocity is also uniform within the cylindrical
wake and is

Uy = —8p = —2ally (3.28)

The ratio of the two induced velocities corresponds to that of the simple momentum
theory and justifies the assumption of a cylindrical vortex sheet.

3.4.3 Relationship between bound circulation and the induced
velocity

The total circulation on all of the multiplicity of blades is I' which is shed at a
uniform rate into the wake in one revolution. So, from Figure 3.8 in which the
cylinder has been slit longitudinally and opened out flat,

on
T [ T~
2R
SS%

Figure 3.8 The Geometry of the Vorticity in the Cylinder Surface
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r
8~ 2R sin(¢y) (3:29)
hence
T cospy T QR(1 + ay)
89 = 2aRsing, 27 Up(l — a) (3.30)
therefore
' QR + a)
20Uy = s+ 3.31
¢ 27R Up(1 — a) (3:31)
So, the total circulation is related to the induced velocity
2 —
r— 4nU a(l —a) (3.32)

Q1 + af)

3.4.4 Root vortex

Just as a vortex is shed from each blade tip a vortex is also shed from each blade
root. If it is assumed that the blades extend to the axis of rotation, obviously not a
practical option, then the root vortices will each be a line vortex running axially
downstream from the centre of the disc. The direction of rotation of the all the root
vortices will be the same forming a core, or root, vortex, of total strength I". The root
vortex is primarily responsible for inducing the tangential velocity in the wake flow
and in particular the tangential velocity on the rotor disc.

On the rotor disc surface the tangential velocity induced by the root vortex, given
by the Biot—Savart law, is

T
Qra' = —
e 4mr
r
= 3.33
a 47712Q ( )

This relationship can also be derived from the momentum theory: the rate of change
of angular momentum of the air which passes through an annulus of the disc of
radius r and radial width dr is equal to the torque increment imposed upon the
annulus

dQ = pU.(1 — a)2nrdr2a’Qr? (3.34)
By the Kutta—Joukowski theorem the lift per unit radial width is

L=p(W xT)
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where (W X T') is a vector product.
d .
EQ =pW XTrsin¢; = pI'rlU(1 — a)

Equating the two expressions gives

. I
R P TS
Hence
o Uﬁca(l —a)  a(l—a)
CTQIRY 1 +al) A2(1+4a))
SO
a(l—a
ai(1 +ap) = (12 )

55

(3.35)

(3.36)

Equation (3.36) is not quite the same as Equation (3.23) of Section 3.3.3 and it can be

shown that this is a result of ignoring the wake expansion.

3.4.5 Torque and power

The torque on an annulus of radius r and radial width dr is

pdmrU>_a(l — a)?

d .
EQér = pWTI'rsingdr =

Q(1 + af)
1.3 2
d EpLIOOZm’éLa(l —a)
dr~ Q(1 + af)
Power
13 2

d EpUOOZnMa(l —a)
—P=Q—Q-=
dr dr 1+ a)

1
b2 pU2_wR*4a(1 — a)?
B 1+ af)

(3.37)

(3.38)

(3.39)
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Power coefficient

4a(l—a)* 2
Cp = W = 4ﬂt(1 - a) (340)

The reduced efficiency compared with the simple actuator disc result, Cp =
4a(1 — a)?, is caused by the energy required to spin the wake, as a rigid body, with
an angular velocity 24{Q. It should be noted that any additional rotational energy is
accounted for by the loss of static pressure caused by the pressure gradient which
balances the centrifugal forces on the rotating fluid.

The general momentum theory of Glauert (1935a) includes the expansion of the
wake and shows that no contribution at all is actually required from the kinetic
energy of the free-stream flow to maintain wake rotation; all the kinetic energy of
rotation is derived from static pressure energy.

3.4.6 Axial flow field

By means of the Biot-Savart law the induced velocity in the wind-wise (axial)
direction at the actuator disc can be determined both upstream of the disc and
downstream in the developing wake, as well as on the disc itself. The flow field (net
velocity) is axisymmetric and a radial cross section is shown in Figure 3.9. Both
radial and axial distances are divided by the disc radius with the axial distance
being measured downstream from the disc and the radial distance being measured
from the rotational axis. The velocity is divided by the wind speed.

The axial velocity within the wake is sharply lower than without and is radially
uniform at the disc and in the far wake, just as the momentum theory predicts.
There is a small acceleration of the flow immediately outside of the wake. The
induced velocity on the wake cylinder itself is Ja at the disc and 4 in the far wake.
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Figure 3.9 The Radial and Axial Variation of Axial Velocity in the Vicinity of an Actuator
Disc,a =1/3
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3.4.7 Tangential flow field

The tangential induced velocity is determined not only by the root vortex but also
by the component of vorticity gsin¢ on the wake cylinder and the bound vorticity
on the rotor disc. At a radial distance equal to half the disc radius, as an example,
the axial variation of the three contributions are shown in Figure 3.10.

The bound vorticity causes rotation in opposite senses upstream and downstream
of the disc with a step change across the disc. The upstream rotation, which is in the
same sense as the rotor rotation, is nullified by the root vortex, which induces
rotation in the opposite sense to that of the rotor. The downstream rotation is in the
same sense for both the root vortex and the bound vorticity the stream-wise
variations of the two summing to give a uniform velocity in the stream-wise sense.
The vorticity located on the surface of the wake cylinder makes a small contri-
bution.

At the disc itself the bound vorticity induces no rotation, see Figure 3.10, the
wake cylinder induces no rotation either and so it is only the root vortex which does
induce rotation and that value is half the total induced generally in the wake. It is
now clear why only half the rotational velocity is used to determine the flow angle
at the disc.

The rotational flow is confined to the wake, that is, inside the cylinder. There is
no rotational flow anywhere outside of the wake, neither upstream of the disc or
outside the cylinder. The rotational velocity within the cylinder falls with increasing
radius but is not zero at the outer edge of the wake, therefore there is an abrupt fall
of rotational velocity across the cylindrical surface. The contributions of the three
vorticity sources to the rotational flow at a radius of 101 percent of the disc radius
are shown in Figure 3.11; the total rotational flow is zero at all axial positions but
the individual components are not zero.
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Figure 3.10 The Axial Variation of Tangential Velocity in the Vicinity of an Actuator Disc at
50% Radius,a =1/3,A =6
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Figure 3.11 The Axial Variation of Tangential Velocity in the Vicinity of an Actuator Disc at
101 percent Radius,a =1/3,1 =6

3.4.8 Radial flow field

Although the vortex cylinder theory has been simplified by not allowing the
cylinder to expand, nevertheless the theory predicts flow expansion. A radial
velocity distribution is predicted by the theory as shown in Figure 3.12 which
shows a longitudinal section of the flow field through the rotor disc.

The radial velocity, as calculated, is greatest as the flow passes through the rotor
disc and, although not shown in Figure 3.12, it is infinite at the edge of the disc. The
situation is very similar to the determination of the potential flow field around a
flat, solid, circular disc which is normal to the oncoming flow; an infinite radial

s~ |

x|~
S)

0.5~ —

Figure 3.12 Flow Field Through an Actuator Disc for a = 1/3
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velocity is predicted at the disc edge for the flow to pass around and continue
radially inwards on the downstream side. In practice there would be insufficient
static pressure available to fuel an infinite, or even a very high, velocity and so some
discontinuity in the flow must occur. The presence of even the smallest amount of
viscosity would produce a thick boundary layer towards the disc edge because of
the high radial velocity. The viscosity in the boundary layer would absorb much of
the available energy and dissipate it as heat so that as the flow accelerated around
the disc edge the maximum velocity attainable would be limited by the static
pressure approaching zero. Instead of the flow moving around the edge it would
separate from the edge and continue downstream leaving a very low pressure
region behind the disc with very low velocity—a stagnant region.

In the case of the permeable rotor disc there would be some flow through the
disc, which would behave as described above, but the separation of the flow at the
disc edge would produce an additional low pressure in the wake.

The problem of the infinite radial velocity at the rotor disc edge arises because of
the assumption of an infinite number of rotor blades. If the theory is modified such
that there are only a few blades the infinite radial velocity disappears. However, if,
for a given rotor, the tip speed ratio is increased, with a consequent increase of the
axial flow induction factor, the radial velocity at the tip rises sharply and the
problem of edge separation returns, which is what actually occurs, see Section 3.6.

3.4.9 Conclusions

Despite the exclusion of wake expansion, the vortex theory produces results largely
in agreement with the momentum theory and enlightens understanding of the flow
through an energy extracting actuator disc.

3.5 Rotor Blade Theory
3.5.1 Introduction

The aerodynamic lift (and drag) forces on the span-wise elements of radius r and
length Or of the several blades of a wind turbine rotor are responsible for the rate of
change of axial and angular momentum of all of the air which passes through the
annulus swept by the blade elements. In addition, the force on the blade elements
caused by the drop in pressure associated with the rotational velocity in the wake
must also be provided by the aerodynamic lift and drag. As there is no rotation of
the flow approaching the rotor the reduced pressure on the downwind side of the
rotor caused by wake rotation appears as a step pressure drop just like that which
causes the change in axial momentum. Because the wake is still rotating in the far
wake the pressure drop caused by the rotation is still present and so does not
contribute to the axial momentum change.
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3.5.2 Blade element theory

It is assumed that the forces on a blade element can be calculated by means of two-
dimensional aerofoil characteristics using an angle of attack determined from the
incident resultant velocity in the cross-sectional plane of the element; the velocity
component in the span-wise direction is ignored. Three-dimensional effects are also
ignored.

The velocity components at a radial position on the blade expressed in terms of
the wind speed, the flow factors and the rotational speed of the rotor will determine
the angle of attack. Having information about how the aerofoil characteristic coeffi-
cients Cq and Cq vary with the angle of attack the forces on the blades for given
values of 7 and a’ can be determined.

Consider a turbine with N blades of tip radius R each with chord ¢ and set pitch
angle $ measured between the aerofoil zero lift line and the plane of the disc. Both the
chord length and the pitch angle may vary along the blade span. Let the blades be
rotating at angular velocity Q and let the wind speed be U,. The tangential velocity
Qr of the blade element shown in Figure 3.13 combined with the tangential velocity
of the wake a’Qr means that the net tangential flow velocity experienced by the
blade element is (1 + a')Qr. Figure 3.14 shows all the velocities and forces relative
to the blade chord line at radius r.

From Figure 3.14 the resultant relative velocity at the blade is

W= UL -0 + Q221+ a')? (3.41)

which acts at an angle ¢ to the plane of rotation, such that

Figure 3.13 A Blade Element Sweeps Out an Annular Ring
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Figure 3.14 Blade Element Velocities and Forces

(1 — Qr(l+a
sing = w and cos ¢ = % (3.42)
The angle of attack a is then given by
a=¢—-f (3.43)

The lift force on a span-wise length dr of each blade, normal to the direction of W, is
therefore

oL = % pW2cCor (3.44)
and the drag force parallel to W is

1
oD = 5 pW?2cCqror (3.45)

3.5.3 The blade element — momentum (BEM) theory

The basic assumption of the BEM theory is that the force of a blade element is solely
responsible for the change of momentum of the air which passes through the
annulus swept by the element. It is therefore to be assumed that there is no radial
interaction between the flows through contiguous annuli—a condition that is,
strictly, only true if the axial flow induction factor does not vary radially. In
practice, the axial flow induction factor is seldom uniform but experimental
examination of flow through propeller discs by Lock (1924) shows that the assump-
tion of radial independence is acceptable.

The component of aerodynamic force on N blade elements resolved in the axial
direction is

O0Lcos¢ +O0Dsing = %szNc(CL cos ¢ + C;sin ¢)dr (3.46)
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The rate of change of axial momentum of the air passing through the swept annulus
is

pU(1 — a)2rdr2ally, = dmpU? a(l — a)ror (3.47)

The drop in wake pressure caused by wake rotation is equal to the increase in
dynamic head, which is

1

~p(2a'Qr)?

> p(2a’Qr)
Therefore the additional axial force on the annulus is

%p(Za’Qr)Zmeér

Thus
%szNc(Cl cos ¢ + Cq sin ¢)or = dmwp[U? a(l — a) + (a'Qr)*]ror
Simplifying,
W2 ¢ . N2
U—io NE (Cicos ¢ + Cqsing) = 8x(a(l — a) + (a'Au) ) u (3.48)

The element of axial rotor torque caused by aerodynamic forces on the blade
elements is

(0Lsing — 0 Dcos¢)r = %pszC(Cl sin¢g — Cq cos ¢)ror (3.49)

The rate of change of angular momentum of the air passing through the annulus is
pU(1 — a)Qr2a' r2wrdr = 4mp U (Qr)a’(1 — a)r?or

Equating the two moments

1
5 pW2Ne(Cysin ¢ — Cq cos ¢)ror = 4mp U (Qr)a’(1 — a)r*dr (3.50)
Simplifying,
W2 _ ¢ . 5,
UTNE(CI sing — Cqcos ¢) = 8miua’(1 — a) (3.50a)

where the parameter u = r/R.
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It is convenient to put
Cicos¢p + Cygsing = C,
and
CGising — Cqcos ¢ = C,

Solving Equations 3.48 and (3.50a) to obtain values for the flow induction factors a
and a4’ using two-dimensional aerofoil characteristics requires an iterative process.
The following equations, derived from (3.48) and (3.50a), are convenient in which
the right-hand sides are evaluated using existing values of the flow induction
factors yielding simple equations for the next iteration of the flow induction factors.

a o,
1—a 4sing?

4sin2¢p Y

(C) —

(3.51)

a 0,Cy
14+a  4singcos¢

(3.52)

Blade solidity o is defined as total blade area divided by the rotor disc area and is a
primary parameter in determining rotor performance. Chord solidity o, is defined
as the total blade chord length at a given radius divided by the circumferential
length at that radius.

Nc N ¢
O T oy T 2u R (3:53)
It is argued by Wilson and Lissaman (1974) that the drag coefficient should not be
included in Equations (3.51) and (3.52) because the velocity deficit caused by drag is
confined to the narrow wake which flows from the trailing edge of the aerofoil.
Furthermore, Wilson and Lissaman reason, the drag-based velocity deficit is only a
feature of the wake and does not contribute to the velocity deficit upstream of the
rotor disc. The basis of the argument for excluding drag in the determination of the
flow induction factors is that, for attached flow, drag is caused only by skin friction
and does not affect the pressure drop across the rotor. Clearly, in stalled flow the
drag is overwhelmingly caused by pressure. In attached flow it has been shown by
Young and Squire (1938) that the modification to the inviscid pressure distribution
around an aerofoil caused by the boundary layer has an affect both on lift and drag.
The ratio of pressure drag to total drag at zero angle of attack is approximately the
same as the thickness to chord ratio of the aerofoil and increases as the angle of
attack increases.

One last point about the BEM theory: the theory is strictly only applicable if the
blades have uniform circulation, i.e., if a4 is uniform. For non-uniform circulation
there is a radial interaction and exchange of momentum between flows through
adjacent elemental annular rings. It cannot be stated that the only axial force acting
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on the flow through a given annular ring is that due to the pressure drop across the
disc. However, in practice, it appears that the error involved in relaxing the above
constraint is small for tip speed ratios greater than 3.

3.5.4 Determination of rotor torque and power

The calculation of torque and power developed by a rotor requires a knowledge of
the flow induction factors, which are obtained by solving Equations (3.51) and
(3.52). The solution is usually carried out iteratively because the two-dimensional
aerofoil characteristics are non-linear functions of the angle of attack.

To determine the complete performance characteristic of a rotor, i.e., the manner
in which the power coefficient varies over a wide range of tip speed ratio, requires
the iterative solution. The iterative procedure is to assume a and a’ to be zero
initially, determining ¢, C, and C4 on that basis, and then to calculate new values
of the flow factors using Equations (3.51) and (3.52). The iteration is repeated until
convergence is achieved.

From Equation (3.50) the torque developed by the blade elements of span-wise
length o7 is

0Q = 4mpU(Qr)a'(1 — a)r*or

If drag, or part of the drag, has been excluded from the determination of the flow
induction factors then its effect must be introduced when the torque caused by drag
is calculated from blade element forces, see Equation (3.49),

0Q = dnpU,.(Qr)a'(1 — a)r*or — %pWZNCCd cos(@)ror

The complete rotor, therefore, develops a total torque Q:

C

1 R w Nz
Q= EpUiOJ'[R3/1 JO u?|8a'(1—a)u — LTTCd(l +a')|du (3.54)

The power developed by the rotor is P = Q€. The power coefficient is

P
Cp=

1
5 pU2_wR?

Solving the BEM Equations (3.51) and (3.52) for a given, suitable blade geometrical
and aerodynamic design yields a series of values for the power and torque coeffi-
cients which are functions of the tip speed ratio. A typical performance curve for a
modern, high-speed wind turbine is shown in Figure 3.15.

The maximum power coefficient occurs at a tip speed ratio for which the axial
flow induction factor a, which in general varies with radius, approximates most
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Figure 3.15 Power Coefficient — Tip Speed Ratio Performance Curve

closely to the Betz limit value of . At lower tip speed ratios the axial flow induction
factor can be much less than 1 and aerofoil angles of attack are high leading to
stalled conditions. For most wind turbines stalling is much more likely to occur at
the blade root because, from practical constraints, the built-in pitch angle $ of a
blade is not large enough in that region. At low tip speed ratios blade stalling is the
cause of a significant loss of power, as demonstrated in Figure 3.15. At high tip
speed ratios a is high, angles of attack are low and drag begins to predominate. At
both high and low tip speed ratios, therefore, drag is high and the general level of a
is non-optimum so the power coefficient is low. Clearly, it would be best if a turbine
can be operated at all wind speeds at a tip speed ratio close to that which gives the
maximum power coefficient.

3.6 Breakdown of the Momentum Theory
3.6.1 Free-stream/wake mixing

For heavily loaded turbines, when a is high, the momentum theory predicts a
reversal of the flow in the wake. Such a situation cannot actually occur so what
happens is that the wake becomes turbulent and, in doing so, entrains air from
outside the wake by a mixing process which re-energizes the slow moving air
which has passed through the rotor.

A rotor operating at increasingly high tip speed ratios presents a decreasingly
permeable disc to the flow. Eventually, when 4 is high enough for the axial flow
factor to be equal to one, the disc effectively becomes a solid plate.

The flow past a solid disc, because of viscosity, separates at the disc’s edge. A
boundary layer develops as the flow over the front of the disc spreads out radially
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and by the time it reaches the edge viscosity has sapped much of the kinetic energy.
As the boundary layer flows around the disc edge it accelerates causing a large
drop in static pressure (Bernoulli). To flow around the disc edge would require very
high velocity and there is insufficient static pressure to provide the necessary
kinetic energy. The flow, therefore, separates from the disc and continues in the
general stream-wise direction. In the region directly behind the disc there is slow
moving, almost stagnant, air at the low static pressure of the flow separating at the
disc edge. At the front of the disc, at the very centre, the flow is brought to rest and
so there is a large increase in static pressure as the kinetic energy is converted to
pressure energy. Elsewhere on the front surface the flow moves radially with a
velocity, outside the boundary layer, which increases towards the disc edge. The
static pressure is generally higher on the front of the disc than on the rear and so
the disc experiences a pressure drag force.

A similar process happens with a spinning rotor at high tip speed ratios. The air
which does not pass through the rotor disc moves radially outwards and separates
at the disc edge causing a low static pressure to develop behind the disc; the drop
in static pressure caused by the separation increases as the tip speed ratio rises and
the axial flow factor increases. The air which does pass through the rotor emerges
into a low pressure region and is moving slowly. There is insufficient kinetic energy
to provide the rise in static pressure necessary to achieve the ambient atmospheric
pressure that must exist in the far wake. The air can only achieve atmospheric
pressure by gaining energy from the mixing process in the turbulent wake. The
shear layer in the flow between the free-stream air and the wake air is what
becomes of the boundary layer that develops on the front of the disc. The shear
layer is unstable and breaks up into the turbulence that causes the mixing and re-
energization of the wake air.

3.6.2 Modification of rotor thrust caused by flow separation

The low static pressure downstream of the rotor disc caused by the separation of
the free-stream flow at the edge of the disc and the high static pressure at the
stagnation point on the upstream side causes a large thrust on the disc, much larger
than that predicted by the momentum theory. Some experimental results reported
by Glauert (1926) for a whole rotor can be seen in Figure 3.16 where the simple
expression for the thrust force coefficient, as derived from the momentum theory
(Ct =4a(1 — a)), is given for comparison.

The thrust (or drag) coefficient for a simple, flat circular plate is given by Hoerner
(1965) as 1.17 but, as demonstrated in Figure 3.16, the thrust on the rotating disc is
higher. It might have been expected that when a = 1 the rotor would have the same
thrust coefficient as the circular plate. The principal difference between the circular
plate and the rotor is that the latter is rotating and, as Hoerner also describes, this
causes energy to be dissipated in a thicker, rotating boundary layer on the upstream
surface of the rotor disc giving rise to an even lower pressure on the downstream
side.

It would follow from the above arguments that for high values of the axial
induction factor most of the pressure drop across the disc is not associated with
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blade circulation, there is no circulation present in the case of the circular plate.
Circulation would cause a small pressure drop similar to that given by the
momentum theory because it would be determined by the very low axial velocity of
the flow which actually permeates the disc.

3.6.3 Empirical determination of thrust coefficient

A suitable straight line through the experimental points would appear to be
possible, although Glauert proposed a parabolic curve, and provides an empirical
solution to the problem of the thrust on a heavily loaded turbine (a rotor operating
at a high value of the axial flow induction factor).

Most authors assume that the entire thrust on the rotor disc causes axial
momentum change. Therefore, for the empirical line to be useful it must be
assumed that it applies not only to the whole rotor but also to each separate stream-
tube. Let C; be the empirical value of C; when a = 1. Then, as the straight line must
be a tangent to the momentum theory parabola at the transition point, the equation
for the line is

Cr=Cr1 —4(vCr1 — 1)1 —a) (3.55)

and the value of a at the transition point is

1
ar = 1-— E AV4 CT1 (3.56)

By inspection of Figure 3.16, Cr; must lie between 1.6 and 2; Cr; = 1.816 would
appear to be the best fit to the experimental data of Figure 3.16, whereas Wilson and
Lissaman (1974) favour the lower value of Cr; = 1.6. Glauert fits a parabolic curve
to the data giving much higher values of Cr; at high values of a but he was
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considering the case of an airscrew in the windmill brake state where the angles of
attack are negative.

The flow field through the turbine under heavily loaded conditions cannot be
modelled easily and the results of this empirical analysis must be regarded as being
only approximate at best. They are, nevertheless, better than those predicted by the
momentum theory. For most practical designs the value of axial flow induction
factor rarely exceeds 0.6 and for a well-designed blade will be in the vicinity of 0.33
for much of its operational range.

For values of a greater than at it is common to replace the momentum theory
thrust in Equation (3.16) with Equation (3.55), in which case Equation (3.51) is
replaced by

(1 —a)? Cy+4(/Cri—1)(1—-a)—Cpr1 =0 (3.51a)

Or
sin 2
in which the pressure drop caused by wake rotation in ignored as it is very small.
However, as the additional pressure drop is caused by edge flow separation then

this course of action is questionable and it may be more appropriate to retain
Equation (3.51).

3.7 Blade Geometry
3.7.1 Introduction

The purpose of most wind turbines is to extract as much energy from the wind as
possible and each component of the turbine has to be optimized for that goal.
Optimal blade design is influenced by the mode of operation of the turbine, that is,
fixed rotational speed or variable rotational speed and, ideally, the wind distribu-
tion at the intended site. In practice engineering compromises are made but it is still
necessary to know what would be the best design.

Optimizing a blade design means maximizing the power output and so a suitable
solution to blade element — momentum Equations (3.51) and (3.52) is necessary.

3.7.2 Optimal design for variable-speed operation

A turbine operating at variable speed can maintain the constant tip speed ratio
required for the maximum power coefficient to be developed regardless of wind
speed. To develop the maximum possible power coefficient requires a suitable
blade geometry the conditions for which will now be derived.

For a chosen tip speed ratio A the torque developed at each blade station is
maximized if

d 2 _
da,Sm'L/,t a'(l—a)=0
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(see Equation 3.50a), giving

d 1—-a
0= (3.57)

From Equations (3.48) and (3.50a) a relationship between the flow induction factors
can be obtained. Dividing equations 3.48 and 3.50a

G
— t -1 ,
Cyq an ¢ _ Aua’(1 — a) (3.58)
— 4 2 ’
G +tang a(l —a) + (a’Au)
Ca
The flow angle ¢ is given by
1—a

Substituting Equation (3.59) into Equation (3.58) gives

G 1-a

Cqlu(l +a")  Aua'(1—a)
g+ 1—a a1l —a)+ (a'du)?
Cqa Au(l+a’)

Simplifying,

G ,
C—d(l—a)—lﬂ(1+a)_ /1#(1'(1—11)

a(l - a) + (a'Ap)?

C
Au(l + a')C—;+ (1—a)

L)~ 21+ @) | (a1~ ) + @A) = a1+ @) S (1 - )| 21— )
d d
(3.60)

At this stage the process is made easier to follow if drag is ignored, Equation (3.60)
then reduces to

a(l —a) — 2*u*a’ =0 (3.60a)

Differentiating Equation (3.60a) with respect to a" gives

(1—2a) d

W Put =0 (3.61)

and substituting Equation (3.57) into (3.61)
(1—2a)1 —a)—A*u*a’ =0 (3.62)
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Equations (3.60a) and (3.62), together, give the flow induction factors for optimized
operation

1 , a(l—a)
a:= 3 and a' = FER: (3.63)
which agree exactly with the momentum theory prediction (Equation 3.23) because
no losses, such as aerodynamic drag, have been included and the number of blades
is assumed to be large; every fluid particle which passes through the rotor disc
interacts with a blade resulting in a uniform axial velocity over the area of the disc.

To achieve the optimum conditions the blade design has to be specific and can be
determined from either of the fundamental Equations (3.48) and (3.50). Choosing
Equation (3.50), because it is the simpler, and ignoring the drag, the torque de-
veloped in optimized operation is

u3
0Q = 4mpU(Qr)a’'(1 — a)r*or = 475,0?”11(1 —a)’ror
The component of the lift per unit span in the tangential direction is therefore
3

Lsing = 4np%a(l —a)?

By the Kutta—Joukowski theorem the lift per unit span is

L=pWI
where I' is the sum of the individual blade circulations.
Consequently

u3

pWT'sing = pI'lU,.(1 —a) = 4er?°oa(l —a)? (3.64)
lo)
2

= 4:1%01(1 —a) (3.65)

The circulation is therefore uniform along the blade span and this is a condition for
optimized operation.

To determine the blade geometry, that is, how should the chord size vary along
the blade and what pitch angle g distribution is necessary, we must return to
Equation (3.50a):

WZ ¢ : 2
u—ioNEClsmfp = 8mAu-a'(1 —a)
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substituting for sin ¢ gives

ULZON% Ci(1 — a) = 8xAla’(1 — a) (3.66)
From which is derived
Ne _dhca
27 R % G

The only unknown on the right-hand side of the above equation is the value of the
lift coefficient C; and so it is common to include it on the left-side of the equation
with the chord solidity as a blade geometry parameter. The lift coefficient can be
chosen as that value which corresponds to the maximum lift/drag ratio C;/Cq as
this will minimize drag losses; even though drag has been ignored in the determi-
nation of the optimum flow induction factors and blade geometry it cannot be
ignored in the calculation of torque and power. Blade geometry also depends upon
the tip speed ratio 4 so it is also included in the blade geometry parameter. Hence

2,2 1
Neie - W (3.67)
2R A ay - Gut s )y

o,/ICI =

Introducing the optimum conditions of Equations (3.63)

8
0,AC) = 9 (3.67a)

1\° 2 72
¢ (1-3) v )

The parameter Au is called the local speed ratio and is equal to the tip speed ratio
where u = 1.

If, for a given design, C; is held constant then Figure 3.17 shows the blade plan-
form for increasing tip speed ratio. A high design tip speed ratio would require a
long, slender blade (high aspect ratio) whilst a low design tip speed ratio would
need a short, fat blade. The design tip speed ratio is that at which optimum
performance is achieved. Operating a rotor at other than the design tip speed ratio
gives a less than optimum performance even in ideal drag free conditions.

In off-optimum operation the axial inflow factor is not uniformly equal to %, in
fact it is not uniform at all.

The local inflow angle ¢ at each blade station also varies along the blade span as
shown in Equation (3.68) and Figure 3.18

1—a

tan ¢ :/17“(1 )

(3.68)
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Figure 3.17 Variation of Blade Geometry Parameter with Local Speed Ratio
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Figure 3.18 Variation of Inflow Angle with Local Speed Ratio

which, for optimum operation, is

1L
tang = —32 (3.68a)
Au <1 + —312#2)

Close to the blade root the inflow angle is large which could cause the blade to
stall in that region. If the lift coefficient is to be held constant such that drag is
minimized everywhere then the angle of attack a also needs to be uniform at the
appropriate value. For a prescribed angle of attack variation the design pitch angle
B = ¢ — a of the blade must vary accordingly.

As an example, suppose that the blade aerofoil is NACA 4412, popular for hand-
built wind turbines because the bottom (high pressure) side of the profile is almost
flat which facilitates manufacture. At a Reynolds number of about 5 X 10° the
maximum lift/drag ratio occurs at a lift coefficient of about 0.7 and an angle of
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attack of about 3°. Assuming that both C; and « are to be held constant along each
blade and there are to be three blades operating at a tip speed ratio of 6 then the
blade design in plan-form and pitch (twist) variation are shown in Figures 3.19 (a)
and (b), respectively.

3.7.3 A practical blade design

The blade design of Figure 3.19 is efficient but complex to build, and therefore
costly. Suppose the plan-form was prescribed to have a uniform taper such that the
outer part of the blade corresponds closely to Figure 3.19 (a). A straight line drawn
through the 70 percent and 90 percent span points as shown Figure 3.20 not only
simplifies the plan-form but removes a lot of material close to the root.

The expression for the new plan-form is

8 Au\ 2w
R 910.8 (2 zo.s) CAN (3.69)

The 0.8 in Equation 3.69 refers to the 80 percent point, midway between the target
points.

Equations (3.67a) and (3.69) can be combined to give the required span-wise
variation of C; for optimal operation.
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Figure 3.19 Optimum Blade Design for Three Blades and 1 = 6
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Figure 3.20 Uniform Taper Blade Design for Optimal Operation
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Close to the blade root the lift coefficient approaches the stalled condition and drag
is high but the penalty is small because the adverse torque is small in that region.

Assuming that stall does not occur and that for the aerofoil in question, which
has a 4 percent camber, the lift coefficient is given approximately by

Ci =0.1(a + 4deg)
where a is in degrees, so

G

azoi

—4deg

The blade twist distribution can now be determined from Equations (3.68a) and
(3.43).

The twist angle close to the root is still high but lower than for the constant G
blade.

Lift coefficient
I
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Figure 3.21 Span-wise Distribution of the Lift Coefficient Required for the Linear Taper
Blade
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Figure 3.22 Span-wise Distribution of the Twist Required for the Linear Taper Blade

3.7.4 Effects of drag on optimal blade design

If, despite the views of Wilson and Lissaman (1974), see Section 3.5.3, the effects of
drag are included in the determination of the flow induction factors we must return
to Equation (3.46) and follow the same procedure as described for the drag free
case.

In the current context the effects of drag are dependent upon the magnitude of
the lift/drag ratio which, in turn, depends on the aerofoil profile but largely on
Reynolds number and on the surface roughness of the blade. A high value of lift/
drag ratio would be about 150, whereas a low value would be about 40.

Unfortunately, with the inclusion of drag, the algebra of the analysis is complex.
Polynomial equations have to be solved for both a and a’. The details of the analysis
are left for the reader to discover.

In the presence of drag, the axial flow induction factor for optimal operation is
not uniform over the disc as it is in the hypothetical drag free situation. However,
the departure of the axial flow distribution from uniformity is not great, even when
the lift/drag ratio is low provided the flow around a blade remains attached.

The radial variation of the axial and tangential flow induction factors is shown in
Figure 3.23 for zero drag and for a lift/drag ratio of 40. The tangential flow
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Figure 3.23 Radial Variation of the Flow Induction Factors with and without Drag
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induction factor is lower in the presence of drag than without because the blade
drags the fluid around in the direction of rotation, opposing the general rotational
reaction to the shaft torque.

From the torque/angular momentum Equation (3.50) the blade geometry para-
meter becomes

N 42020'(1 —
NCic = wa(l—a) (3.70)
27 R WHa— g - S0 +a)

U, ok

Figure 3.24 compares the blade geometry parameter distributions for zero drag
and a lift/drag ratio of 40 and, as is evident, drag has very little effect on blade
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Figure 3.24 Span-wise Variation of the Blade Geometry Parameter with and without Drag
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Figure 3.25 Variation of Inflow Angle with Local Speed Ratio with and without Drag
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optimal design. A similar result is apparent for the inflow angle distribution where
drag also has little influence, see Figure 3.25. As far as blade design for optimal
operation is concerned drag can be ignored, greatly simplifying the process.

The results of Equation (3.54) showing the maximum power coefficients for a
range of design tip speed ratios and several lift/drag ratios is shown in Figure 3.26.
The flow induction factors have been determined without drag (Equations (3.63)),
as have the blade designs (Equations 3.67a and 3.68a), but the torque has been
calculated using Equation (3.54), which includes drag. The losses caused by drag
are significant and increase with increasing design tip speed ratio. As will be shown
later, when tip losses are also taken into account, the losses at low tip speed ratios
are even greater.

3.7.5 Optimal blade design for constant-speed operation

If the rotational speed of a turbine is maintained at a constant level as is common
for grid connected turbines then the tip speed ratio is continuously changing and a
blade optimized for a fixed tip speed ratio would not necessarily be appropriate.

No simple technique is available for the optimal design of a blade operating at
constant rotational speed. A non-linear programming method could be applied by
maximizing energy capture at a site with a specified wind-speed distribution. Al-
ternatively, a design tip speed ratio could be chosen which corresponds to the wind
speed at the specified site which contains the most energy or, more practically, the
pitch angle for the whole blade can be adjusted to maximize energy capture.
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Figure 3.26 The Variation of Maximum Cp with Design A for Various Lift/Drag Ratios
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3.8 The Effects of a Discrete Number of Blades
3.8.1 Introduction

The analysis described in the previous Sections of this chapter assumes that there is
a sufficient number of blades on the rotor for every fluid particle passing through
the rotor disc to interact with a blade, i.e., that all fluid particles undergo the same
loss of momentum. With a small number of blades some fluid particles will interact
with them but most will pass between the blades and, clearly, the loss of momen-
tum by a particle will depend on its proximity to a blade as the particle passes
through the rotor disc. The axial induced velocity will, therefore, at any instant,
vary around the disc, the average value determining the overall axial momentum of
the flow and the larger value local to a blade determining the forces on the blade.

3.8.2 Tip-losses

If the axial flow induction factor a is large at the blade position then, by Equation
(3.42), the inflow angle ¢ will be small and the lift force will be almost normal to the
rotor plane. The component of the lift force in the tangential direction will be small
and so will be its contribution to the torque. A reduced torque means reduced
power and this reduction is known as tip loss because the effect occurs only at the
outermost parts of the blades.

In order to account for tip losses, the manner in which the axial flow induction
factor varies azimuthally needs to be known but, unfortunately, this requirement is
beyond the abilities of the blade element-momentum theory.

Just as a vortex trails from the tip of an aircraft wing so does a vortex trail from
the tip of a wind turbine blade. Because the blade tip follows a circular path it
leaves a trailing vortex of a helical structure, as is shown in Figure 3.27, which
convects downstream with the wake velocity. For a two-blade rotor, unlike an
aircrafts wings, the bound circulations on the two blades are opposite in sign and
so combine to shed a straight line vortex along the rotational axis with strength
equal to the blade circulation times the number of blades.

For a single vortex to be shed from the blade tip the circulation strength along the
blade span must be uniform and, as has been shown, uniform circulation is a
requirement for optimized operation. However, the uniform circulation require-
ment assumes that the axial flow induction factor is uniform across the disc and, as
has been argued above, with discrete blades rather than a uniform disc the flow
factor is not uniform.

In the case of Figure 3.27, very close to the blade tips the tip vortex causes very
high values of the flow factor a such that, locally, the net flow past the blade is in
the upstream direction. The average value of a, azimuthally, is radially uniform
which means that if high values occur in the vicinity of the blades then low values
occur elsewhere. The azimuthal variation of a at various radial positions is shown
in Figure 3.28 for a three blade rotor operating at a top speed ratio of 6. The
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Figure 3.27 Helical Trailing Tip Vortices of a Horizontal Axis Turbine Wake

calculation for Figure 3.28 assumes a discrete vortex for each blade with a constant
pitch and constant radius helical wake.

The ratio of the average value of a to that at a blade position is shown in
Figure 3.29 and only near the tip does the ratio begin to fall to zero. The ratio is

called ‘the tip-loss factor’.

From Equation (3.20) and in the absence of tip-loss and drag the contribution of
each blade element to the overall power coefficient is

0Cp = 81%u’a’' (1 — a)ou

Substituting for a’ from Equation (3.23) gives

(3.71)
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Figure 3.28 Azithimuthal Variation of a for Various Radial Positions for a Three-blade Rotor
with Uniform Blade Circulation Operating at a Tip Speed Ratio of 6. The blades are at 120°,

240° and 360°.
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0Cp = 8ua(l — a)*ou (3.72)

Whereas, from the Kutta—Joukowski theorem, the circulation I" on the blade, which
is uniform, provides a torque per unit span of

i—? =p(WXT)sing, r
where the angle ¢, is determined by the flow velocity local to the blade.
The strength of the total circulation for all three blades is given by Equation (3.65)
and so, in the presence of tip-loss the increment of power coefficient from a blade
element is

0Cp = 8ua(l — a)(1 — a,)du (3.73)

where 2 = 1/3 is the average axial flow induction factor and a, is the value local to
the blade.

The results from Equations (3.72) and (3.73) are plotted in Figure 3.30 and clearly
show the effect of tip-loss. Equation (3.72) assumes that a = 1/3 uniformly over the
whole disc, Equation (3.73) recognizes that a is not uniform. The azimuthally
averaged value of a is equal to 1/3 at every radial position but the azimuth variation
gives rise to the tip-loss. The blade does not extract energy from the flow efficiently
because a varies. Imagine the disc comprising a myriad of elemental discs, each
with its own independent stream-tube, and not all of them operating at the Betz
limit. Note that the power loss to the wind is exactly the same as that extracted by
the blades, there is no effective drag associated with tip-loss.

With uniform circulation the azimuthal average value of a is also radially uniform
but that implies a discontinuity of axial velocity at the wake boundary with a
corresponding discontinuity in pressure. Whereas such discontinuities are accepta-
ble in the idealized actuator disc situation they will not occur in practice with a
finite number of blades. If it is assumed that a is zero outside of the wake then a
must fall to zero in a regular fashion towards the blade tips and, consequently, the
bound circulation must also fall to zero. The manner in which the circulation varies
at the tip will be governed by the blade tip design, that is, the chord and pitch
variation, and there will be a certain design which will minimize the tip-loss.
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Figure 3.29 Span-wise Variation of the Tip-loss Factor for a Blade with Uniform Circulation
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Figure 3.30 Span-wise Variation of Power Extraction in the Presence of Tip-loss for a Blade
with Uniform Circulation on a Three-blade Turbine Operating at a Tip Speed Ratio of 6

If the circulation varies along the blade span vorticity is shed into the wake in a
continuous fashion from the trailing edge. Therefore, each blade sheds a helicoidal
sheet of vorticity, as shown in Figure 3.31, rather than a single helical vortex as
shown in Figure 3.27. The helicoidal sheets convect with the wake velocity and so
there can be no flow across the sheets which can therefore be regarded as imperme-
able. The intensity of the vortex sheets is equal to the rate of change of bound
circulation along the blade span and so increases rapidly towards the blade tips.
There is flow around the blade tips because of the pressure difference between the
blade surfaces which means that on the upwind surface of the blades the flow
moves towards the tips and on the downwind surface the flow moves towards the
root. The flows from either surface leaving the trailing edge of a blade will not be

Figure 3.31 A Helicoidal Vortex Sheet Wake for a Two-blade Rotor



82 AERODYNAMICS OF HORIZONTAL-AXIS WIND TURBINES

parallel to one another and will form a surface of discontinuity of velocity in a
radial sense within the wake; the axial velocity components will be equal. The
surface of discontinuity is called a vortex sheet. A similar phenomenon occurs with
aircraft wings and a textbook of aircraft aerodynamics will explain it in greater
detail.

A deeper understanding of the mechanism of tip-loss can be obtained by
following the path of air particles. An air particle approaches the spinning rotor,
‘senses’ high pressure ahead and slows down accordingly. The high pressure on
the upwind side of the rotor blades is effectively smeared around the whole disc.
Slowing down also causes the particle to move outwards to maintain the mass flow
rate. When the particle reaches the rotor plane it will either be close to a blade or
not and its axial velocity will be affected accordingly, as shown in Figure 3.28. If the
particle passes through the rotor plane close to blade then it will also be strongly
affected by the blade’s pressure field.

A particle which passes close to and in front of a blade will leave the trailing edge
having accelerated in the tangential direction; it will then pass downstream, on the
upwind side of the vortex sheet being shed from the trailing edge and so will also
be moving radially outwards. The particle, therefore, migrates outward to the edge
of the vortex sheet around which it is swept on to the downwind side and migrates
inward with a radial velocity which reduces to zero at a radial point on the sheet
where the shed vorticity is zero. The particle then continues downstream with the
velocity of the axial and tangential velocities of the vortex sheet.

A second particle which passes a blade close to the downwind, low pressure,
surface is accelerated tangentially in the opposite direction to the blade motion and
then slows down, leaving the trailing edge with the same axial and tangential
velocity components as the first particle but on the downwind side of the vortex
sheet so it will have, in addition, a radially inwards velocity. The second particle
will, depending on its radial position, migrate inwards until the radial velocity
becomes zero.

A third particle which passes between two blades will be moving axially at a
greater velocity than the first two particles, will not be strongly affected by the
pressure fields of the blades but, because of the solid blockage presented by the
blades (see Figure 3.5), will be directed into a helical path. Being faster, axially, than
the vortex sheet ahead the particle will begin to catch up, as it does so the influence
of the vortex sheet will move it outwards, around the edge of the sheet and then
inwards, just like the first particle. Unlike the first particle, however, the third
particle will still be moving faster than the vortex sheet and so will move axially
away from the sheet, approaching the next sheet downstream and repeating the
motion around the edge of that sheet. The particle will proceed downstream over-
taking and hopping around each vortex sheet in turn.

The third particle does not lose as much axial momentum as particles one and
two and is therefore affected by the so-called tip-loss. The affect is greater the closer
the third particle is to the edge of the rotor disc as it passes through the disc.

A fourth particle passes between the blades but at a radial position, closer to the
axis of rotation, where its axial velocity is equal to that of the vortex sheets. If the
particle passes midway, say, between two blades then it remains midway between
the two corresponding vortex sheets as it moves downstream and does not undergo
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any radial motion other than the general expansion caused by the slowing down of
the flow. The fourth particle is totally unaffected by the fact that there is a finite
number of blades and follows the same progress as if it were passing through a
uniform actuator disc.

The axial flow induction factor varies, therefore, not only azimuthally but also
radially, is a function of both r and 6. The azimuthally averaged value of a(r) =
ap(r)f(r), where f(r) is known as the tip-loss factor, has a value of unity inboard
(particle 4) and falls to zero at the edge of the rotor disc. The value a,(r) is the level
of axial flow induction factor that occurs locally at a blade element and is the
velocity with which the vortex sheet convects downstream. If a,(7) can be held
radially uniform then the vortex sheets will be radially flat, as shown in Figure 3.31,
but if a;(r) is not uniform the vortex sheets will warp.

In the application of the blade element—momentum theory it is argued that the
rate of change of axial momentum is determined by the azimuthally averaged value
of axial flow induction factor, whereas the blade forces are determined by the value
of the flow factor which occurs locally at the blade element, that experienced by the
first and second particles.

The mass flow rate through an annulus = pUx (1 — a,(r) f(r))27rdr
The azimuthally averaged overall change of axial velocity = 2a,(7) f(r)Ux

The rate of change of axial momentum = 4m’pl,lio(1 — ap(r) f(r)ap(r) f(r)Or
1 1
The blade element forces = 5 pW?2NcC; and EEWZNCCd

where W, C; and Cq4 are determined using a,(r).
The pressure force caused by the rotation of the wake is also calculated using an
azimuthally averaged value of the tangential flow induction factor 2a;(r)f(r).

3.8.3 Prandtl’s approximation for the tip-loss factor

The function for the tip-loss factor f(r) is shown in Figure 3.29 for a blade with
uniform circulation operating at a tip speed ratio of 6 and is not readily obtained by
analytical means for any desired tip speed ratio. Sidney Goldstein did analyse the
tip-loss problem for application to propellers in 1929 and achieved a solution in
terms of Bessel functions but neither that nor the Biot—Savart solution used above is
suitable for inclusion in the blade element—-momentum theory. Fortunately, in 1919,
Ludwig Prandtl (reported by Betz, 1919) had already developed an ingenious
approximate solution which does yield a relatively simple analytical formula for
the tip-loss function.

Prandtl’s approximation was inspired by the fact that, being impermeable
(particles one and three in the above description pass around the outer edge of a
sheet but not through it), the vortex sheets could be replaced by material sheets
which, provided they move with the velocity dictated by the wake, would have no
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effect upon the wake flow. The theory applies only to the developed wake. In order
to simplify his analysis Prandtl replaced the helicoidal sheets with a succession of
discs, moving with the uniform, central wake velocity U, (1 — a) and separated by
the same distance as the normal distance between the vortex sheets. Conceptually,
the discs, travelling axially with velocity U (1 — a) would encounter the unattenu-
ated free-stream velocity U, at their outer edges. The fast flowing free-stream air
would tend to weave in and out between successive discs. The wider apart
successive discs the deeper, radially, the free-stream air would penetrate. Taking
any line parallel to the rotor axis at a radius r, somewhat smaller than the wake
radius (rotor radius), the average axial velocity along that line would be greater
than Uy (1 — a) and less than U,. Let the average velocity be U, (1 — af(r)), where
f(r) is the tip-loss function, has a value less than unity and falls to zero at the wake
boundary. At a distance from the wake edge the free-stream fails to penetrate and
there is little or no difference between the induced velocity at the blade and that in
the wake, i.e., f(r) = 1.

A particle path, as shown in Figure 3.32, is very similar to that described for
particle three, above, and may be interpreted as that of the average particle passing
through the rotor disc at a given radius in the actual situation: the azimuthal
variations of particle velocities at various radii are shown in Figure 3.28 and a
‘Prandtl particle’ would have a velocity equal to the average of the variation. Figure
3.32 depicts the developed wake. Prandtl’s approximation defines quite well the
downstream behaviour of particle three above, which passes the rotor plane be-
tween two blades.

The mathematical detail of Prandtl’s analysis (see Glauert (1935a)) is beyond the
scope of this text but, unlike Goldstein’s theory, the result can be expressed in
closed solution form; the tip-loss factor is given by

2
f(r) = - cos ™ [e ™ Rw/d=r/d)] (3.74)

——
Figure 3.32 Prandtl’'s Wake-disc Model to Account for Tip-losses
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Ry — r is a distance measured from the wake edge. Distance d between the discs
should be that of the distance travelled by particle three between successive vortex
sheets. Glauert (1935) takes d as being the normal distance between successive
helicoidcal vortex sheets.

The helix angle of the vortex sheets is the flow angle ¢s and so with N sheets
intertwining from N blades

_ 27Rw _ 2Ry Ux(1 —a)

N Wi

d (3.75)

sin ¢5

Prandtl’s model has no wake rotation but the discs may spin at the rotor speed
without affecting the flow at all, as it is inviscid, thus a’ is zero and Ws is the
resultant velocity (not including the radial velocity) at the edge of a disc. Glauert
(1935a) argues that Rw/Ws ~ r/W which is much more convenient to use.

W= [Ux(1 - a)2 + (Qr)

Rw—r\ N(R-r (Qr)?
”( r )‘E( d )\/”[uooa—a)]z

2
fw == cos[e N/ /TGP [1=aF | (3.76)

SO

and

The Prandtl tip-loss factor for a three-blade rotor operating at a tip speed ratio of 6
is compared with the tip-loss factor of the helical vortex wake in the Figure 3.33.
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Figure 3.33 Comparison of Prandtl Tip-loss Factor with that Predicted by a Vortex Theory
for a Three-blade Turbine Optimized for a Tip Speed Ratio of 6
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It should also be pointed out that the vortex theory of Figure 3.28 also predicts
that the tip-loss factor should be applied to the tangential flow induction factor.

It is now useful to know what is the variation of circulation along the blade. For
the previous analysis, which disregarded tip-losses, the blade circulation was
uniform (Equation (3.65)). Following the same procedure from which Equation
(3.64) was developed

3
p(W X T)sin g = pTUc(1 ~ ay(r) = dp a1 — a(r)}

Recall that a,(r) is the flow factor local to the blade at radius r, which is equal to a
and a(r) is the average value of the flow factor at radius r. Therefore

2
[0 = 1 a1~ af () 677)

I'(r) is the total circulation for all blades and is shown in Figure 3.34 and, as can be
seen, it is almost uniform except near to the tip. The dashed vertical line shows the
effective blade length (radius) R, = 0.975 if the circulation is assumed to be uniform
at the level that pertains at the inboard section of the blade.

The Prandtl tip-loss factor appears to offer an acceptable, simple solution to a
complex problem; not only does it account for the effects of discrete blades but it
also allows the induction factors to fall to zero at the edge of the rotor disc.

3.8.4 Blade root losses

At the root of a blade the circulation must fall to zero as it does at the blade tip and
so it can be presumed that a similar process occurs. The blade root will be at some
distance from the rotor axis and the airflow through the disc inside the blade root
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Figure 3.34 Span-wise Variation of Blade Circulation for a Three-blade Turbine Optimized
for a Tip Speed Ratio of 6
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radius will be at the free-stream velocity. Actually, the vortex theory of Section 3.4
can be extended to show that the flow through the root disc is somewhat higher
than the free-stream velocity. It is usual, therefore, to apply the Prandtl tip-loss
function at the blade root as well as at the tip.

If ur is the normalized root radius then the root loss factor can be determined by
modifying the tip-loss factor of Equation (3.76).

2
frlw) == cos[e N/2u=ur/10\/ TR [1=a7 (3.78)

If Equation (3.76) is now termed fr(r) the complete tip /root loss factor is

f(u) = fr(w) fr(u) (3.79)

3.8.5 Effect of tip-loss on optimum blade design and power

With no tip-loss the optimum axial flow induction factor is uniformly 1/3 over the
whole swept rotor. The presence of tip-loss changes the optimum value of the
average value of a which reduces to zero at the edge of the wake but, local to the
blade tends to increase in the tip region. If a(r) is taken as the azimuthal average at
radius r then locally, at the blade at that radius, the flow factor will be a(r)/ f(). The
inflow angle ¢ at the blade is then, from Equation (3.57),

L
1 f
tang = — ; (3.80)
S
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but Equation (3.56), which is the ratio of the non-dimensional rate of change of
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Figure 3.35 Span-wise Variation of Combined Tip/root-loss Factor for a Three-blade Tur-
bine Optimized for a Tip Speed Ratio of 6 and with a Blade Root at 20% Span
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angular momentum to the non-dimensional rate of change of axial momentum, is
not changed because it deals with the whole flow through the disc and so uses
average values. If drag is ignored for the present, Equation (3.59) becomes

~ Aua'(1 —a)
QNG = A+ (@) (3.8
Hence
i
(1 —a)dua" ( f)
a(l—a)+ (pa’)® {/w (1 + ”)]
f
which becomes
et = - a0 -0 (1-F) —o 6.82)

A great simplification can be made to Equation (3.82) by ignoring the first term
because, clearly, it disappears for much of the blade, where f =1, and for the tip
region the value of 4’2 is very small. For tip speed ratios greater than 3 neglecting
the first term makes negligible difference to the result.

2l = a (1 - ;) (3.83)

As before, Equation (3.57) still applies

da 1—a
da'” a

From Equation (3.83)

Consequently
(1—a) (1 - 25> LI
f
which combined with Equation (3.83) gives
2 1
2_Z —f=
@ -z (f+Da+ 3 f=0

SO
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1 1 1
a=ztaf—3\1-f+f2 (3:84)

The radial variation of the average value of 4, as given by Equation (3.84), and the
value local to the blade a/f is shown in Figure 3.36. An exact solution would also
have the local induced velocity falling to zero at the blade tip.

Clearly, the required blade design for optimal operation would be a little differ-
ent to that which corresponds to the Prandtl tip-loss factor because a/f, the local
flow factor, does not fall to zero at the blade tip. The use of the Prandtl tip-loss
factor leads to an approximation, but that was recognized from the outset.

The blade design, which gives optimum power output, can now be determined
by adapting Equations (3.66) and (3.67) accordingly

CEEIE

Introducing Equation (3.83) gives

O'M.Cl =

4a(1 —a)

0,AC = (3.85)

. 2
all—-—
AR 1+(f>
(17) ety
The blade geometry parameter given by Equation (3.85) is shown in Figure 3.37

compared with the design which excludes tip-loss. As can be seen, only in the tip
region is there any difference between the two designs.
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Figure 3.36 Axial Flow Factor Variation with Radius for a Three-blade Turbine Optimized
for a Tip Speed Ratio of 6
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Figure 3.37 Variation of Blade Geometry Parameter with Local Speed Ratio, with and
without Tip-loss for a Three-blade Rotor with a Design Tip Speed Ratio of 6

Similarly, the inflow angle distribution, shown in Figure 3.38, can be determined
by suitably modifying Equation (3.66)

Lt
tan¢ = f p (3.86)
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Figure 3.38 Variation of Inflow Angle with Local-Speed Ratio, with and without Tip-loss
for a Three-blade Rotor with a Design Tip Speed Ratio of 6
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Again, the effects of tip-loss are confined to the blade tip.

The power coefficient for an optimized rotor, operating at the design tip speed
ratio, without drag and tip-losses is equal to the Betz limit 0.593 but with tip-loss

there is obviously a reduced optimum power coefficient. Equation (3.20) determines
the power coefficient distribution along the blade, see Figure 3.39.
The power coefficient

P 1
Cp=7——= SAZJ a'(1—a)’du (3.87)
EpU;nRz 0

for which 4’ and 4 are obtained from Equations (3.83) and (3.84).

The maximum power coefficient that can be achieved in the presence of both
drag and tip-loss is significantly less than the Betz limit at all tip speed ratios. As is
shown in Figure 3.42 drag reduces the power coefficient at high tip speed ratios but

the effect of tip-loss is most significant at low tip speed ratios because the separation
of the helicoidal vortex sheets is large.

3.8.6 Incorporation of tip-loss for non-optimal operation

The blade element-momentum Equations (3.51), (3.51a) and (3.52) are used to
determine the flow induction factors for non-optimal operation. With tip-loss
included the BEM equations have to be modified. The necessary modification

R dCp/dr
()
i
[

0 | | |
0 0.2 0.4 0.6 0.8
/R

With tip-loss uniform circulation
— With tip-loss optimized
— 7 = No tip-loss

Figure 3.39 Span-wise Variation of Power Extraction in the Presence of Tip-loss for Three
Blades with Uniform Circulation and of Optimized Design for a Tip Speed Ratio of 6
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Figure 3.40 The Variation of Maximum Cp with Design A for Various Lift/Drag Ratios and
Including Tip-losses for a Three-bladed Rotor

depends upon whether the azimuthally averaged values of the flow factors are to
be determined or the maximum (local to a blade element) values. If the former
alternative is chosen then, in the momentum terms the flow factors remain
unmodified but in the blade element terms the flow factors must appear as the
average values divided by the tip-loss factor. Choosing to determine the maximum
values of the flow factors means that they are not modified in the blade element
terms but are multiplied by the tip-loss factor in the momentum terms. The latter
choice allows the simplest modification of Equations (3.51) and (3.52).

af o, o, >\ 1—a
_ _ 51
1—a 4sin?2¢ <Cx 4sin2¢cy) 1—af (3:51b)

af oy 1—a

= 52
1+a" 4singcosgpl—af (3.52a)

There remains the problem of the breakdown of the momentum theory when wake
mixing occurs. The helicoidal vortex sheets may not exist and so Prandtl’s approx-
imation is not physically appropriate. Nevertheless particles which pass between
blades will no doubt still lose less momentum than those which interact with a
blade and so the application of a tip-loss factor is necessary. Prandtl’s approxima-
tion is the only practical method available and so is commonly used. In view of the
manner in which the experimental results of Figure 3.16 were gathered it is the
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average value of 2 which should determine at which stage the momentum theory
breaks down.

3.9 Calculated Results for an Actual Turbine

The blade design of a turbine operating at constant uniform rotational speed and
fixed pitch is given in Table 3.1 and the aerofoil characteristics are shown in Figure
3.41.

The complete Cp — A curve for the design is given in Figure 3.15.

Using the above data the following results were obtained.

The blade is designed for optimum performance at a tip speed ratio of about 6
and, ideally, the angle of attacks uniform along the span at the level for which the
lift/drag ratio is a maximum, about 7° for the aerofoil concerned. At the lowest tip
speed ratio shown in Figure 3.42 the entire blade is stalled and for a rotational
speed of 60 r.p.m. the corresponding wind speed will be 26 m/s which is about the
cut-out speed. For the highest tip speed ratio shown the corresponding wind speed
will be 4.5 m/s, the cut-in speed. Maximum power is developed at a tip speed ratio
of 4 at a wind speed of 13 m/s and, clearly, much of the blade is stalled.

The axial flow induction factor is not uniform along the span at any tip speed
ratio, indicating that the blade design is an engineering compromise, but at the tip
speed ratio of 6 there is a value a little higher than 1/3. The flow factors shown in
Figure 3.43 are those local to the blade and so the average value of axial flow factor
will be close to 1/3 at a tip speed ratio of 6.

Generally, the axial flow factor increases with tip speed ratio while the tangential

Table 3.1 Blade Design of a 17m-diameter Rotor
Radiusr  u=r/R Chordc Pitchf  Thickness/chord

(mm) (mm) (degree) ratio of blade (%)
1700 0.20 1085 15.0 24.6
2125 0.25 1045 12.1 22.5
2150 0.30 1005 9.5 20.7
2975 0.35 965 7.6 19.5
3400 0.40 925 6.1 18.7
3825 0.45 885 49 18.1
4250 0.50 845 3.9 17.6
4675 0.55 805 3.1 17.1
5100 0.60 765 24 16.6
5525 0.65 725 1.9 16.1
5950 0.70 685 1.5 15.6
6375 0.75 645 1.2 15.1
6800 0.80 605 0.9 14.6
6375 0.85 565 0.6 14.1
7225 0.90 525 0.4 13.6
8075 0.95 485 0.2 13.1

8500 1.00 445 0.0 12.6
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flow factor decreases with tip speed ratio. The angular velocity of the wake in-
creases sharply with decreasing radius because it is determined by the root vortex.
The importance of the outboard section of the blade is clearly demonstrated in
Figure 3.44. The dramatic effect of stall is shown in the difference in torque
distribution between the tip speed ratio of 4 and the tip speed ratio of 2. Note, also,
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the flat distribution of torque at the high tip speed ratio of 12; this is caused by the
effect of drag which reduces torque as the square of the local speed ratio and with
the low angle of attack at 4 = 12 drag causes a significant loss of power.

Although the blade axial force coefficient increases with tip speed ratio it must be
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remembered that the actual thrust force increases with wind speed as is demon-
strated in Figure 3.45.

3.10 The Aerodynamics of a Wind Turbine in Steady
Yaw

The rotor axis of a wind turbine rotor is usually not aligned with the wind because
the wind is continuously changing direction; the rotor is not capable of following
this variability and so spends most of its time in a yawed condition. The yawed
rotor is less efficient than the non-yawed rotor and so it is vital to assess the
efficiency for purposes of energy production estimation.

In the yawed condition, even in a steady wind, the angle of attack on each blade
is continuously changing as it rotates and so the loads on the rotor blades are
fluctuating, causing fatigue damage. The changes in angle of attack mean that the
blade forces cause not only a thrust in the axial direction but also moments about
the yaw (z) axis and the tilt axis.

Even if the rotor is operating with a uniform induced velocity over the rotor disc
when aligned with a steady wind, once the rotor is misaligned the induced velocity
varies both azimuthally and radially which makes its determination much more
difficult (Figure 3.46).

3.10.1 Momentum theory for a turbine rotor in steady yaw

The application of the momentum theory to an actuator disc representing a yawed
rotor is somewhat problematical. The momentum theory is only capable of deter-
mining an average induced velocity for the whole rotor disc but, although in the
non-yawed case the restriction was relaxed to allow some radial variation, it would
not be appropriate to do this in the yawed case because the blade circulation is also
changing with azimuth position. If it is assumed that the force on the rotor disc,
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Figure 3.46 A Wind Turbine Yawed to the Wind Direction

which is a pressure force and so normal to the disc, is responsible for the rate of
change of momentum of the flow then the average induced velocity must also be in
a direction at right angles to the disc plane, i.e., in the axial direction. The wake is
therefore deflected to one side because a component of the induced velocity is at
right angles to the wind direction. As in the non-yawed case the average induced
velocity at the disc is half that in the wake.

Let the rotor axis be held at an angle of yaw y to the steady wind direction
(Figure 3.47) then, assuming that the rate of change of momentum in the axial

F=p APD U (cos(yy-0)2aU

F_—

U
——
a

U

2aU

Figure 3.47 Deflected Wake of a Yawed Turbine and Induced Velocities
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direction is equal to the mass flow rate through the rotor disc times the change in
velocity normal to the plane of the rotor

F=pAqUy (cosy —a)2aly (3.88)
Therefore the thrust coefficient is
Cr = 4a(cosy —a) (3.89)
and the power developed is
FU.(cosy — a)
Cp = 4a(cos y — a)? (3.90)
Figure 3.48 shows the decrease in power as the yaw angle increases.
To find the maximum value of Cp differentiate Equation (3.90) with respect to a

and set equal to zero, whence

_cosy B E
a= 3 and Cp,, = >

cos®y (3.91)

This cos® y rule is commonly adopted for power assessment in yawed flow.

A question remains: is it legitimate to apply the momentum theory in the above
manner to the yawed rotor? Transverse pressure gradients which cause the wake to
skew sideways may well also contribute to the net force on the flow in the axial
direction, influencing the axial induced velocity. The above analysis might be
satisfactory for determining the average axial induced velocity but there is even less
justification to apply the momentum theory to each blade element position than
there is in the non-yawed case. If a theory is going to be of any use in design it must

0.6

0.4

0.2

0 0.1 0.2 0.3 0.4 0.5

Figure 3.48 Power Coefficient Variation with Yaw Angle and Axial Flow Factor
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be capable of determining the induced velocity at each blade element position to a
satisfactory accuracy. The satisfactory calculation of blade forces is as important as
the estimation of power.

3.10.2 Glauert’s momentum theory for the yawed rotor

Glauert (1926) was primarily interested in the autogyro which is an aircraft with a
rotor to provide lift and a conventional propeller to provide forward thrust. The
lifting rotor has a rotational axis which inclines backwards from the vertical and by
virtue of the forward speed of the aircraft air flows through the rotor disc causing it
to rotate and to provide an upward thrust. Thus, the autogyro rotor is just like a
wind turbine rotor in yaw, when in forward flight. At high forward speeds the yaw
angle is large but in a power off vertical descent the yaw angle is zero.

Glauert maintained that at high forward speed the rotor disc, which is operating
at a high tip speed ratio, is like a wing of circular plan-form at a small angle of
attack (large yaw angle) and so the thrust on the disc is the lift on the circular wing.
Simple lifting line wing theory (see Prandtl and Tietjens, 1957) states that the down-
wash (induced velocity) at the wing, caused by the trailing vortex system, is
uniform over the wing span (transverse diameter of the disc) for a wing with an
elliptical plan-form and this would include the circular plan-form of the autogyro
rotor.

The theory gives the uniform (average) induced velocity as

2L

where L is the lift and V is the forward speed of the aircraft.
The lift is in a direction normal to the effective incident velocity W (see Figure
3.49) and so is not vertical but leans backwards. The vertical component of the lift

Lift

|
}\ Velocities

Drag
-Mg Lift

Mg
Forces

Figure 3.49 Velocities and Forces on an Autogyro in Fast Forward Flight
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supports the weight of the aircraft and the horizontal component constitutes drag.
In horizontal flight the vertical component of the lift does no work but the drag
does do work.

The vector triangles of Figure 3.49 show that

D u
TV (3.93)

In the wake of the aircraft the induced velocity u,, caused by the trailing vortices
is greater than that at the rotor. A certain mass flow rate of air, pVS, where S is an
area, normal to velocity V, yet to be determined, undergoes a downward change in
velocity u, in the far wake. By the momentum theory the rate of change of
downward momentum is equal to the lift, therefore

L =pVSu, (3.94)
The rate of work done by the drag DV must be equal to the rate at which kinetic

energy is created in the wake 1pu2 VS, because the ambient static pressure in the
wake of the aircraft is the same as the pressure ahead of the aircraft.

1
DV = 5 puz VS (3.95)

Combining Equations (3.93), (3.94) and (3.95) gives

L2
and
Uy = 2U (3.97)

Equation (3.97) should look familiar. Combining Equation (3.92), the lifting line
theory’s assessment of the induced velocity at the rotor, with Equation (3.93) gives

212

Comparing Equations (3.96) and (3.98) leads to an estimate of the required area S
S = 7R? (3.99)

S has the same area as the rotor disc but is normal to the flight direction.

Note that the above analysis has been simplified by assuming that the angle of
attack is small. Actually, the trailing vortices from the rotor are influenced by their
own induced velocity and so trail downwards behind the rotor. The induced
velocity must therefore have a forward component, which means that the air
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undergoes a rate of change of momentum in the forward direction as well, thus
balancing the drag. The drag is termed induced drag as it comes about by the
backward tilting of the lift force caused by the induced velocity and has nothing to
do with viscosity, it is entirely a pressure drag. Equation (3.92) should also be
modified to replace V by W, the resultant velocity at the disc, and the area S will be
in a plane normal to W. Also W has a direction which lies close to the plane of the
rotor and so the lift force L will be almost the same as the thrust force F, which is
normal to the plane of the rotor, and by the same argument the induced velocity is
almost normal to the plane of the rotor

2F

It can be assumed that a wind turbine rotor at high angles of yaw behaves just like
the autogyro rotor.

At zero yaw the thrust force on the wind turbine rotor disc, given by the
momentum theory, is

1
F::ﬂR2§p4ule——u) (3.101)

where U, now replaces V, so the induced velocity is

B 2F
! 2@R2p(U — 1)

(3.102)

The area S now coincides in position with the rotor disc.

Putting W = U — u to represent the resultant velocity of the flow at the disc in
Equation (3.102) then gives exactly the same Equation as (3.100) which is for a large
angle of yaw. On the basis of this argument Glauert assumed that Equation (3.100),
which is the simple momentum theory, could be applied at all angles of yaw, area
S = 7R?, through which the mass flow rate is determined, always lying in a plane
normal to the resultant velocity. The rotation of the area S is a crucially different
assumption to that of the theory of Section 3.10.1 (which will now be referred as the
axial momentum theory) and allows for part of the thrust force to be attributable to
an overall lift on the rotor disc.

Thus

F = pnR*W2u (3.103)

where

W= \/lliC sin?y + (U, cosy — u)? (3.104)

Thrust is equal to the mass flow rate times the change in velocity in the direction of
the thrust. Both F and u are assumed to be normal to the plane of the disc. The
thrust coefficient is then
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Cr= 411\/1 —a(2cosy —a) (3.105)

The power developed is a scalar quantity and so is the scalar product of the thrust
force and the resultant velocity at the disc W. Hence, the power coefficient is

Cp = 4a\/1 —a(2cosy — a)(cosy — a) (3.106)

However, as some of the thrust is attributable to lift on the rotor disc acting as a
circular wing that lift will not extract power from the wind because the net velocity
field associated with the lift does not give rise to a flow through the rotor disc. Only
that proportion of the thrust which arises from net flow through the disc will extract
energy from the flow. Consequently, the axial momentum theory is more likely to
estimate the power extraction correctly, whereas the Glauert theory is more likely
to estimate the thrust correctly.

One very useful concept that emerges from Glauert’s autogyro theory is that he
predicted that the induced velocity through the rotor would not be uniform. The
flow through the yawed rotor is depicted in Figure 3.50 and a simplification of the
contributions to the velocity normal to the plane of the rotor along the rotor
diameter parallel to the flight direction are shown. The mean induced velocity
through the rotor, as determined by Equation (3.100), is shown as uy, the normal
component of the forward velocity of the aircraft is U, cosy, also uniform over the
disc, but, to account for the flow pattern shown, there needs to be a non-uniform
component which decreases the normal induced velocity at the leading edge of the
rotor disc and increases it at the rear. From symmetry, the induced velocity along
the disc diameter normal to the flight direction (normal to the plane of the diagram)
is uniform. The simplest form of the non-uniform component of induced velocity
would be

ui(r, P) = ulé siny (3.107)

Figure 3.50 Velocities Normal to the Yawed Rotor
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where 9 is the blade azimuth angle measured in the direction of rotation, 0° being
when the blade is normal to the flight direction (or when the wind turbine blade is
vertically upwards), and u; is the amplitude of the non-uniform component which
is dependent on the yaw angle. There would, of course, need to be induced
velocities parallel to the plane of the rotor disc but these are of secondary
importance; the normal induced velocity has a much greater influence on the blade
angle of attack than the in-plane component and therefore a much greater influence
on blade element forces.

The value of u; in Equation (3.107) cannot be determined from momentum theory
but Glauert suggested that it would be of the same order of magnitude as 1. The
total induced velocity, normal to the rotor plane, may then be written as

"= g (1 n K% sin w) (3.108)

The value of K must depend upon the yaw angle.

3.10.3 Vortex cylinder model of the yawed actuator disc

The vortex theory for the non-yawed rotor given in Section 3.4 was demonstrated to
be equivalent to the momentum theory in its main results but, in addition, was
shown to give much more detail about the flow-field. As the momentum theories of
Sections 3.10.1 and 3.10.2 yield very limited results using the vortex approach for the
yawed rotor may also prove to be useful, giving more flow structure detail than the
momentum theory and, perhaps, a means of allying it with the blade element theory.

The wake of a yawed rotor is skewed to one side because the thrust F on the disc
is normal to the disc plane and so has a component normal to the flow direction.
The force on the flow therefore is in the opposite sense to F causing the flow to
accelerate both upwind and sideways. The centre line of the wake will be at an
angle y to the axis of rotation (axis normal to the disc plane) known as the wake
skew angle. The skew angle will be greater than the yaw angle (Figure 3.51). The

Figure 3.51 The Deflected Vortex Wake of a Yawed Rotor Showing the Shed Vortices of
Three Blades
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same basic theory as in Section 3.4 can be carried out for an actuator disc with a
wake skewed to the rotor axis by an angle y. There is an important proviso
however: it must be assumed that the bound circulation on the rotor disc is radially
and azimuthally uniform. As will be demonstrated the angle of attack of the blades
is changing cyclically and so it would be impossible for the uniform circulation
condition ever to be valid. What must be assumed is that the variation of circulation
around a mean value has but a small effect on the induced velocity and the wake is
therefore dominated by the vorticity shed from the blade tips by the mean value of
circulation.

The expansion of the wake again imposes a difficulty for analysis and so, as
before, it will be ignored (Figure 3.52).

The analysis of the yawed rotor was first carried out for purposes of under-
standing a helicopter rotor in forward flight by Coleman et al. (1945) but it can
readily be applied to a wind turbine rotor by reversing the signs of the circulation
and the induced velocities. An infinite number of blades is assumed as in the

Figure 3.52 A Yawed Rotor Wake without Wake Expansion

[
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f \\\

Figure 3.53 A Yawed Actuator Disc and the Skewed Vortex Cylinder Wake
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analysis of Section 3.4. The vorticity g, has a direction which remains parallel to the
yawed disc and assuming it to be uniform (not varying with the azimuth angle),
using the Biot—Savart law, induces an average velocity at the disc of all,, secy/2 in a
direction which bisects the skew angle between the central axis of the skew angle,
as shown in Figure 3.54. The average axial induced velocity, normal to the rotor
plane, is ally, as in the unyawed case. In the fully developed wake the induced
velocity is twice that at the rotor disc.

Because the average induced velocity at the disc is not in the rotor’s axial
direction, as is assumed for the momentum theory of Sections 3.10.1 and 3.10.2, the
force F on the disc, which must be in the axial direction, cannot be solely res-
ponsible for the overall rate of change of momentum of the flow; there is a change
of momentum in a direction normal to the rotor axis.

The velocity components at the rotor disc define the skew angle:

Uy (sin y —atan JZC) 2tan X
tany = - 2 (3.109)

U (cosy — a) 1 —tan ¥
2

From which it can be shown that a close, approximate relationship between y, y
and a is

x = (0.6a+1)y (3.110)

Using the velocities shown in Figure 3.54 a fresh analysis can be made of the flow.
The average force on the disc can be determined by applying Bernoulli’s equation
to both the upwind and downwind regions of the flow.

Upwind

1 1
P +§Puio = pq +§PU§1

Figure 3.54 Average Induced Velocities Caused by a Yawed Actuator Disc



106 AERODYNAMICS OF HORIZONTAL-AXIS WIND TURBINES

Downwind

- 1 2 1 2

2
(cosy — 2a)* + (siny — 2atan %) ]

where Uj is the resultant velocity at the disc.
Subtracting the two equations to obtain the pressure drop across the disc

1
Py — Pd :EPUC%O {4a<cosy+’cam)25siny—asec2 g)]

The coefficient of thrust on the disc is therefore,

Cr =4a (cosy + tan %{ siny — asec? %{) (3.111)
and the power coefficient is
_ X o 2 X
Cp=4a <cosy+tan§ siny — asec §> (cosy — a) (3.112)

In a similar manner to the Glauert theory, it is not clear how much of the thrust in
Equation (3.111) is capable of extracting energy from the flow and so the expression
for power in Equation (3.112) will probably be an over estimate. A comparison of
the maximum Cp values derived from the three theories, as a function of the yaw
angle, is shown in Figure 3.55.

0.6
Glauert momentum

047 ]

' ma Axial momentum

Vortex

02— |
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Figure 3.55 Maximum Power Coefficient Variation with Yaw Angle, Comparison of Mo-
mentum and Vortex Theories
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3.10.4 Flow expansion

The induced velocity component parallel to the skewed axis of the wake is uniform
over the disc with a value ally, as can be deduced from Figure 3.54. The induced
horizontal velocity, normal to the skewed axis of the wake is also uniform over the
area of the disc with a value a tan(y/2)Ux.

In addition to the uniform induced velocities of Figure 3.54 the expansion of the
flow gives rise to velocities in the y and z directions, respectively (i.e., directions in
a vertical plane at the skew angle y to the rotor plane, see Figure 3.56). When
resolved into the rotor plane the flow expansion velocities will give rise to a normal
induced velocity of the type predicted by Glauert in Equation (3.108).

At a point on the disc at radius r and azimuth angle 6, defined in Figure 3.56,
the induced flow expansion velocities are non-simple functions of r and 6. Across
the horizontal diameter, where 6 = +90°, Coleman et al. (1945) obtained an
analytical solution for the flow expansion velocity in the y direction that involves
complete elliptic integrals; the solution is not very practicable because numerical
evaluation requires calculating the difference between two large numbers. Simpli-
fication of the analytical solution leads to the following expression for the
horizontal flow expansion velocity which removes that difficulty but it is not in
closed form.

zZw

z", w'Radially along the blade
SRt

x", u'"Normal to the rotor plane

Axis of the skewed wake

Figure 3.56 Axis System for a Yawed Rotor
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vy, u) =

—2usin Ball, Jz sin? 2¢ 1

d 3.113
v o T a7 dmemreln + cos2epleosy size . O

where u = r/R, ¢ is a parameter arising from the elliptic integrals, which is elimi-
nated from the function by the definite integral, and all,, is the average induced
velocity as previously defined. An important feature of Equation (3.113) is that the
flow expansion velocity is proportional to the average axial flow induction factor.
Furthermore, if Equation (3.113) is divided by sec(y/2)* the result is almost
independent of the skew angle y. Let

v(y, )

sec %C siny a Uy

be defined as the flow expansion function F(ux) which is shown in Figure 3.57,
clearly demonstrating how little F(ux) changes over a range of skew angle of 0° to
60°.

At all skew angles the value of the flow expansion function is infinite at the edge
of the rotor disc, indicating a singularity in the flow which, of course, does not
occur in practice but is a result of assuming uniform blade circulation. Circulation
must fall to zero at the disc edge in a smooth fashion.

No analytical expressions for the flow expansion velocity components for values
of 6 other than +90° were developed by Coleman et al. (1945) but numerical
evaluations of the flow expansion velocities can be made using the Biot—Savart law.

The radial variation of the vertical flow expansion velocity across the vertical
diameter of the rotor disc is much the same as F(u) for skew angles between +45°
but outside of this range the vertical velocity increases more sharply than the
horizontal velocity at the disc edge. As will be shown, the vertical expansion

Figure 3.57 Flow Expansion Function Variation with Radial Position and Skew Angle
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velocity is of less importance than the horizontal velocity in determining the
aerodynamic behaviour of the yawed rotor.

The variation of the horizontal and vertical flow expansion velocities along radial
lines on the rotor disc surface at varying azimuth angles (a radius sweeping out the
disc surface as it rotates about the yawed rotor axis) shows that some further sim-
plifications can be made for small skew angles.

Figure 3.58 shows the variation of the flow expansion velocities across the rotor
disc for a skew angle of 30°. It should be emphasized that the velocity components
lie in planes that are normal to the skewed axis of the wake. Inspection of the
variations leads to simple approximations for the two velocity components.

v(y, 1, ) = al,, F(u)sec? % siny (3.114)

w(y, u, ) = al, F(u)sec? %C siny (3.115)

where

02
u sin“2e 1

F :_J de

() 7T Jo \/(1 + u)? —4usin? ¢ (u? +2ucos(e + 1)

(3.116)

The drawback of Equations (3.114) and (3.115) is the singularity in the flow
expansion function (3.116) at the outer edge of the disc. If the actuator disc is
replaced with a rotor which has a small number of blades then the flow expansion
function changes very significantly. Conducting a calculation using the Biot—Savart
law for a non-yawed, single-bladed rotor represented by a lifting line vortex of
radially uniform strength the flow expansion function can be determined numeri-
cally. It is found that the flow expansion velocity along the radial lifting line is a
function of the helix (flow) angle of the discrete line vortex shed from the tip of the
lifting line (blade). The vortex wake is assumed to be rigid in that the helix angle
and the wake diameter are fixed everywhere at the values which pertain at the
rotor. The solutions for a single-blade rotor can be used to determine the flow fields

Figure 3.58 Azimuthal and Radial Variation of Horizontal (v) and Vertical (w) Velocities on
the Rotor Plane for a Skew Angle of 30°
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for multi-blade rotors by a simple process of superposition. The resulting flow
expansion functions F(u)y are depicted in Figure 3.59 for one-, two- and three-blade
rotors.

The radial variations in Figure 3.59 have been extended beyond the rotor radius
to show the continuity which exists for the discrete blade situation as compared
with the singularity that occurs for the actuator disc. There are two striking features
of the flow expansion functions of Figure 3.59: the function is heavily modified by
the value of the helix angle ¢ and the negative values (flow contraction) that can
occur for the single-blade rotor.

An analytical expression which approximates the form of the diagrams shown in
Figure 3.59 for two- and three-bladed rotors is

F
E o N) - (1) 1 (3.117)
tan” ¢y 2 _ ,)\005/tang [ *
\/ 14 50— F(u)" (E(u)(2 = w)) (tan o *8)
where
1—a
ST

is the tangent of the flow angle at which the tip vortex is shed from the blade tips.
The approximation of Equation (3.117) is shown in Figure 3.60 for two- and three-
bladed rotors.

When transformed as components of velocity with respect to axes rotating about
the rotor axis (x”, ¥” and z” axes as shown in Figure 3.56) the flow expansion
velocities of Equations (3.114) and (3.116) are resolved into the components that are
normal and tangential to the blade element (see Figure 3.63).

The normal component is

u" = all, (1 + F(u)2tan ’E‘ sin 1/1) (3.118)

2

One blade Two blades Three blades

Figure 3.59 Flow Expansion Functions for One-, Two- and Three-blade Rotors
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Figure 3.60 Approximate Flow Expansion Functions for Two- and Three-blade Rotors
And the tangential component is
"_ X X
v" = aly, cos i tan 5 1+ F(u)2tan 5 siny (3.119)

to which must be added the components of the wind velocity U,

the normal component
U" = cosy Uy (3.120)
and the tangential component
V =cosysiny Uy (3.121)

There is a radial (span-wise) velocity component but this will not influence the
angle of attack so can be ignored.

Clearly, from Equation (3.118), the Coleman theory determines the function K(y),
see equation 3.108, as being

Ke(y) = 2tan%f (3.122)

In addition there is the tangential velocity Qr caused by blade rotation and also the
induced wake rotation but the latter will be ignored initially.

The velocities of Equations (3.118) to (3.121) will produce a lower angle of attack
when the azimuth angle v is positive, see Figure 3.57, than when it is negative and
so the angle of attack will vary cyclically. When v is positive the incident normal
velocity u” lies closer to the radial axis of the blade than when v is negative. The



112 AERODYNAMICS OF HORIZONTAL-AXIS WIND TURBINES

difference in angle of attack can be attributed to flow expansion as depicted in
Figure 3.61.

The variation of the angle of attack makes the flow about a blade aerofoil
unsteady and so the lift will have a response of the kind discussed in Section 3.1.
The blade circulation will therefore vary during the course of a revolution, which
means that the vortex model is incomplete because it is derived from the assump-
tion that the circulation is constant.

There is clearly additional vorticity in the wake being shed from the blades’
trailing edges influencing the induced velocity, which is not accounted for in the
theory. The additional induced velocity would be cyclic so would probably not
affect the average induced velocity normal to the rotor disc but would affect the
amplitude and phasing of the angle of attack.

Further numerical analysis of the Coleman vortex theory reveals that at skew
angles greater than +45° higher harmonics than just the one per revolution term in
Equation (3.108) become significant in the flow expansion induced velocities. Only
odd harmonics are present, reflecting the anti-symmetry about the yaw axis.

3.10.5 Related theories

A number of refinements to the Glauert and Coleman theories have been proposed
by other researchers, mostly addressing helicopter aerodynamics but some have
been directed specifically at wind turbines. In particular, Jye (1992) undertook the
same analysis as Coleman and proposed a simple curve-fit to Equation (3.116)

1
Fo(u) =5 (u + 0.4u° 4 0.41°) (3.123)

@ye has clearly avoided the very large values that Equation (3.116) produces
close to the outer edge of the disc and Equation (3.122) is in general accordance with
the flow expansion functions shown in Figure 3.59.

High angle of attack

Low angle of attack

Figure 3.61 Flow Expansion Causes a Differential Angle of Attack
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Figure 3.62 Jye’s Curve-fit to Coleman’s Flow Expansion Function

Meijer Drees (1949) has extended the Coleman et al. vortex model to include a
cosinusoidal variation of blade circulation. The main result is a modification to the
function K(x) but Meijer-Drees retained Glauert’s assumption of linear variation of
normal induced velocity with radius

. 2
4
u = _auoc{l oul- 1.8(512)/) ]tan ’E‘ sinw} (3.124)

3

(see Schepers and Snel, 1995).

3.10.6 Wake rotation for a turbine rotor in steady yaw

Wake rotation is, of course, present in the wake flow but cannot be related only to
the torque. The vortex theory needs also to include a root vortex, which will lie in
the wake along the skewed wake axis. The rotation in the wake will therefore be
about the skewed wake axis and not about the axis of rotation and the wake rotation
velocity will lie in a plane normal to the skewed wake axis.

To determine the wake rotation velocity the rate of change of angular momentum
about the skewed wake axis will be equated to the moment about the axis produced
by blade forces.

If the wake rotation velocity is described, as before, in terms of the angular
velocity of the rotor then

0" = Qr"a' h(y) (3.125)

where the triple prime denotes an axis system rotating about the wake axis and h(0)
is a function which determines the intensity of the root vortex’s influence. In the
non-yawed case the root vortex induces a velocity at the rotor which is half of that it
induces in the far wake at the same radial distance and the same would apply to a
disc normal to the skewed axis with a centre located at the same position as the



114 AERODYNAMICS OF HORIZONTAL-AXIS WIND TURBINES

actual rotor disc. The distance upstream or downstream of a point on the actual
rotor disc from the plane of the disc normal to the wake axis determines the value
of the root vortex influence function h(1y). The value of h(y) will lie between 0.0 and
2.0, being equal to 1.0 at points on the vertical diameter.

The velocity induced by a semi-infinite line vortex of strength I lying along the x-
axis from zero to infinity at a point with cylindrical co-ordinates (x", v", r") is,
using the Biot—Savart law,

0 0
_ F x///
Ve —— | (14— | = | " 3.126
4™ ( \/m) v ( )
0
0

The induced velocity when x"” = oo is twice that when x” = 0 and is zero when
x" = —oc.
For a point on the rotor disc (0, v, r) the corresponding co-ordinates (x", y", ")

in normal disc axes are

"

X" = —y"siny = rsinysiny, r"” = ry/cos 2 + cos y2 sin >

and

cosyp"” = ri cos vy, siny"” = ri siny cosy (3.127)

m "

the induced velocity at the same point is

x”’
V" =Qr"a' 1+ —— 3.128
(1+7m==) 0129

So, transforming the velocity of (3.126) to the rotating axes in the plane of the rotor
disc

1 0 0 cosy siny O 1 0 0 0
V"=10 cos Y siny | | —siny cosy 0| |0 cosy” —sinyp”||0v"
0 —siny cosy 0 0 1]|o siny” cosy” 0
(3.129)
Substituting (3.127) and (3.128) into (3.129) gives
cos P siny
V= cosy Qra'(1 + sinysiny) (3.130)

0
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Thus the wake rotation produces two velocity components, one in the rotor plane
and one normal to the rotor plane; there is no radial component.

3.10.7 The blade element theory for a turbine rotor in steady yaw

There is doubt about the applicability of the blade element theory in the case of a
yawed turbine because the flow, local to a blade element, is unsteady and because
the theory representing the vortex half of the equation, which replaces the momen-
tum theory, is incomplete in this respect. However, it is not clear how large or
significant are the unsteady forces. If the unsteady forces are large then the blade
element theory is inapplicable and the results of applying the theory will bear no
relation to measured results. If the unsteady forces are small then there should be
some correspondence with actual values. In a steady yawed condition the flow
velocities at a point on the rotor disc do not change with time, if an infinity of blades
is assumed, and so there is no added mass term to consider. However, the change
of angle of attack with time at a point on the blade does mean that the two
dimensional lift force should really be modified by a lift deficiency function similar
to that determined by Theodorsen (1935) for the rectilinear wake of sinusoidally
pitching aerofoil.

Neglecting the effects of shed vorticity the net velocities in the plane of a local
blade element are shown in Figure 3.63. The radial (span-wise) velocity component
is not shown in Figure 3.63 but it is neglected as it is not considered to have any
influence on the angle of attack and therefore on the lift force.

The flow angle ¢ is then determined by the components of velocity shown in
Figure 3.63.

Q1 +(1+a' «cos () +«(1 + sin(y) «sin (%)))
+U -cos () -[a -tan(%) «(1 + F(r) -K(x) -sin()) — sin(y)

U (-cos (y) —a(l + F(r)-K(x) -sin(\)))
+Qera'-«cos(y) -sin(y) (1+sin(y) =sin(y)))

Figure 3.63 The Velocity Components in the Plane of a Blade Cross-Section
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Uso(cosy — a(l + F(u)K(y)siny)) - - -
+ Qra’cos y sin y(1 + siny siny)

tang = (Qr(1+a’cosy(l +sinysiny))) - - (3.131)
+ Uy cos(y) {a tan %(1 + F(u)K(y)siny) — sin y]
where r is measured radially from the axis of rotor rotation.
The angle of attack a is found from
a=¢—-p (3.132)

Lift and drag coefficients taken from two-dimensional experimental data, just as for
the non-yawed case, are determined from the angle of attack calculation for each
blade element (each combination of u and ).

3.10.8 The blade element—-momentum theory for a rotor in steady
yaw

The forces on a blade element can be determined via Equations (3.131) and (3.132)
for given values of the flow induction factors.

The thrust force will be calculated using Equation (3.46) in Section 3.5.3, which is
for a complete annular ring of radius r and radial thickness dr.

O0Lcos¢ + O0Dsing = %pWZNC(Cl cos ¢ + Cq sin ¢p)or (3.46)

For an elemental area of the annular ring swept out as the rotor turns through an
angle oy the proportion of the force is

1 0
OF, = ~ pW2Ne(Cy cos ¢ + Cq sin ¢)or oY
2 27
putting C, = Cjcos ¢ + Cqsin¢ and
5 _Ne
" 2mr
then
1 2
oF, = EpW 0,Cyroroy (3.133)

The values of C; and Cg should really include unsteady effects because of the ever
changing blade circulation with azimuth angle which will depend upon the level of
the reduced frequency of the circulation fluctuation.

If it is chosen to ignore drag, or use only that part of the drag attributable to
pressure, then Equation (3.133) should be modified accordingly.
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The rate of change of momentum will use either Equation (3.105), Glauert’s
theory, or Equation (3.111), the vortex cylinder theory; in both equations the flow
induction factor a should be replaced by af to account for Prandtl tip loss.

For Glauert’s theory

OF, = %pllioélaf\/l — af(2cosy — af)royor (3.134a)

Or, for the vortex theory,
1.9 X o 2X
OF,, = Epuoo4af cosy + tanzsmy — af sec 5 royYor (3.134b)

The Equations (3.134) do not include the drop in pressure caused by wake rotation
but to do this would require greater detail about wake rotation velocities from the
vortex theory. The algebraic complexity of estimating the wake rotation velocities is
great and even then fluctuation of bound circulation is ignored. The drop in
pressure caused by wake rotation, however, is shown to be small in the non-yawed
case and so it is assumed that it can safely be ignored in the yawed case.

The moment of the blade element force about the wake axis is

oy

1
oM, = EpWZNc(cosw sin yCy + costyrcﬁrﬂ

where
Cy = Csing — Cqcos ¢

therefore
1
oM, = Epwzar(cos Y sinyCy + cos ny)rzé roy (3.135)

The rate of change of angular momentum is the mass flow rate through an
elemental area of the disc times the tangential velocity times radius.

OM,, = pUy(cosy — af)roypor2a’ fQr">
where
"% = r*(cos® y + cos” y sin® 1)

therefore

oM,, = %pUﬁo/IpAa’f(cos y — af)(cos? y + cos? y sin? ) r2Ordy (3.136)
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The momentum theory, as developed, applies only to the whole rotor disc where
the flow induction factor a is the average value for the disc. However, it may be
argued that it is better to apply the momentum equations to an annular ring, as in
the non-yawed case, to determine a distribution of the flow induction factors
varying with radius, reflecting radial variation of circulation. Certainly, for the
angular momentum case the tangential flow factor a’ will not vary with azimuth
position because it is generated by the root vortex and although, in fact, the axial
flow factor a does vary with azimuth angle it is consistent to use an annular average
for this factor as well.

To find an average for an annular ring the elemental values of force and moment
must be integrated around the ring.

For the axial momentum case, taking the vortex method as an example,

71 2 X 2 X
J Eplloo4af (COS‘}/ + tan 5 siny — af sec E) rordy
0

27
:J 1pWZo,erérdt/J
0 2

Therefore

X ¥ 27 WZ
8maf <cos y + tan 5 siny — af sec? 2) = orj = Cydy (3.137)
0 YUy

The resultant velocity W and the normal force coefficient C, are functions of 1. And
for the angular momentum case

27 1
J Eplliolulla’f(cos y — af)(cos® i + cos? y sin® ) r?dr dy
0

27 1
= L ipwzor(cos YsinyCy + cos yC,)r*drdy

which reduces to

27 2
4a’ f(cosy — af)Aum(1l + cos®y) = orJ u—z(cos yYsinyCy +cosyC,)dy  (3.138)
0 ]

The non-dimensionalized resultant velocity relative to a blade element is given by
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w2 {(cosy—a)m r (3.139)

u—ic |+ Aua’ cos iy sin y(1 + siny sin y)

(Au(1 4 a’ cos y(1 + sinpsiny))) ---1°

+ X .
+ cosz//(a tan 5~ sin y)

Note that the flow expansion terms, those terms that involve F(u)K(y), have been
excluded from the velocity components in Equation (3.139) because flow expansion
is not present in the wake and so there is no associated momentum change. The
blade force, which arises from the flow expansion velocity, is balanced in the wake
by pressure forces acting on the sides of the stream-tubes, which have a stream-
wise component because the stream-tubes are expanding.

Equations (3.137) and (3.138) can be solved by iteration, the integrals being
determined numerically. Initial values are chosen for a and a’, usually zero. For a
given blade geometry, at each blade element position # and at each blade azimuth
position v, the flow angle ¢ is calculated from Equation (3.131), which have been
suitably modified to remove the flow expansion velocity, in accordance with Equa-
tion (3.139). Then, knowing the blade pitch angle § at the blade element, the local
angle of attack can be found. Lift and drag coefficients are obtained from tabulated
aerofoil data. Once an annular ring (constant u) has been completed the integrals
are calculated. The new value of axial flow factor a is determined from Equation
(3.137) and then the tangential flow factor a’ is found from Equation (3.138).
Iteration proceeds for the same annular ring until a satisfactory convergence is
achieved before moving to the next annular ring (value of u).

Although the theory supports only the determination of azimuthally averaged
values of the axial flow induced velocity, once the averaged tangential flow
induction factors have been calculated the elemental form of the momentum equa-
tion (3.134) and the blade element force (Equation (3.133)) can be employed to yield
values of 2 which vary with azimuth.

For the determination of blade forces the flow expansion velocities must be
included. The total velocity components, normal and tangential to a blade element,
are then as shown in Figure 3.63 and the resultant velocity is

w2 [(cosy —a(l + F(w)K(x)siny)) - - 'r . (3.139a)

u—gc |+ Aua’ cos iy siny(1 + siny sin i)
(Au(l +a’ cosx(1 +sinysiny))) - - -

+ cosy [a tan %(1 + F(u)K(y)siny) — sin y}
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3.10.9 Calculated values of induced velocity

The measurement of the induced velocities of a wind turbine rotor in yaw has been
undertaken at Delft University of Technology, (Snel and Schepers, 1995). The tests
were carried out using a small wind tunnel model so that a steady yaw could be
maintained in a steady wind with no tower shadow and no wind shear. The rotor
had two blades of 1.2 m diameter which were twisted but had a uniform chord
length of 80 mm. The blade root was at a radius of 180 mm and the blade twist was
9° at the root varying linearly with radius to 4° at 540 mm radius and remaining at
4° from there to the tip. The blade aerofoil profile was NACA 0012. The rotor speed
was kept constant at 720 rev/min and the wind speed was held constant at 6.0 m/s.
Tests were carried out at 10°, 20° and 30° of yaw ang]le.

Calculated induced velocities using the vortex momentum equation for the Delft
turbine are shown in Figure 3.64; these are the average values for each annulus
obtained using Equation (3.137) and (3.138).

The component velocities at each blade element, as defined in Figure 3.63, are
shown in Figure 3.65. Because of the rotational speed of the blades the tangential
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Figure 3.64 Azimuthally Averaged Induced Velocity Factors for the Delft Turbine
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Figure 3.65 Component Velocities, Normalized with Wind Speed, at 30° of Yaw
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velocity is much greater than the normal velocity but it is the latter which most
influences the variation in angle of attack at the important, outboard sections of the
blades, shown in Figure 3.66.

At the inboard sections of the blades it is the variation in tangential velocity
which mostly influences the angle of attack variation and this is largely as a result
of the changing geometry with azimuth angle rather than the effect of induced
velocity.

3.10.10 Blade forces for a rotor in steady yaw

Once the flow induction factors have been determined blade forces can then be
calculated. Although the flow expansion velocity is excluded from the determina-
tion of the flow induction factors, on the grounds that the consequent blade forces
do not cause any change in the momentum of the flow because flow expansion is
not present in the developed wake, it must be included when the blade forces are
calculated. The flow expansion velocity should be dependent on an overall average
value of the axial flow induction factor but it is more convenient to use the annular
average value as determined by Equations (3.137) and (3.138).

The flow angle and the angle of attack need to be determined anew at each blade
element position # and at each blade azimuth position 6 because the flow expansion
velocity must now be included, so Equation (3.131) is used in its unmodified form.
Drag must also be included in the determination of forces even if it was not in the
calculation of the induced velocities.

The blade force per unit span normal to the plane of rotation is

% F, = % pW2cC, (3.140)

which will vary with the azimuth position of the blade. The total force normal to

the rotor plane can be obtained by integrating Equation (3.138) along the blade

length for each of the blades, taking account of their azimuthal separation, and

summing the results. The total normal force will also vary with rotor azimuth.
Similarly, the tangential blade force per unit span is

o
AN =g "‘“
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Figure 3.66 Angle of Attack Variation at 30° of Yaw
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d 1
o h= EpWZCCy

and the blade torque contribution about the axis of rotation is

d 1,

The total torque is found by integrating along each blade and summing over all the
blades, just as for the normal force. Again, the torque on the rotor will vary with
azimuth position so to find the average torque will require a further integration
with respect to azimuth.

3.10.11 Yawing and tilting moments in steady yaw

The asymmetry of the flow through a yawed rotor, caused by the flow expansion,
means that a blade sweeping upwind has a higher angle of attack than when it is
sweeping downwind, as shown in Figure 3.61. The blade lift upwind will therefore
be greater than the lift downwind and a similar differential applies to the forces
normal to the rotor plane. It can be seen, therefore, that there is a net moment about
the yaw (vertical axis) in a direction which will tend to restore the rotor axis to a
position aligned with the wind direction. The yawing moment is obtained from the
normal force of Equation (3.140)

%MZ = % pW2crsinyCy (3.142)
which will also vary with the azimuth position of the blade. The total single-blade
yawing moment at each azimuth position is obtained by integrating Equation
(3.142) along the length of the blade. Summing the moments for all blades, suitably
separated in phase, will result in the yawing moment on the rotor.

A similar calculation can be made for the tilting moment, the moment about the
horizontal diametral axis (y-axis) of the rotor:

d 1 2
aMz = EpW crcos YCy (3.143)

Measured results of rotor yaw moment for the Delft turbine are shown in Figure
3.67 and the corresponding calculated yawing moments are shown in Figure 3.68.

The measured yawing moments were derived from strain gauge readings of the
flat-wise bending strain close to the root of the blade at 129 mm radius. Flat-wise, or
flap-wise bending causes only displacements normal to the rotor plane. The calcu-
lated yawing moments are determined at the same radial position on the blade and
are, therefore, not the true yawing moments about the actual yaw axis.

The comparison between the measured and calculated yaw moments is quite
good taking into account the limitations of the theory. At 30° of yaw the calculated
values underestimate the measurements significantly whereas at the two lower
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Figure 3.67 Measured Yaw Moments on the Delft Turbine, (Snel and Schepers, 1995)
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angles the correspondence is much closer. It should be noted that the mean yawing
moment is not zero and that the sign of the moment, being negative, means that it
endeavours to restore the rotor axis to alignment with the wind direction.

The yawing moment comparison is a test of the usefulness of the theory devel-
oped in this section and it would seem that for general engineering purposes it
passes the test.

The measured tilting moments (Figure 3.69) appear to be of about the amplitude
for all three yaw angles whereas the calculated moments (Figure 3.70) increase with
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Figure 3.69 Measured Tilt Moments on the Delft Turbine, (Snel and Schepers, 1995)
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yaw angle. For 30° of yaw the magnitudes of the measured and calculated tilting
moments are comparable. The measured mean tilting moment is quite definitely
non-zero and positive but the calculated mean moment is much smaller although
still positive. A positive tilt rotation would displace the upper part of the rotor disc
in the downwind direction. In the theory the small mean tilting moment is caused
by the wake rotation velocities.

A theory based upon computational fluid mechanics should provide a much
more accurate prediction of the aerodynamics of a wind turbine in yaw. However,
the severe computational time limitations associated with CFD solutions precludes
their use in favour of the simple theory outlined in these pages.

3.11 The Method of Acceleration Potential
3.11.1 Introduction

An aerodynamic model that is applied to the flight performance of helicopter rotors,
and which can also be applied to wind turbine rotors that are lightly loaded, is that
based upon the idea of acceleration potential. The method allows distributions of
the pressure drop across an actuator disc that are more general than the, strictly,
uniform pressure distribution of the momentum theory. The model has been
expounded by Kinner (1937), inspired by Prandtl, who has developed expressions
for the pressure field in the vicinity of an actuator disc, treating it as a circular wing.
To regard a rotor as a circular wing requires an infinity of very slender blades so
that the solidity remains small.

Kinner’s theory, which is derived from the Euler equations, assumes that the
induced velocities are small compared with the general flow velocity. If u, v and w
are the velocities induced by the actuator disc in the x-, y- and z-directions,
respectively, and which are very much smaller than the free-stream velocity in the
x-direction U, then the rate of change of momentum in the x-direction of a unit
volume of air will be in response to the pressure gradient in that direction

(Us+uw) | OUs+w) OUxt+w)] _ Dp (3.144)

0
p|(Uss + 1) Ox oy 0z ox

The free-stream velocity U,, does not change with position therefore, for example,
O(Ux)/0x = 0. Also, U, > (u, v, w) and so, for example, v(du1/dy) can be ignored
in comparison with U, (9u/dx). The momentum equation in the x-direction then
simplifies to

ou %

Pl o=~ (3.145a)

Similarly, in the y- and z-directions, the momentum equations are also simplified
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v 0p
and
ow  Jdp

Differentiating each momentum equation with respect to its particular direction
and adding together the results gives

o (ou v Ow Pp  Pp Pp
Pt 5y (a Ty _8z> - <_8x2 "oy T a2z
but, for continuity of the flow,

@+@+87w70
ox dy 0z

therefore

Pp Pp Pp
w“ra—yz-f—ﬁ—o (3.146)

which is the Laplace equation governing the pressure field on and surrounding the
actuator disc. Given the boundary conditions at the actuator disc Equation (3.146)
can be solved for the pressure field and, in particular, the pressure distribution at
the disc. The pressure is continuous everywhere except across the disc surfaces
where there is the usual pressure discontinuity, or pressure drop, in the wind
turbine case.

In Coleman’s analysis (1945) the pressure drop distribution across the disc is
uniform (it is only as a result of combining the theory with the blade element theory
that a non-uniform pressure distribution can be achieved) but falls to zero, abruptly,
at the disc edge. Kinner assumes that the pressure drop is zero at the disc edge and
changes in a continuous manner as radius decreases.

The simplified Euler Equations (3.145) allow pressure to be regarded as the
potential field from which the acceleration field can be obtained, by differentiation,
and thence the velocity field, by integration. Commencing upstream where the
known free-stream conditions apply the velocity components can be determined by
progressive integration towards the disc.

3.11.2 The general pressure distribution theory of Kinner

Kinner’s solution (1937) is mathematically complex and is achieved by means of a
co-ordinate transformation. The Cartesian co-ordinates centred in the rotor plane
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(x", v, z), as defined in Figure 3.56, are transformed to, what is termed, an
ellipsoidal co-ordinate system (v, 7, ¥), ¥ is the azimuth angle.

"

% — oy, % = V1—02/1+ p?siny and %: VI— /14 2cosy  (3.147)

On the surface of the rotor disc # =0 and r/R=u = Vv1—1? or, conversely,
v=+/1—u?

The transformation separates the variables and allows the pressure field to be
expressed as the product of three functions

p(, 1, y) = P1(V)P2()P3(y) (3.148)

each separate function being the solution of a separate, ordinary differential equa-
tion,

d d 2
- {(1 — Uz)ECI)l(U)] n [n(n +1)— %] @y (v) = 0 (3.149a)
d d 2
=D+ [T p|ea =0 @14
& d 2ds(y) =0 3.149
d—l/ﬂ 3(y) + m@3(y) = (3.149¢)

where m and n are positive integers.

Equations (3.149a) and (3.149b) have the form of Legendre’s associated differen-
tial equations which has solutions which are called associated Legendre polyno-
mials of the first and second kinds, respectively (see van Bussel, 1995).

If m =0 then Equations (3.149a) and (3.149b) are reduced to Legendre’s differ-
ential equations the solutions for which are

D, (v) = Py(v) (3.150a)
and
®1(v) = Qu(v) (3.150b)

where P,(v) is a Legendre polynomial of the first kind and Q,(y) is a Legendre
polynomial of the second kind.

1 dn
2npl don

P,(v) = (v - 1" (3.151)

Although the polynomials extend beyond the range v* <1, over that interval the
polynomials are mutually orthogonal
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Jl P,0)Pedv =0 n#k (3.152)
~1

For n = 0 the Legendre polynomial of the second kind is

Qu(v) = %m G - Z) (3.153)

For n >0 the Legendre polynomials of the second kind Q,(v) can be obtained from
the polynomials of the first kind. For n =1 to 4

Qi) = (Pi(0)Qo(v)) — 1

Q:(0) = (PAO)Q() — 50 (3.154)
Q) = (POQ) ~ 20+
Quo) = (P0) Qo) — 207+ 220

The solutions for Equation (3.149b), with m = 0, are the same as for (3.149a) but
with imaginary arguments, i.e.,

Dy(n) = Pu(in) (3.155a)
and
D, (17) = Qnl(in) (3.155b)
where
Qo(in) = itan"'(n) for n<1
and

Qo(in) = l<g —tan! 77) for p>1
For non-zero values of the integer m the solutions of Equation (3.149a) become
m 2\1m/2 da”
PY()=(1-v9) du—mPn(v) (3.156)

If m> n then P}'(v) = 0.
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m m dm
Qn (U) = (1 - Uz) /ZWQH(U)
But, from Equation (3.153), Qf(v) = oo at v* =1 which is physically inapplicable

and so these functions are excluded from the solution.
For solutions of Equation (3.149b) for non-zero values of m

, P
P™(in) = (1 +n*)"* —— Qi P,.(in)

Inspection reveals that P}’ (i) — oo as 7 — oo which means that pressure would be
infinite in the far field which is not physically acceptable therefore these terms will
also not be included.

mgs mj2 4"
Qn (in) =1+ 772) /Zd m

(in) (3.157)

Equations (3.156) and (3.157) are known as associated Legendre polynomials.
The solution to differential Equation (3.149c¢) is more straight forward than for the
other two governing equations

D3(y) = cos my, sin my (3.158)

The complete solution, therefore, for the pressure field surrounding a rotor disc is

M N
p(v, 1, ) = Z Z "(0)Q"(in)(C™ cos my + D™ sin myp) (3.159)

The upper limits M and N can have any positive integer value.

The polynomial Q}/(in) is imaginary for odd values of m and real for even values
therefore the arbitrary constants C}' and D!’ must be real or imaginary, accordingly,
in order that the pressure field be real.

Any combination of terms in Equation (3.159) can be used, whatever suits the
conditions. For there to be a pressure discontinuity across the disc, but continuously
varying pressure elsewhere the solutions must be restricted to those for which
n+m is odd. Of course, limiting the number of terms, other than has been
described, may result in an approximate solution.

The pressure discontinuity across the rotor disc will be as shown in Figure 3.2.
The magnitude of the step in pressure will be twice the pressure level (above the far
field level) that occurs just upstream of the disc. The pressure gradient, however,
normal to the rotor disc, will be continuous.

3.11.3 The axi-symmetric pressure distributions

For the wind turbine rotor disc the simplest situation is for m = 0 which means that
the pressure distribution is axisymmetric. The permitted values of # must be odd.
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For n = 1 the polynomials are
PY(v) = v =+/1—u? (3.160a)

and
0(s a1
Qj(in) = ntan i 1 (3.160b)

So, on the disc, where 7 = 0, Q?(iO) =-1
Therefore, the pressure distribution is

plu) = —CYv/1 — (3.161)

If the pressure in Equation (3.161) is non-dimensionalized using the free-stream
dynamic pressure (1/2)pU?> the value of C] can be related to the thrust coefficient
by integrating the pressure distribution of Equation (3.161) over the disc area

27 1 2
aR*Cr = —R%‘{L JO\/l — 2udpdy = —gnch(f
Therefore,
0 3
G =- ) Cr (3.162)
and so the pressure step across the disc is
3
pi(w) = Crov/1-u (3.163)

All the remaining polynomials (for m = 0 and odd values of n>1) produce zero
thrust. To modify the pressure distribution to suit the boundary conditions an
appropriate linear combination of solutions can be added to that of Equation
(3.163).

The application to helicopter rotors leads to a requirement for the pressure and
the radial pressure gradient to be zero at the rotor axis as these conditions corre-
spond to the pressure on actual rotors. The above pressure distribution does not
have zero pressure at the rotor axis and so needs to be combined with at least one
other solution. The second axisymmetric solution, n = 3, is

Pi(v) = %u(s:;2 -3)= % V1 — u2@2 —5u%) (3.164a)

and

0(; /) 41,5, 2 0 2
__n L < _< 164
Qs(in) 2(517 + 3) tan 77—&-277 +3, so Q3(i0) 3 (3.164b)
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The second pressure distribution is, therefore,

1
pau) =3 C3V/1 — 122 — 5p) (3.165)
The sum of the two pressure distributions must be zero where u = 0, so
9
A=--C
3 4 T

and the combination of the two distributions is

15
pr-2(u) = ZCTﬂ2\/ 1—u? (3.166)

The three distributions are shown in Figure 3.71.

As most modern wind turbines are designed to achieve as uniform a pressure
distribution as practicable, to maximize efficiency, the form chosen for the helicop-
ter rotor might need to be modified. A uniform pressure distribution can be formed
by combining solutions but, because the pressure discontinuity must itself be
discontinuous at the disc edge, it would mean that a great many solutions would be
required. Tip-loss effects would require zero pressure at both the blade tips and at
the hub but for most of the blade span the pressure should be uniform. It should be
pointed out that the blade loading caused by uniform pressure does increase linearly
with radius.

The induced velocity field caused by the axisymmetric pressure distribution has
to be obtained from the pressure field by integrating Equations (3.145) commencing
far upstream where free-stream conditions are assumed to apply. The upstream
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Figure 3.71 Radial Pressure Distributions of the First Two Solutions and their Combination
to Satisfy the Requirements at the Rotor Axis
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conditions also depend upon the angle of yaw of the disc. The integration continues
until a point on the disc is reached where the induced velocity is to be determined.

The particular induced velocity component that is most important for determin-
ing the angle of attack on a blade element is normal to the rotor disc, i.e., the axial
induced velocity. Mangler and Squire (1950) calculated the axial induced velocity
distribution as a function of yaw angle by expressing the velocity as a Fourier series
of the azimuth angle 1.

—Cr <M n i A, y)sin k¢> (3.167)

u
Us 2 =1

For the pressure distribution of Equation (3.166) the Fourier coefficients are

15
Ao(p, y) = =5 21— i)' (3.168a)
15z > Y
Ai(u, y) = 256 uOp” — tan (3.168b)
_ 457 5 7\’

Higher-order odd terms are zero. There are also even terms which have the general
form

3 [k+o <9u2+k2—6> 3v } 1-o\"2
_ (_1)k2/22 Y k2
Ae=(-D) 4{1@—1 -9 ) e—o\ity) "2
where v? = 1 — 42 and k is an even integer greater than zero.
The average value of the axial induced flow factor is independent of yaw angle
and is given by

where 1y is the average axial induced velocity.
Thus, the average value of the axial flow induced flow factor is related to the
thrust coefficient by

CT = 4{10 (3169)

compared with the momentum theory Cr = 4a9(1 — a9) or compared with any of
the expressions developed for yawed conditions (Equations (3.91), (3.106) and
(3.112)).

Because of the assumption that the induced velocity is small compared with the
flow velocity, ap is small compared with 1. Clearly, the acceleration potential
method only applies if the value of Cr is much less than 1.
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The once per revolution term in Equation (3.167) will cause an angle of attack
variation and, hence, a lift variation that will cause a yawing moment on the disc.
However, the pressure distribution, being axi-symmetric, cannot cause a yawing
moment. The situation is much the same as for the vortex theory of Coleman,
Feingold and Stempin (1945).

Pitt and Peters (1981) use, or rather, impose Glauert’s assumption (Equation
(3.108)) for the variation of the axial induced flow factor:

a=ay+asusiny (3.170)

The value of as is obtained by equating the first moment about the yaw axis of
Equation (3.170) with the first moment of Equation (3.167) using the Mangler and
Squire velocity distributions of Equations (3.168).

27 1
J J usiny(ag + asu siny)2au du dy
0 Jo

27 ¢l 00
:J JﬂsinwcT<‘%(’2"y)+ZAk(ﬂ, y)sinkt/)>ﬂd/¢d1/1 (3.171)
0 Jo k=1

All terms, apart from that containing A;, vanish on integration, giving

157

57 128

tan %CT (3.172)

Hence, using Equation (3.169), the axial induced velocity becomes

1
a=ap <1 + %ytan % sin 1/)) (3.173)

Which, apart from the use of the yaw angle instead of the wake skew angle, has the
same form as Equations (3.108) and (3.118) and so there is some consistency in the
various methods for dealing with yawed flow.

3.11.4 The anti-symmetric pressure distributions

As has been determined in Section 3.10.11, there is a moment about the vertical
diameter of a yawed wind turbine rotor disc, the restoring yaw moment. An axi-
symmetric pressure distribution, however, is not capable of producing a yaw
moment and so more terms from the series solution of Equation (3.159) need to be
included.

The only terms in Equation (3.159) which will yield a yawing moment are those
for which m =1 and for which D!, # 0. Terms for which m =1 and C}, # 0 will
cause a tilting moment. Recalling that m 4 n must be odd to achieve a pressure
discontinuity across the disc the values of 1 that may be combined with m = 1 must
be even.
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Because of the nature of the Legendre polynomials only one term in the series of
Equation (3.159) will produce a net thrust and only one term will produce a yawing
moment, which is a first moment. Similarly only one term will produce a second
moment, and so on.

The unique term in Equation (3.159) which yields a yawing moment is that for
which m =1, n = 2 and C, # 0, therefore

Py(v) = 3vV1 — 12 = 3u\/1 — u? (3.174)
and
1 i
Ql(in) = 3in\/1 + 2 tan™' = — 3i\/1 + 92 + —, (3.175)
? n V1+n?
SO
Q5(i0) = —2i (3.175a)

A zero pressure gradient at the rotor axis is not appropriate in this case because the
pressure distribution is anti-symmetric about the yaw axis, therefore,

p(u, ¥) = Py(1)Q,(i0) Dy siny = —6iDyur/1 — 2 siny (3.176)

The pressure distribution is shown in Figure 3.72.
The yawing moment coefficient is defined by

M:

Coi = (3.177)

1
—pU?* 7R?
2P

As before, if the pressure in Equation (3.176) is non-dimensionalized by the free-
stream dynamic pressure (1/2)p Uic, then

Figure 3.72 The Form of the Pressure Distribution which Yields a Yawing Moment



THE METHOD OF ACCELERATION POTENTIAL 135

2
TTJo Jo 0

1 27 1 -1 1 T
Cor = || woim v, vy = —6iD3 | u*VT=iau| "siny ay G179
which gives

chmz (3.179)

iDy = —

To establish a relationship between the yawing moment coefficient and the axial
velocity induced by the pressure distribution of Equation (3.176) the velocity distri-
bution has to be obtained by integrating Equations (3.145). Unfortunately, no
analytical solution has been determined for the anti-symmetric case, as Mangler
and Squire have done for the symmetric case. Numerical values of induced velo-
cities need to be calculated from Equations (3.145) using the pressure distribution
defined by Equations (3.174) and (3.175).

Pitt and Peters (1981) have determined the axial velocity distribution for values of
the yaw angle from 0° to 90°: the yaw angle fixes the far upstream conditions where
the integration commences. The velocity distribution found corresponds to that of
Equation (3.167) for the axi-symmetric case. Pitt and Peters again impose the form
of Equation (3.170) and determine the average value of the axial induced velocity ag
and the value of a;, using the same method of Equation (3.171); in both cases, of
course, numerical integration is necessary.

The values of ay, are not zero, as might have been expected from the anti-
symmetric pressure distribution, but are equal and opposite to the values of s
found for the corrected axi-symmetric pressure distribution of Equation (3.166). The
variation of the two coefficients 4y and a;, with yaw angle y is determined
numerically but, using the Mangler and Squire analytical forms for guidance,
analytical variations can be inferred. Pitt and Peters found that the linearized axial
induced velocity distribution is

1
= — %ntan gcmz (3.180)

and
a5 — — (1 ~ tan? %) Cone (3.181)

Pitt and Peters also include a cosine term in the linearized axial induced flow factor
representation of Equation (3.170) which will only arise if C; # 0

a=ayg+ asusiny + aucosy (3.182)

In which case there will be an additional pressure distribution given by

p(u, ¥) = Py(u)Q5(i0)C; cos y = 6iCur/1 — 2 cos y (3.183)



136 AERODYNAMICS OF HORIZONTAL-AXIS WIND TURBINES

The tilting moment coefficient is given by

2 (1 1 2
Cy = EL Jo'u cosyp(u, Y)ududy = 761@/13\/1 —u? dyL cos*ydy (3.184)

Therefore
a1 5
iC, = —ZnCmy (3.185)

The axial induced velocity distribution resulting from the pressure field of Equation
(3.183) is calculated by integration of Equations (3.145) and is then matched with
the linear velocity distribution of Equation (3.182) using the same method as for
Equation (3.171).

2 1
J J ucosy(ag + acu cos )2mu du dy
0 Jo

27 1 00
:J J ucosyCr (Ao(#'z—w—&- ZAk(pt, y)cos kw),udpt dy (3.186)
k=1

0 Jo

The functions A,(u, y) being determined numerically. Again, using the Mangler
and Squire results as guidance, an expression for 4. is found.

a. = —sec? %cmy (3.187)

3.11.5 The Pitt and Peters model

Pitt and Peters (1981) have developed the linear theory that relates the axial induced
flow factors to the thrust and moment coefficients given in Equations (3.169),
(3.172), (3.180), (3.181) and (3.187) which collect together in matrix form

1 15 y
1 0 — @ntan 5
ao 5 y CT
a, 0 —sec” 5 0 Cony (3.188a)
as 15 y y sz
- L8 _ _ 27
128 7T tan > 0 (1 tan )
(a) = [LI(C) (3.188b)

The procedure for using Equation (3.188) is to assume initial values for (a) from
which the values of (C) can be calculated from the blade element theory. New
values of (a) are then found from Equation (3.188) and an iteration proceeds.
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For the wind turbine the value of 29 may not be small compared with 1 and so the
above procedure will converge on values of ayp which are too small compared with
what the momentum theory would deliver.

To produce more realistic results that is, results in line with Glauert’s momentum
theory where

Cr= 411\/1 —a(2cosy —a) = 4aAg(a) (3.105)

or the Coleman theory, where
— s 20X\ _
Cr = 4a| cosy + tan 5 siny — asec 5= 4aAc(a) (3.111)

Also, the wake skew angle should be used in matrix [L] instead of the yaw angle.
The matrix [L] should then be modified to become

' 1 15 7
4A(a0) 0 T8Ny
(1] = 0 —sec? 2 0 (3.189)
15 X 2 X
_128A(a0)ﬂtan > 0 (1 tan 2) |

where A(ag) is chosen according to which momentum theory is to be used.

The Pitt and Peters method does not include any determination of induced
velocities in the plane of the rotor disc and as a consequence it is not possible to
account for wake rotation. However, it is possible that the Kinner solutions Q)'(v)
that were excluded from the analysis because they give infinite pressure at > =1,
which lies along the axis of rotation, may give velocity distributions which provide
for wake rotation; the momentum theory of Section 3.3 also predicts an infinite
pressure at the axis of rotation because of wake rotation. In practice, of course, the
rotor disc would not extend to the axis of rotation and the singularity would not
occur.

With or without wake rotation a flow angle ¢ can be determined from which a
torque can be found. If the normal force on an element of the rotor disc is equal to
OL cos ¢ then the tangential force will be SL sin ¢.

3.11.6 The general acceleration potential method

Peters with a number of associates has developed the theory further and a reading
of these references (Pitt and Peters, 1981, Goanker and Peters, 1988, HaQuang and
Peters, 1988) is recommended. The acceleration potential method has been devel-
oped specifically for wind turbines by van Bussell (1995) where a much more
comprehensive account of the theory is given.
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3.11.7 Comparison of methods

A project to compare existing methods of predicting yaw behaviour, among other
aspects of the aerodynamic behaviour of wind turbines, was reported upon (Snel
and Schepers, 1995). Figure 3.73 shows results obtained by various methods for
predicting the yawing moment of the 2 MW, three-blade turbine at Tjeereborg in
Denmark at a yaw angle of 32° and a wind speed of 8.5 m/s.

Most of the theoretical predictions in Figure 3.73 have the correct phasing and
about the correct mean yawing moment but the amplitude of the yawing moment
varies. In this example the second method bears the closest comparison with the
measured data. Generally, the amplitude of the yawing moment variation is under-
estimated by the theoretical predictions, whereas the mean yawing moment is quite
well predicted.
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Figure 3.73 Yawing Moment on the Tjeereborg Turbine at 32° Yaw and 8.5 m/s, (Srel and
Schepers 1995)
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3.12 Stall Delay

A phenomenon first noticed on propellers by Himmelskamp (1945) is that of lift
coefficients being attained at the inboard section of a rotating blade which are
significantly in excess of the maximum value possible in two-dimensional static
tests. In other words the angle of attack at which stall occurs is greater for a rotating
blade than for the same blade tested statically. The power output of a rotor is
measurably increased by the stall-delay phenomenon and, if included, improves
the comparison of theoretical prediction with measured output. It is noticed that
the effect is greater near the blade root and decreases with radius.

The reason for the stall delay has been the cause of much discussion but a
convincing physical process has not yet been established. What is agreed is that, for
whatever reason, the adverse pressure gradient experienced by the flow passing
over the downwind surface of the blade is reduced by the blade’s rotation. The
adverse pressure gradient slows down the flow as it approaches the trailing edge of
the blade after the velocity peak reached close the the leading edge. In the boundary
layer viscosity also slows down the flow and the combination of the two effects, if
sufficiently large, can bring the boundary layer flow to a standstill (relative to the
blade surface) or even cause a reversal of flow direction. When flow reversal takes
place the flow separates from the blade surface and stall occurs giving rise to loss of
lift and a dramatic increase in pressure drag.

Aerodynamic analyses (Wood (1991) and Snel et al. (1993)) of rotating blades
using computational fluid dynamic techniques, which include the effects of viscos-
ity, do show a decrease in the adverse pressure gradient but it is not obvious from
these numerical calculations as to what exactly is occurring physically.

It is also agreed that the parameter that influences stall delay predominantly is
the local blade solidity c(r)/r. The evidence which does exist shows that for
attached flow conditions, below what would otherwise be the static (non-rotating)
stall angle of attack, there is little difference between two-dimensional flow condi-
tions and rotating conditions. When stall does occur, however, the air in the
separated region, which is moving very slowly with respect to the blade surface, is
rotating with the blade and so is subject to centrifugal force causing it to flow
radially outwards. Prior to stalling taking place, centrifugal forces on the fluid in
the boundary layer, again causing radial flow, may reduce the displacement
thickness and so increase the resistance to separation.

Blade surface pressures have been measured by Ronsten (1991) on a blade while
static and while rotating. Figure 3.74 shows the comparison of surface pressure
coefficients for similar angles of attack in the static and rotating conditions (tip
speed ratio of 4.32) for three span-wise locations. At the 30% span location the
estimated angle of attack at 30.41° is well above the static stall level which is
demonstrated by the static pressure coefficient distribution. The rotating pressure
coefficient distribution at 30% span shows a high leading edge suction pressure
peak with a uniform pressure recovery slope over the rear section of the upper
surface of the chord. The gradual slope of the pressure recovery indicates a reduced
adverse pressure gradient with the effect on the boundary layer that it is less likely
to separate. The level of the leading edge suction peak, however, is very much less
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r/R=30% 55% 75%

30.41 18.12

o Rotating + Static

Figure 3.74 Pressure Measurements on the Surface of a Wind Turbine Blade while Rotating
and while Static by Ronsten (1991)

than it would be if, in the non-rotating situation, it were possible for flow still to be
attached at 30.41°.

The situation at the 55% span-wise location is similar to that at 30%; the static
pressures indicate that the section has stalled but the rotating pressures show
leading edge suction peak which is small but significant. At the 75% span location
there is almost no difference between static and rotating blade pressure coefficient
distributions at an angle of attack of 12.94°, which is below the static stall level; the
leading edge suction pressure peak is a little higher than that at 30% span, much
higher than that at 55% but the pressure recovery slope is much steeper. The flow
appears to be attached at the 30% and 55% span locations on the rotating blade, but
the suction pressures are too low for that actually to be the case, so stall appears to
be greatly delayed and the low adverse pressure gradient shown by the gentle slope
of the pressure recovery appears to indicate the reason for the delay. At 30% span
the ratio ¢/r = 0.374, ¢/r = 0.161 at 55% span and at the 75% location c¢/r = 0.093.
The increased lift also occurs in the post stall region and is attributed to the radial
flow in the separated flow regions.

Snel, et al. 1993, have proposed a simple, empirical modification to the usually
available two dimensional, static aerofoil lift coefficient data which fits the meas-
ured lift coefficients by Ronsten (1991) and computed results using a three-dimen-
sional computational fluid dynamics code.

Table 3.2 Summary of Ronsten’s measurements of lift coefficient and lift coefficients
corrected to rotating conditions using Equation (3.190)

r/R*100 30% 55% 75%
¢/R 0.374 0.161 0.093
Angle of attack a 30.41° 18.12° 12.94°
C; static (measured) 0.8 0.74 1.3
C; rotating (measured) 1.83 0.93 1.3

C) rotating (Snel, 1995) 1.87 0.84 1.3
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Figure 3.75 A Comparison of Measured and Snel’s Predicted Power Curves for a NOR-
TANK 300 kW Turbine

If the linear part of the static, two-dimensional, C; — a curve is extended beyond
the stall then let AC be the difference between the two curves. Then the correction

to the two-dimensional curve to account for the rotational, three-dimensional,
effects is 3(c/r)*AC;.

2
Ciop = Cipp + 3(;) AG (3.190)

Table 3.2 compares the measured static (Cy,,,) and rotating (Cy,,) lift coefficients
with the calculated values for the rotating values using Snel’s correction of Equation
(3.190). The correction is quite good and is very simple to apply. An example of the
correction is given by Snel et al. (1993) and is shown in Figure 3.75.

3.13 Unsteady flow — Dynamic inflow
3.13.1 Introduction

Natural winds are almost never steady in either strength or direction and so it is
seldom that the conditions for the momentum theory apply. It takes a finite time for
the wind to travel from far upwind of a rotor to far downwind and in that time
wind conditions will change so an equilibrium state is never achieved. Even if the
‘average’ wind speed changes only slowly small-scale turbulence will cause a
continuous unsteadiness in the velocities impinging on a rotor blade.

Several approximate solutions offer themselves for the determination of the
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dynamic flow conditions at the rotor disc. It could be assumed that the induced
velocity remains fixed at the level determined by the average wind speed blowing
over a set period of time, that may be quite short. The wake remains frozen while
the unsteady component of the wind passes through the rotor disc unattenuated by
the presence of the rotor. The unsteady forces, that would impose zero net force on
the rotor, would be determined by the blade element theory. Alternatively, the
induced velocity through the rotor disc could be determined from the instantaneous
wind velocity as if that velocity was steady. The induced velocity will change as the
wind speed changes but it must be assumed that the entire wake changes instanta-
neously to remain in step. Equilibrium in the wake is maintained at all times. The
truth lies somewhere between the two scenarios given above, both of which rely on
simple assumptions about the state of the wake.

The acceleration potential method avoids reference to the wake and allows the
flow conditions at the rotor disc to be determined by the upwind flow field, which
is much simpler to determine than that of the wake.

In steady-flow conditions the velocity at a fixed point in the upwind flow field is
constant; acceleration of the flow from point to point takes place (e.g., U.(0u/0x) in
the x-direction, assuming u, the induced velocity, is much smaller than Uy) but no
rate of change of velocity with time (e.g., du/0t) occurs at a single point. In
unsteady flow, conditions at a fixed point do change with time and the total
acceleration in the x-direction is then (Ou/0t) + U (0u/0x). The additional accelera-
tion requires an additional inertia force the reaction to which will change the force
on the rotor disc. The additional force is often termed the added mass force because
if the unsteadiness in the relative flow past a blade can be attributed not to flow
turbulence but to an unsteady motion of the blade itself some of the air will be
forced to move (accelerate) with the blade, effectively adding to the mass of the
blade.

3.13.2 Adaptation of the acceleration potential method to unsteady
flow

If the unsteady acceleration terms are added to Equations (3.145), which are
simplified to account for the induced velocities being very much smaller than the
wind velocity, then those equations become

(200, 2) o

ot * Ox Ox
ov ov op
-~ =2t 3.191
p(at + U 8x> oy ( )
ow ow\  0p
P(E + U 5) ="z

As before, differentiating each equation with respect to its particular direction and
adding together the results gives
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but, for continuity of the flow,

ou v o _
ox Jdy 0z
Therefore the condition
Pp Pp  Pp_

02 "oy T a2 T

applies together with the Kinner pressure distributions of Section 3.11.2.
The accelerations
(22,20, 00)
ot’ ot” ot

can be determined directly from Equations (3.191) without integration being
necessary but it is only the component 9u/0t that is required because it is normal to
the rotor disc and so will give rise to a normal force.

The solutions for

ou__ 9p
U
Prox = " ox

have already been obtained in Sections 3.11.2-3.11.4 and so it remains to determine
the solutions for

ou_ _9p (3.192)

Equation (3.192) cannot be solved for the velocity u because that is the solution of
the complete equation that is the first of Equations (3.191). What can be determined
from Equation (3.192) is the acceleration du/0t for which it is necessary to differ-
entiate the chosen pressure distribution. The Kinner pressure distributions, that are
solutions of Equations (3.149), are given as functions of the ellipsoidal co-ordinates
(v, m, ¥) so to obtain the derivative with respect to x a co-ordinate transformation is
required. The relationships between the ellipsoidal co-ordinates and the Cartesian
co-ordinates (x, y, z) are given in Equations (3.157) from which can be obtained the
derivatives dx/dv, 0x/dn, dx/0y, etc., but what are really needed are the inverses
of these derivatives.
We can find by appropriate differentiations of Equations (3.147)

9 _ox"o oy 9 920
dv v dx"  dvdy vz
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for example, and so the complete Jacobian can be determined:
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the inverse of which is what is required:

(0] [ov on Ow] O]

ox" ox" 9ox" ox"| | Ov
o | |ov oq oy || 0

ay'| oy’ 9y 9y || on G159
ol | o oaw|lo
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The Jacobian matrix of Equation (3.193) can be determined algebraically from
Equations (3.147) and this can then be inverted algebraically to give the inverse
Jacobian of Equation (3.194). From the inverse Jacobian it is found that

o  nl-1v®) 0 vd+p) O
ox"  R(y? +v?)ov + R(2 + 1) Oy (3.195)

However, only the acceleration at the rotor disc itself is required and there the value
of 7 is zero so
0 1 0
- = 1
0x"  Rovoy (3.196)
If the corrected axi-symmetric pressure drop distribution of Equation (3.166) is
chosen, to conform with the steady flow case then, for the whole flow field,

1
{—77] tan~! " +4(1 - U2)] e

1
p(v, ) = gucm + 150%1? (n tan~! ) 1) . (3.197)

1
+ 9y {77 + (v® — p?)tan! ;]

in which the pressure is normalized by (1/2)p Uio. The term Crp is the contribution
to the total thrust coefficient of the dynamic acceleration Ju/0t. Note that, as
explained at the end of Section 3.11.1, the pressure level just upwind of the rotor
disc, as given by Equation (3.197), is half the magnitude of the pressure drop across
the disc given by Equation (3.166).
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By means of Equation (3.195), at the rotor plane, where # = 0, the pressure
gradient is found to be

dp 1157

—r 2
o~ Rea cPOV =)

Therefore, in terms of parameter u, from Equation (3.192)

ou__opl ., 115z 1 »

It should be noted that the axial acceleration distribution is axi-symmetric and
independent of the yaw angle.
The mean value of axial acceleration over the area of the disc is

ou,  75x U%

The non-dimensional form of the acceleration can be expressed as

Oay R Ou, 757
—_—— = — .2
ot U2 9t 256 G (3.200)

where a, = u,/U,, axial flow factor and 7 = tR/U,, which is called non-dimen-
sional time.
The axial force on the disc is

1
Fx = EPUiOﬂRZCTD

Substituting for Ctp from Equation (3.199) gives

128 ou
F,=——pR*->2
T 75 PR ot

(3.201)

The added mass is, therefore, (128/75)pR®.

The added mass term associated with a solid disc is 8/3 (Tuckerman, 1925),
compared with 128 /75 given in Equation (3.201), is in agreement with the value that
is given by the uncorrected axi-symmetric Kinner pressure distribution of Equa-
tions (3.160). Although Pitt and Peters (1981) determine the value 128/75 in subse-
quent papers by Peters and other workers the value 8/3 is recommended and has
come to be generally accepted (see Schepers and Snel, 1995). The use of the so-called
‘corrected” pressure distribution for wind turbines has already been questioned in
Section 3.11.3; there is no need to impose a zero pressure difference on the rotor
disc at the rotation axis.
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3.13.3 Unsteady yawing and tilting moments

For unsteady flow in yaw the normal unsteady acceleration distribution on the disc
is required to have the same form of linear variation as the velocity, given in
Equation (3.182). In terms of flow factors

Oa Oayg Oag
=——+

. oa.
% or E,u siny + Eﬂ cos Y (3.202)

The condition that causes a yawing moment arises from the anti-symmetric
pressure distribution of Section 3.11.4 and can be obtained from Equations (3.175).
For the whole field surrounding the rotor disc the pressure distribution is

3 . 1 .
p(v, n, y) = —EDév\/l —Uz<3”7\/1+772tan1 ;—31 1+7%+

i .
\/T—nz> S ’l/)

which, on the disc, produces the pressure shown in Figure 3.72. The coefficient D}
is related to the yawing moment coefficient in Equation (3.179)

iDy = —Zcmz (3.179)

Therefore

15 1 1
0,1, 1Y) = —Cp0V1— 02 37/1+n2tan ' = —3/1+ 12 + ———— |sin
po,n, ) =4 (77\/ " , " m) Y

(3.203)

As before, the pressure in Equation (3.203) is non-dimensionalized by the free-
stream dynamic pressure (1/2)pU? .

Applying the differential operator given in Equation (3.196) to Equation (3.203),
from Equation (3.192) we get at the rotor disc, where =0,

ous 45 U% .

In terms of non-dimensional time and velocity

Oas 45 .

8_; = S—ZJTszD,Lt sin (3.205)
Similarly, if there is a tilting moment then the corresponding acceleration is

Oa. 45

By = S—ZﬂC myDMU COS Y (3.206)

The radial variation is linear and so no linearization adjustment is necessary. Again,
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the acceleration is independent of yaw angle. The mean acceleration is zero and so
there is no coupling between the cases.
The relationship between accelerations and force coefficients is therefore

6 ][
37 ot Cr
32 oa
- | =|Cn 3.207
0 457 0 ot Y ( 2)
o o 2||om| Lol
4571 Lor
oa
(Ml ¢ = {Clo (3.207b)

The complete equation of motion combines Equation (3.207) and the steady yaw
Equation (3.188). The combination is achieved by adding the corresponding force
coefficients, which means that both equations must be inverted.

{244 (117 (a) = (Cho + {03 (3.208)

The right-hand side of Equation (3.208) can also be determined from blade element
theory and will be a time-dependent function of the inflow factor. The blade forces
will vary in a manner determined by the time-varying velocity of the oncoming
wind and consequent dynamic structural deflections of the necessarily elastic rotor.
Equation (3.208) applies to the whole rotor disc and the blade element forces need
to be integrated along the blade lengths.

Numerical solutions to Equation (3.208) require a procedure for dealing with
first-order differential equations and the tried and tested fourth-order Runge-Kutta
method is recommended. Starting with a steady-state solution the progress in time
of the induced velocity as an unsteady flow passes through the rotor can be tracked.
However, non-dimensionalizing with respect to wind speed is not very useful if
wind speed is changing dynamically and it is common to work directly in terms of
induced velocity rather than flow factors.

Equation (3.208) really applies to the whole rotor and the only spatial variation of
the induced velocity and acceleration that is permitted is as defined in Equations
(3.182) and (3.202). However, a relaxation of the strict approach has been adopted
by several workers (see, for example, Schepers and Snel, 1995) where the induced
velocities are determined for separate annular rings, as described in Section 3.10.8.
The added mass term for an annular ring can be taken as a proportion of the whole
added mass according to the appropriate acceleration distribution, Equations
(3.198), (3.204) and (3.206).

Figure 3.76 shows measured and calculated flap-wise (out of the rotor plane)
blade root bending moments for the Tjeereborg turbine caused by a pitch change
from 0.070° to 3.716° with the reversed change 30 seconds later. The turbine was not
in yaw and the wind speed was 8.7 m/s. The calculated results were made
according to the equilibrium wake method and with a differential equation method
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Figure 3.76 Measured and Calculated Blade Root Bending Moment Responses to Blade
Pitch Angle Changes on the Tjeereborg Turbine (from Lindenburg, 1996).

similar to that of Equation 3.206. The comparison with the measured results clearly
shows that the dynamic analysis predicts the initial overshoot in bending moment
whereas the equilibrium wake method does not. Neither theory predicts the steady
state bending moment achieved betweeen the pitch changes. Figure 3.76 is taken
from Reference (27) which describes the PHATAS III aero-elastic code developed at
ECN in the Netherlands. The Tjereborg turbine is sited near Esbjerg in Denmark,
details of which can be obtained from Snel and Schepers, 1995.

The solution procedure requires the time varying blade element force to deter-
mine the right-hand side of Equation (3.208), but calculating the lift and drag forces
on a blade element in unsteady flow conditions is not a straight forward process.
The lift force on a blade element is dependent upon the circulation around the
element but after a change in conditions the circulation takes time to settle at a new
level and in the interim the instantaneous lift cannot be determined via the instan-
taneous angle of attack. In a continuously changing situation the lift is not in phase
with the angle of attack and does not have a magnitude that can be determined
using static, two-dimensional aerofoil lift versus angle of attack data.

3.13.5 Quasi-steady aerofoil aerodynamics

When the oncoming flow relative to an aerofoil is unsteady the angle of attack is
continuously changing and so the lift also is changing with time. The simple, but
incorrect, way of dealing with this problem is to assume that the instantaneous
angle of attack corresponds to the same lift coefficient as if that angle of attack were
to be constantly applied. The angle of attack is determined by the oncoming flow
velocity and the velocity of the blade’s motion. If the blade motion includes a
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torsional (pitching) component then the angle of attack will vary along the chord
length: thin aerofoil theory (see Anderson, 1991) shows that the point 3/4 of the
chord length from the leading edge is where the angle of attack must be deter-
mined.

The velocities that determine the quasi-steady angle of attack for a rotor blade
element are shown in Figure 3.77, the dot represents differentiation with respect to
time t.

The flow velocity W(t), which includes the rotational speed of the blade element,
varies in magnitude and direction (aw(t)) with the unsteady wind. W(t) also
includes the induced velocities caused by the rotor disc as might be determined by
Equation (3.208). The elastic deflection velocities (subscript e) caused by blade
vibration also influence the quasi-steady angle of attack, which is

() = aw(t) - {ueu) - (Z _ h) C] ﬁ (3.209)

The structural velocity caused by chord-wise (edge-wise) deflections of the blade
will also influence the angle of attack but by a very small amount. The non-
dimensional parameter /i defines the position of the pitching axis (flexural axis,
shear centre position) of the blade element.

Assuming the structural deflection velocities to be small the lift force per unit
span is then

1 , dG .
L(t) = EpW(t) ¢ 3g Sin a(t) (3.210)

The lift-curve slope dC;/da is assumed to be the same as for the static case.

3.14.6 Aerodynamic forces caused by aerofoil acceleration

In addition to the circulatory forces there are forces on the aerofoil caused by the
inertia of the surrounding air that is accelerated as the aerofoil accelerates in its
motion. The additional terms are added mass forces. The added mass per unit span
of blade can be shown to be that of a circular cylinder of air of diameter equal to the
aerofoil chord (zc?/4)p. There are two components to the added mass force (Fung,

1969).
T%m . Ve(t) - Be(t)(3/4-h)c
) \ e
h 3/4 chord point

W@

Figure 3.77 Unsteady Flow and Structural Velocities Adjacent to a Rotor Blade
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(1) A lift force with the centre of pressure at the mid-chord point of an amount
equal to the apparent mass times the acceleration normal to the chord line of the
mid-chord point:

1 OV 1 ?Be
Ln(t) = —chzp{at — c(i— h> 8% (3.211)

(2) A lift force with the centre of pressure at the 3/4 chord point, of the nature of a
centrifugal force, of an amount equal to the apparent mass times W(t)(0f./0t)

9Pe
ot

1
Luo(t) = — ch2p W(t) (3.212)
There is also a nose-down pitching moment equal to the apparent moment of inertia
(/128)c*p (which, actually, is only a quarter of the moment of inertia per unit
length of the cylinder of air of diameter c) times the pitching acceleration 6%f. /0t

4 PBe
ot?

1

The added masses are determined by a process similar to that of Section 3.13.2.

3.13.7 The effect of the wake on aerofoil aerodynamics in unsteady
flow

If the angle of attack of the flow relative to an aerofoil changes, the strength of the
circulation also changes, but the process is not instantaneous because the circulation
can only develop gradually. To determine how the lift on an aerofoil actually
develops with time after an impulsive change of angle of attack occurs it is
necessary to include the wake in the analysis. The sudden change of a causes a
build up of circulation around the aerofoil that is matched by an equal and opposite
vorticity being shed into the wake.

The bound circulation on an aerofoil is actually distributed along the chord but,
for simplicity, can be assumed to be a concentrated vortex I' at the aerodynamic
centre 1/4 chord point). In steady flow conditions, the velocity induced by the
vortex, normal to the chord-line, at the 3/4 chord point is exactly equal and opposite
to the component of the flow velocity normal to the chord-line. The two opposed
velocities ensure that no flow passes through the aerofoil at the 3/4 chord point, a
condition which, of course, must be true everywhere along the chord-line but the
3/4 chord point is used as a control point. The simplified situation assumes that the
aerofoil can be represented geometrically by its chord-line, this known as thin
aerofoil representation.

In unsteady flow conditions the velocity induced at the 3/4 chord point (often
referred to as downwash) is caused jointly by the bound vortex and the wake
vorticity, see Figure 3.78, but must still be equal and opposite to the component of
the flow velocity normal to the chord-line.
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Figure 3.78 Wake Development after an Impulsive Change of Angle of Attack

After the impulsive change of angle of attack there is a sudden change in upwash
(W sin a) which must be matched by a sudden change of downwash. The change of
upwash implies an impulsive acceleration of the mass of the air that causes an
added mass force on the aerofoil. The sudden change of downwash must come
from a sudden increase in circulation that must be matched by an equal and
opposite starting vortex being shed into the wake and then convected downstream.
The influence of the starting vortex on the downwash gets gradually weaker as the
vortex moves away so the bound vortex must increase in strength to maintain that
the downwash matches the upwash. The increasing strength of the bound vortex
means that, to keep the overall angular momentum contained in the vorticity zero
(there was none before the impulse), continuous vorticity of the opposite sense
must be shed into the wake and this also contributes to the downwash.

The rate of increase of the bound vortex strength gradually reduces with a
corresponding reduction of the strength of the shed vorticity and eventually,
asymptotically, the steady-state bound circulation strength is developed.

The analytical solution to the problem was developed by Wagner (1925); it is
complex and expressed in terms of Bessel functions but several approximations to
the Wagner function exist, the most accurate of which is given by Jones (1945).

L.(t

() =®(1) =1—0.165e 04T _ (3357030 (3.214)
—pW*c——sin(a)

2 da

where 7 = tc/2W is the non-dimensional time based upon the half chord length c¢/2
of the aerofoil and dC;/da is the slope of the static lift versus angle of attack
characteristic of the aerofoil. 7 can also be regarded as the number of half-chord
lengths travelled downstream by the starting vortex after a time t has elapsed since
the impulsive change of angle of attack. Equation (3.214) is an example of an
indicial equation.

Figure 3.79 shows the progression of the growth of the lift as time proceeds from
the original impulsive change of angle of attack. The added mass lift gradually dies
away as the circulatory lift develops. Eventually, the steady state, full circulatory lift
is achieved. In the situation where the angle of attack is continuously changing,
which is the case for the wind turbine blade, the circulation never reaches an
equilibrium state and the added mass lift never dies away.
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Figure 3.79 Lift Development after an Impulsive Change of Angle of Attack

In an unsteady wind, if for each change of wind velocity over an increment of
time 4t there is a corresponding impulsive angle attack change then the lift on the
aerofoil will subsequently be influenced by that change in the manner of Equation
(3.214) and Figure 3.79. The accumulation of all such changes in a continuous
manner will determine the unsteady lift force on the aerofoil.

Assume the flow has been in progress for a long time ty and let ¢ be any time
prior to fo, the lift at time ¢ is then given by, see Fung (1969),

L(t) = % ilcl J W(w)®(r —10) w(ro)dro (3.215)
where dw = (d/dzo)w(z)07) is the change in upwash (downwash) determined by
the change in W(r) and the changes in blade motion during the time interval. The
use of non-dimensional time in the above equation poses a problem and it is more
convenient to use actual time in a numerical integration.

Theodorsen (1935) solved Equation (3.215) for the case of an aerofoil oscillating
sinusoidally in pitch and heave (flapping motion) at fixed frequency and immersed
in a steady oncoming wind U. The unsteady lift on the aerofoil is also sinusoidal
but not in phase with the angle of attack variation nor is the amplitude of the lift
variation related to the amplitude of the angle of attack by static aerofoil character-
istics.

Theodorsen’s solution shows that the circulatory lift on the aerofoil equals the
quasi-steady lift of Equation (3.209) multiplied by Theodorsen’s function C(k) that
has both real and imaginary parts. k = wc/2U is called the reduced frequency and
wt = kr. In addition there is the added mass lift given by Equations (3.211) and
(3.212).

1 1
1+ A 14 <Y0(k) + i]o(k))
Jik) — iYi(k)

C(k) =

(3.216)

where J,(k) and Y,,(k) are Bessel functions of the first and second kind, respectively
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and 7 is an integer. Like the Legendre polynomials the Bessel functions are the
solutions to a second-order ordinary differential equation called Bessel’s equation

ed il K —n*y =0
qa ¥ gyt -my=
Unlike the Legendre polynomials the Bessel functions cannot be expressed in closed
form but only as an infinite series.

Theodorsen’s function is often divided into two functions, one describing the real
part and the other the imaginary part:

C(k) = F(k) + iG(k) (3.217)

From Jones” approximation to the Wagner function, Equation (3.214), an approx-
imation to Theodorsen’s function is obtained

0.165 0.335 .
Ch =1~ —Fom5s — o35~ = FR) = iG(K) (3.218)
s R

The exact and approximate parts of C(k) are shown in Figures 3.80(a) and (b).

The real part of C(k) gives the lift that is in phase with the angle of attack defined
in Equation (3.209) and the imaginary part gives the lift that is 90° out of phase with
the angle of attack.

The drawback of the Theodorsen function for rotor blade application is that the
wake streams away from the blade in a straight line whereas the rotor blade wake is

02 ,
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Figure 3.80 The (a) Real and (b) Imaginary Parts of Theodorsen’s Function
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helical and the wakes of other blades will also be present. Loewy (1957) developed
a theory for a rotor blade that accounts for the repeated wake in a similar manner to
Prandtl (see Section 3.8.3). As did Theodorsen, Loewy used two-dimensional, thin
aerofoil theory and produced a modification to Theodorsen’s function. In Equation
(3.216) the Bessel function of the first kind, J,(k), is multiplied by (1 + W(k)) where
W(k) is called the Loewy wake-spacing function.

1

Wik = e@ld/clk+i2zn) — |

(3.219)

d is the wake spacing defined in Equation (3.75) and c is the chord of the aerofoil.
Miller (1964) arrived at a very similar result to Loewy by using a discrete vortex
wake model.

Loewy’s and Miller’s theories apply only to the non-yawed rotor but Peters, Boyd
and He (1989) have developed a much more extensive theory based upon the
method of acceleration potential. A sufficient number of Kinner pressure distribu-
tions are required to model both the radial and azimuthal pressure distribution on a
helicopter rotor such that the pressure spikes of individual blades are present. The
theory obviates the use of blade element theory and includes automatically un-
steady effects and tip losses; modelling of the blade geometry by this method does
present some problems, however. Suzuki and Hansen (1999) have applied the
theory of Peters, Boyd and He to wind turbine rotors and make comparisons with
the blade-element/momentum theory. Van Bussel’s theory (1995) is very similar to
that of Peters, Boyd and He but is intended for application to wind turbines.
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Appendix: Lift and Drag of Aerofoils

The forces acting on a body immersed in a fluid moving fluid can be resolved into
stream-wise (drag) and normal (lift) components. Neglecting buoyancy, the fluid
mechanics which give rise to lift and drag are associated with the boundary layer of
slow-moving fluid close to the body’s surface. The fluid force on the surface of the
body can be either parallel to the surface (viscous or skin friction force) or normal to
the surface (pressure force).

For a thorough understanding of the phenomena of lift and drag an aerody-
namics text should be consulted but for the purposes of wind-turbine aerodynamics
the basic results are given below.

A3.1 Definition of Drag

The drag on a body immersed in an oncoming flow is defined as the force on the
body in a direction parallel to the flow direction. In a very slow-moving fluid the
drag on a body may be directly attributable to the viscous, frictional shear stresses
set up in the fluid due to the fact that, at the body wall, there is no relative motion.
This type of flow is known as Stokes’ flow after Sir George Stokes.

Two centuries before Stokes, Isaac Newton showed that that the shear stress t at a
boundary wall, or between two layers of fluid moving relative to one another, is
proportional to the transverse velocity gradient at the boundary, or between the
two layers:

=g, (A3.1)

where the constant of proportionality is u the fluid viscosity.
Using Newton’s theory, Stokes determined the drag force on a sphere in creeping
flow (Figure A3.1).
Drag = 3muld (A3.2)

where d is the sphere diameter and U is the general flow velocity.
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Figure A3.1 Creeping Flow Past a Circular Cylinder
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Figure A3.2 Inviscid Flow Pattern Around a Cylinder

The inviscid flow pattern around a cylinder (Figure A3.2) appears very similar to
that of creeping flow but the nature of the flow is very different indeed. By
definition inviscid flow causes no viscous drag but it also causes no pressure drag,
that is, drag caused by pressure forces aggregated over the whole surface area. The
pressure distribution for the inviscid flow past a cylinder is shown in Figure A3.3,
where the atmospheric pressure p., has been subtracted from the pressure around
the surface. The symmetry of the pressure distribution fore and aft shows clearly
that no pressure drag arises. At the nose of the body the flow is brought exactly to
rest and this is called the stagnation point. Another stagnation point occurs at the
rear of the body.
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Figure A3.3 Inviscid Flow Pressure Distribution Around a Cylinder

In a real fluid, when the viscosity is low and the velocity is relatively high, the
drag force that exists is due primarily to an asymmetric pressure distribution, fore
and aft (Figure A3.5). This is caused by the fact that the fluid does not follow the
boundary of the body but separates from it leaving low pressure, stagnant fluid in
the wake (Figure A3.4). On the upstream side the flow remains attached and the
pressure is high.

Figure A3.4 Separated Flow Pattern Around a Cylinder
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Figure A3.5 Separated Flow Pressure Distribution Around a Cylinder

A3.2 Drag coefficient

If Stokes” drag Equation (A3.2) for the sphere is re-arranged, giving

Drag — 3mulld — [24 (ﬁﬂ Gpu2> (”sz> (A33)

it is then in the standard form of drag coefficient (C4)X dynamic pressure (JpU?) X
frontal area (A). The drag coefficient is then defined as

D
Ca=1 rag (A3.4)
EpU2A

Note that, pUd/u is known as the Reynolds number (Re) and represents the ratio of
the inertia force acting on a unit volume of fluid, as it is accelerated by a pressure
gradient, and the viscous force on the same volume of fluid which is resisting the
motion of the fluid. For high Reynolds numbers viscous forces are low and vice
versa. The drag coefficient term in Equation (A3.3) is Cq = 24/Re and is clearly a
function only of the Reynolds number; this turns out to be valid for all bodies in
incompressible flow but the functional relationship is not usually as simple as in
the above case. However, it can be stated, generally, that C4 falls with increasing
Reynolds number.
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Figure A3.6 Boundary Layer Showing the Velocity Profile

A3.3 The Boundary Layer

The reason for the separated flow at the higher Reynolds numbers is the existence
of a thin boundary layer of slow moving fluid, close to the body surface, within
which viscous forces predominates. Outside this layer the flow behaves almost
inviscidly. The drag on the body caused directly by viscosity is quite small but the
effect on the flow pattern is profound.

The drag on an aerofoil can be attributed both to pressure and viscous sources
and the drag coefficient varies significantly with both angle of attack and Reynolds
number.

A3.4 Boundary-layer Separation

Referring to Figure A3.3, the inviscid flow pressure distribution around a cylinder,
fore and aft the pressure is high above and below the pressure is low. The fluid on
the downstream side is slowing down against an adverse pressure gradient and, at
the wall boundary, it slows down exactly to a standstill at the rear stagnation point.

In the real flow the boundary layer, which has already been slowed down by
viscosity, comes to a halt well before the stagnation point is reached and the flow

Boundary layer

Point of separation where the normal
velocity gradient becomes zero

Figure A3.7 Separation of a Boundary Layer
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begins to reverse under the action of the adverse pressure. At this point, where the
pressure is still low, the boundary layer separates from the body surface forming a
wake of stagnant, low-pressure fluid (Figure A3.7), the resulting pressure distribu-
tion is thereby dramatically altered as shown in Figure A3.5. The high pressure
acting at and around the forward stagnation point is no longer balanced by the high
pressure at the rear and so a drag-wise pressure force is exerted.

A3.5 Laminar and Turbulent Boundary Layers

A boundary layer grows in thickness from the forward stagnation point, or leading
edge. Initially, the flow in the layer is ordered and smooth (laminar) but, at a critical
distance [ from the stagnation point, characterized by Reqi = pUl/u, the flow
begins to become turbulent (Figure A3.8). This turbulence causes mixing of the
boundary layer with the faster moving fluid outside resulting in re-energization
and delaying of the point of separation. The result is to reduce the pressure drag,
because the low-pressure stagnant rear area is reduced, to increase the viscous
(frictional) drag, because the velocity gradient at the surface is increased, and
increase the boundary-layer thickness.

The coefficient of drag, therefore, varies with Re in a complex fashion (Figure
A3.9). For small bodies at low speeds the critical Re is never reached and so
separation takes place early. For large bodies, or high speeds, turbulence develops
quickly and separation is delayed.

Turbulence can be artificially triggered by roughening the body surface or simply
by using a ‘trip wire’. General flow turbulence tends to produce turbulent boundary
layers at Reynolds numbers ostensibly below the critical value and this certainly
seems to happen in the case of wind-turbine blades. A sharp edge on a body will
always cause separation. For a flat plate broad side on to the flow (Figure A3.10) the
boundary layer separates at the sharp edges and Cq4 is almost independent of Re,
but is dependent upon the plate’s aspect ratio.

So-called streamlined bodies such as an aerfoil taper gently in the aft region so
that the adverse pressure gradient is small and separation is delayed until very
close to the trailing edge. This produces a very much narrower wake and a very
low drag because it is largely caused by skin friction rather than pressure (Figure
A3.11).
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Figure A3.8 Laminar and Turbulent Boundary Layers
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Figure A3.9 Variation of Cq with Re for a Long Cylinder

Figure A3.10 Separated Flow Past a Flat Plate

Figure A3.11 Flow Past a Streamlined Body



DEFINITION OF LIFT AND ITS RELATIONSHIP TO CIRCULATION 163

A3.6 Definition of Lift and its Relationship to
Circulation

The lift on a body immersed is defined as the force on the body in a direction
normal to the flow direction. Lift will only be present if the flow incorporates a
circulatory flow about the body such as that which exists about a spinning circular
cylinder. If the fluid also has a uniform velocity U past the cylinder, the resulting
flow field is as shown in Figure A3.12. The velocity above the cylinder is increased,
and so the static pressure there is reduced. Conversely, the velocity beneath is
slowed down, giving an increase in static pressure. There is clearly a normal force
upwards on the cylinder, a lift force.

The phenomenon is known as the Magnus effect after its original discoverer and
explains, for example, why spinning tennis balls veer in flight. The circulatory flow,
shown in Figure A3.13, is generated by skin friction and has the same structure as
that of a vortex.

The lift force is given by the Kutta-Joukowski theorem called after the two
pioneering aerodynamicists who, independently, realized that this was the key to
the understanding of the phenomenon of lift:

L= p(T X U) (A3.5)

where I is the circulation, or vortex strength, around the cylinder, defined as the
integral

r= Ju ds (A3.6)

around any path enclosing the cylinder and v is the velocity tangential to the path s.
For convenience choosing a circular path of radius r around the cylinder, and

N
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Figure A3.12 Flow Past a Rotating Cylinder
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Figure A3.13 Circulatory Flow Round a Rotating Cylinder

ignoring the general flow velocity U, then it can be shown that v = k/r, where kis a
constant. At the cylinder wall r = R, so vg = QR = k/R. Therefore, k = QR

The circulation I', which is the same for every path enclosing the cylinder, is
given by

2 27
F:JQTR ds:J QR?dy = 27QR? (A3.7)
0

To achieve a circulatory flow about a non-rotating body it must have a sharp
trailing edge like an aerofoil cross-sectional shape or a thin plate. An aerofoil works
in a similar manner to the spinning cylinder and does so because of its sharp
trailing edge. Consider an aerofoil at a small angle of attack « to the oncoming flow.
The inviscid flow pattern around the aerofoil, in which no boundary layer forms, is
as shown in Figure A3.14(a). The theoretical inviscid flow condition is such that no
force on the aerofoil exists at all.

In real flow (Figure A3.14(c)) boundary-layer separation occurs at the sharp
trailing edge, causing the flow to leave the edge smoothly. The separation leaves no
low-pressure wake so the flow remains attached everywhere else and the flow
pattern is now altered such that there is a net circulation around the aerofoil (Figure
A3.14(b)) increasing the velocity over the top and reducing it below, resulting in a
lift force. There can be no flow around the sharp trailing edge because this would
require very high local velocities that are precluded by the boundary layer. The
drag is very low because, in the absence of a wake, it is attributable largely to skin
friction caused by the shearing stresses in the boundary layer. The situation, which
is imposed by the sharp trailing edge, is known as the Kutta condition.

In a manner similar to the Magnus effect, a pressure difference occurs across the
aerofoil and the overall circulation I' can be shown to be zUcsina, where ¢ is
the chord length of the aerofoil and « is termed the angle of attack. Although the
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Figure A3.14 Flow Past an Aerofoil at a Small Angle of Attack

velocities and pressures above and below the aerofoil at the trailing edge must be
the same, the particles which meet there are not the same ones that parted company
at the leading edge; the particle which travelled above the aerofoil reaches the
trailing edge first because it is speeded up by the circulatory flow.

The pressure variation (minus the ambient static pressure of the undisturbed
flow) around an aerofoil is shown in Figure A3.15. The upper surface is subject to
suction (with the ambient pressure subtracted) and is responsible for most of the lift
force. The pressure distribution is calculated without the presence of the boundary
layer.

Figure A3.16 shows the same distribution with the pressure coefficient (C, =
p — Po/[1/2]pU?) plotted against the chord-wise co-ordinate of the aerofoil profile:
the full line shows the pressure distribution if the effects of the boundary layer are
ignored, and the dashed line shows the actual distribution.

Figure A3.15 The Pressure Distribution Around the NACA0012 Aerofoil at & = 5°
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Figure A3.16 The Pressure Distribution Around the NACA0012 Aerofoil at o = 5°

The effect of the boundary layer is to modify the pressure distribution at the rear
of the aerofoil such that lower pressure occurs there than if the boundary is ignored.
The modified pressure distribution gives rise to pressure drag which is added to
the skin friction drag, also caused by the boundary layer.

A3.7 The Stalled Aerofoil

If the angle of attack exceeds a certain critical value (10° to 16°, depending on the
Re), separation of the boundary layer on the upper surface takes place. This causes
a wake to form from above the aerofoil, reduces the circulation, reduces the lift and
increases the drag. The flow past the aerofoil has then stalled (Figure A3.17). A flat
plate will also develop circulation and lift but will stall at a very low angle of attack
because of the sharp leading edge. Arching the plate will improve the stalling

—
/\\

Figure A3.17 Stalled Flow Around an Aerofoil
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behaviour but a much greater improvement can be obtained by giving thickness to
the aerofoil together with a well-rounded leading edge.

A3.8 The Lift Coefficient

The lift coefficient is defined as

o=ttt (A3.8)

1.5
— A
ZpU

U is the flow speed and A is the plan area of the body. For a long body, such as an
aircraft wing or a wind turbine blade, the lift per unit span is used in the definition
and the plan area is replaced by the chord length.

_ Lift/unit span  p(I' X U)  prUcsinal

G = 27sina (A3.9)
1 UZC 1 U2C 1 uZC
2” 2” 2"
In practice,
C =apsina (A3.10)
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Figure A3.18 C; — a Curves for a Symmetrical Aerofoil
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where a9, called the lift-curve slope dC;/da, is about 5.73 (0.1/degree), rather than
27t. Note that gy should not be confused with the flow induction factor.

Lift, therefore, depends on two parameters, the angle of attack a and the flow
speed U. The same lift force can be generated by different combinations of o and U.
The variation of C; with the angle of attack a is shown in Figure A3.15 for a typical
symmetrical aerofoil (NACAOQ012). Notice that the simple relationship of Equation
(A3.6) is only valid for the pre-stall region, where the flow is attached, and because
the angle of attack is small (< 16°) the equation is often written as

C = apa (A3.10a)

A3.9 Aerofoil Drag Characteristics

The definition of the drag coefficient for an aircraft wing or a wind-turbine blade is
based not on the frontal area but on the plan area, for reasons that will become clear
later. The flow past a body which has a large span normal to the flow direction is
basically two-dimensional and in such cases the drag coefficient can be based upon
the drag force per unit span using the stream-wise chord length for the definition:

_ Drag/unit span

Ca (3.11)

1
Epuzc

For a wing of large span the value of Cy4 is roughly 0.01, at moderate Reynolds
numbers.

The drag coefficient of an aerofoil also varies with angle of attack. Figure A3.16
shows that on the upper surface pressure is rising as the flow moves towards the
trailing edge, this is called an adverse pressure gradient and seeks to slow the air
down. If the air is slowed to a standstill stall will occur and the pressure drag will rise

0.5 T T T T
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0.4
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Figure A3.19 Variation of C4 with a for the NACA0012 Aerofoil
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Figure A3.20 Lift/Drag Ratio Variation for the NACA0012 Aerofoil

sharply. The strength of the adverse pressure gradient increases with angle of attack
and so it can be expected that the drag will rise with angle of attack. Figure A3.19
shows the variation of Cq with a also for the symmetrical NACA0012 aerofoil.

The lift/drag ratio (shown in Figure A3.20) has a significant affect upon the
efficiency of a wind turbine and it is desirable that a turbine blade operates at the
maximum ratio.

A3.10 Variation of Aerofoil Characteristics with
Reynolds Number

The nature of the flow pattern around an aerofoil is determined by the Reynolds
number and this significantly affects the values of the lift and drag coefficients. The
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Figure A3.21 Variation of the Drag Coefficient with Reynolds Number at Low Angles of
Attack
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Figure A3.22 Variation of the Drag and Lift Coefficients with Reynolds Number in the Stall
Region

general level of the drag coefficient increases with decreasing Reynolds number
and below a critical Reynolds number of about 200 000 the boundary layer remains
laminar causing a sharp rise in the coefficient. The affect on the lift coefficient is
largely concerned with the angle of attack at which stall occurs. As the Reynolds
number rises so does the stall angle and, because the lift coefficient increases
linearly with angle of attack below the stall, the maximum value of the lift coeffi-
cient also rises. Characteristics for the NACAQ012 aerofoil are shown in Figures
A3.21 and A3.22.

A3.11 Cambered Aerofoils

Cambered aerofoils, such as the NACA4412, shown in Figure A3.23, have curved
chord lines and this allows them to produce lift at zero angle of attack. Generally,
cambered aerofoils have higher maximum lift/drag ratios than symmetrical aero-
foils for positive angles of attack and this is the reason for their use.

The classification of the NACA four-digit range of aerofoils, which were com-
monly used on wind turbines, is very simple and is illustrated in Figure A3.24: from
left to right, the first digit represents the amount of camber as a percentage of the
chord length, the second digit represents the percentage chord position, in units of
10 percent, at which the maximum camber occurs and the last two digits are the

Figure A3.23 The Profile of the NACA4412 Aerofoil
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Figure A3.24 Classification of the NACAXXXX Aerofoil Range

Chord line X

maximum thickness to chord ratio, as a percentage of the chord length, which, in
this family of aerofoils, is at the 30 percent chord position. The cambered chordline,
now called the camber line, comprises two parabolic arcs that join smoothly at the
point of maximum camber. For other ranges of aerofoils the reader should refer to
Abbott and von Doenhoff (1959).

The angle of attack a is measured form the chord line which is now defined as
the straight line joining the ends of the camber line. Note that the lift at zero angle
of attack is no longer zero; zero lift occurs at a small negative angle of attack. With
most cambered aerofoils the zero lift line is approximately at —A°® where A is the
percentage camber. The behaviour of the NACA4412 aerofoil is shown in Figure
A3.25 for angles of attack below and just above the stall. Note that the lift at zero
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Figure A3.25 The Characteristics of the NACA4412 Aerofoil for Re = 1.5 - 10°
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angle of attack is no longer zero; zero lift occurs at a small negative angle of attack
of approximately 4°.

The centre of pressure, which is at the i chord position on symmetrical aerofoils
lies aft of the 1 chord position on cambered aerofoils and moves towards the trailing
edge with increasing angle of attack. However, if a fixed chordwise position is
chosen then the resultant force through that point is accompanied by a pitching
moment (nose-up positive, by convention). If a pitching moment coefficient is
defined as

_ Pitching/unit span

1
Epuzc

Cm

(3.12)

then there will be a position, called the aerodynamic centre, for which dC,/dC; = 0.
Theoretically, the aerodynamic centre lies at the 1 chord position and is close to this
point for most practical aerofoils. The value of Cy depends upon the degree of
camber but for the NACA4412 the value is —0.1, note that pitching moments are
always negative in practice (nose down) despite the sign convention. Above the
stall there is no aerodynamic centre, as defined, and so the pre-stall position
continues to be used to determine the pitching moment coefficient, which then
becomes dependent upon a.
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Wind-turbine Performance

41 The Performance Curves

The performance of a wind turbine can be characterized by the manner in which
the three main indicators—power, torque and thrust—vary with wind speed. The
power determines the amount of energy captured by the rotor, the torque
developed determines the size of the gear box and must be matched by whatever
generator is being driven by the rotor. The rotor thrust has great influence on the
structural design of the tower. It is usually convenient to express the perform-
ance by means of non-dimensional, characteristic performance curves from which
the actual performance can be determined regardless of how the turbine is
operated, e.g., at constant rotational speed or some regime of variable rotor
speed. Assuming that the aerodynamic performance of the rotor blades does not
deteriorate the non-dimensional aerodynamic performance of the rotor will
depend upon the tip speed ratio and, if appropriate, the pitch setting of the
blades. It is usual, therefore, to display the power, torque and thrust coefficients
as functions of tip speed ratio.

41.1 The Cp - 4 performance curve

The theory described in Chapter 3 gives the wind turbine designer a means of
examining how the power developed by a turbine is governed by the various
design parameters. The usual method of presenting power performance is the non-
dimensional Cp — A curve and the curve for a typical, modern, three-blade turbine
is shown in Figure 4.1.

The first point to notice is that the maximum value of Cp is only 0.47, achieved at
a tip speed ratio of 7, which is much less than the Betz limit. The discrepancy is
caused, in this case, by drag and tip losses but the stall also reduces the Cp at low
values of the tip speed ratio (Figure 4.2).

Even with no losses included in the analysis the Betz limit is not reached because
the blade design is not perfect.
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4.1.2 The effect of solidity on performance

At this stage, the other principal parameter to consider is the solidity, defined as
total blade area divided by the swept area. For the three-blade machine above the
solidity is 0.0345 but this can be altered readily by changing its number of blades.
The solidity could also have been changed by changing the blade chord.

The main effects to observe of changing solidity are as follows, see Figure 4.3.
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Figure 4.3 Effect of Changing Solidity

(1) Low solidity produces a broad, flat curve which means that the Cp will change
very little over a wide tip speed ratio range but the maximum Cp is low because
the drag losses are high (drag losses are roughly proportional to the cube of the
tip speed ratio).

(2) High solidity produces a narrow performance curve with a sharp peak making
the turbine very sensitive to tip speed ratio changes and, if the solidity is too
high, has a relatively low maximum Cp. The reduction in Cp, is caused by stall
losses.

(3) An optimum solidity appears to be achieved with three blades, but two blades
might be an acceptable alternative because although the maximum Cp is a little
lower the spread of the peak is wider and that might result in a larger energy
capture.

It might be argued that a good solution would be to have a large number of
blades of small individual solidity but this greatly increases production costs and
results in blades which are structurally weak and very flexible.

There are applications which require turbines of relatively high solidity, one is
the directly driven water pump and the other is the very small turbine used for
battery charging. In both cases it is the high starting torque (high torque at very low
tip speed ratios) which is of importance and this also allows small amounts of
power to be developed at very low wind speeds, ideal for trickle charging batteries.
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413 The Cg - A curve

The torque coefficient is derived from the power coefficient simply by dividing by
the tip speed ratio and so it does not give any additional information about the
turbine’s performance. The principal use of the Cp—A curve is for torque assessment
purposes when the rotor is connected to a gear box and generator.

Figure 4.4 shows how the torque developed by a turbine rises with increasing
solidity. For modern high-speed turbines designed for electricity generation as low
a torque as possible is desirable in order to reduce gearbox costs. On the other hand
the multi-bladed, high-solidity turbine, developed in the nineteenth century for
water pumping, rotates slowly and has a very high starting torque coefficient
necessary for overcoming the torque required to start a positive displacement
pump.

The peak of the torque curve occurs at a lower tip speed ratio than the peak of the
power curve. For the highest solidity shown in Figure 4.4 the peak of the curve

occurs while the blade is stalled.

41.4 The Cr - A curve

The thrust force on the rotor is directly applied to the tower on which the rotor is
supported and so considerably influences the structural design of the tower.
Generally, the thrust on the rotor increases with increasing solidity (Figure 4.5).
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Figure 4.4 The Effect of Solidity on Torque
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Figure 4.5 The Effect of Solidity on Thrust

4.2 Constant Rotational Speed Operation

The majority of wind turbines currently installed generate electricity. Whether or
not these turbines are grid connected they need to produce an electricity supply
which is of constant frequency or else many common appliances will not function
properly. Consequently, the most common mode of operation for a wind turbine is
constant rotational speed. Connected to the grid a constant speed turbine is
automatically controlled whereas a stand-alone machine needs to have speed
control and a means of dumping excess power.

421 The Kp - 1/A curve

An alternative performance curve can be produced for a turbine controlled at
constant speed. The Cp — 4 curve shows, non-dimensionally, how the power would
vary with rotational speed if the wind speed was held constant. The Kp — 1/4 curve
describes, again non-dimensionally, how the power would change with wind speed
when constant rotational speed is enforced. Kp is defined as
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Kp = Power :& @1)

1 A3
EP(QR)3Ad

The Cp — 4 and Kp — 1/4 curves for a typical fixed-pitch wind turbine are shown
in Figure 4.6. The Kp — 1/A curve, as stated above, has the same form as the power
— wind speed characteristic of the turbine. The efficiency of the turbine (given by
the Cp — A curve) varies greatly with wind speed, a disadvantage of constant speed
operation, but it should be designed such that the maximum efficiencies are
achieved at wind speeds where there is the most energy available.

4.2.2 Stall regulation

An important feature of this Kp — 1/4 curve is that the power, initially, falls off once
stall has occurred and then gradually increases with wind speed. This feature
provides an element of passive power output regulation, ensuring that the gen-
erator is not overloaded as the wind speed increases. Ideally, the power should rise
with wind speed to the maximum value and then remain constant regardless of the
increase in wind speed; this is called perfect stall regulation. However, stall
regulated turbines do not exhibit the ideal, passive stall behaviour.

Stall regulation provides the simplest means of controlling the maximum power
generated by a turbine to suit the sizes of the installed generator and gearbox and
until recently, at the time of writing, is the most commonly adopted control method.
The principal advantage of stall control is simplicity but there are significant
disadvantages. The power versus wind speed curve is fixed by the aerodynamic
characteristics of the blades, in particular the stalling behaviour. The post stall
power output of a turbine varies very unsteadily and in a manner which, so far,
defies prediction, see Figure 4.13, for example. The stalled blade also exhibits low
vibration damping because the flow about the blade is unattached to the low
pressure surface and blade vibration velocity has little effect on the aerodynamic
forces. The low damping can give rise to large vibration displacement amplitudes
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Figure 4.6 Non-dimensional Performance Curves for Constant Speed Operation
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which will inevitably be accompanied by large bending moments and stresses,
causing fatigue damage. When parked in high, turbulent winds a rotor with fixed
pitch blades may well be subject to large aerodynamic loads which cannot be
alleviated by adjusting (feathering) the blade pitch angle. Consequently, a fixed-
pitch, stall-regulated turbine experiences more severe blade and tower loads than a
pitch regulated turbine.

4.2.3 Effect of rotational speed change

The power output of a turbine running at constant speed is strongly governed by
the chosen, operational rotational speed. If a low rotation speed is used the power
reaches a maximum at a low wind speed and consequently it is very low. To extract
energy at wind speeds higher than the stall peak the turbine must operate in a
stalled condition and so is very inefficient. Conversely, a turbine operating at a high
speed will extract a great deal of power at high wind speeds but at moderate wind
speeds it will be operating inefficiently because of the high drag losses. Figure 4.7
demonstrates the sensitivity to rotation speed of the power output — a 33 percent
increase in r.p.m. from 45 to 60 results in a 150 percent increase in peak power,
reflecting the increased wind speed at which peak power occurs at 60 r.p.m.

At low wind speeds, on the other hand there is a marked fall in power with
increasing rotational speed as shown in Figure 4.8. In fact, the higher power
available at low wind speeds if a lower rotational speed is adopted has led to two-
speed turbines being built. Operating at one fixed speed which maximizes energy
capture at wind speeds at, or above, the average level will result in a rather high
cut-in wind speed, the lowest wind speed at which generation is possible. Employ-
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Figure 4.7 Effect on Extracted Power of Rotational Speed
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Figure 4.8 Effect on Extracted Power of Rotational Speed at Low Wind Speeds

ing a lower rotational speed at low wind speeds reduces the cut-in wind speed and
increases energy capture. The increased energy capture is, of course, offset by the
cost of the extra machinery.

4.2.4 Effect of blade pitch angle change

Another parameter which affects the power output is the pitch setting angle of the
blades f3;. Blade designs almost always involve twist but the blade can be set at the
root with an overall pitch angle. The effects of a few degrees of pitch are shown in
Figure 4.9.

Small changes in pitch setting angle can have a dramatic effect on the power
output. Positive pitch angle settings increase the design pitch angle and so decrease
the angle of incidence. Conversely, negative pitch angle settings increase the angle of
incidence and may cause stalling to occur as shown in Figure 4.9. A turbine rotor
designed to operate optimally at a given set of wind conditions can be suited to other
conditions by appropriate adjustments of blade pitch angle and rotational speed.

4.2.5 Pitch regulation

Many of the shortcomings of fixed pitch/passive stall regulation can be overcome
by providing active pitch angle control. Figure 4.9 shows the sensitivity of power
output to pitch angle changes.

The most important application of pitch control is for power regulation but pitch
control has other advantages. By adopting a large positive pitch angle a large
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starting torque can be generated as a rotor begins to turn. A 90° pitch angle is
usually used when shutting down because this minimises the rotor idling speed at
which the parking brake is applied. At 90° of positive pitch the blade is said to be
‘feathered’. The principal disadvantages of pitch control are reliability and cost.
Power regulation can be achieved either by pitching to promote stalling or pitching
to feather which reduces the lift force on the blades by reducing the angle of attack.

4.2.6 Pitching to stall

Figure 4.9 shows the power curves for a turbine rated at 60 kW, which is achieved
at 12 m/s. At wind speeds below the rated level the blade pitch angle is kept at 0°.
As rated power is reached only a small negative pitch angle, initially of about 2°, is
necessary to promote stalling and so to limit the power to the rated level. As the
wind speed increases small adjustments in both the positive and negative directions
are all that are needed to maintain constant power. The small sizes of the pitch
angle adjustments make pitching to stall very attractive to designers but the blades
have the same damping and fatigue problems as fixed pitch turbines.

4.2.7 Pitching to feather

By increasing the pitch angle as rated power is reached the angle of attack can be
reduced. A reduced angle of attack will reduce the lift force and the torque. The
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Figure 410 Pitching to Feather Power Regulation Requires Large Changes of Pitch Angle

flow around the blade remains attached. Figure 4.10 is for the same turbine as
Figure 4.9 but only the zero degree power curve is shown below the rated level.
Above the rated level fragments of power curves for higher pitch angles are shown
as they cross the rated power line; the crossing points give the necessary pitch
angles to maintain rated power at the corresponding wind speeds. As can be seen
in Figure 4.10, the required pitch angles increase progressively with wind speed
and are generally much larger than is needed for the pitching to stall method. In
gusty conditions large pitch excursions are needed to maintain constant power and
the inertia of the blades will limit the speed of the control system’s response.

Because the blades remain unstalled if large gusts occur at wind speeds above the
rated level large changes of angle of attack will take place with associated large
changes in lift. Gust loads on the blades can therefore be more severe than for
stalled blades. The advantages of the pitching to feather method are that the flow
around the blade remains attached, and so well-understood, and provides good,
positive damping. Feathered blade parking and assisted starting are also available.
Pitching to feather has been the preferred pitch control option mainly because the
blade loads can be predicted with more confidence than for stalled blades.

4.3 Comparison of Measured with Theoretical
Performance

The turbine considered in this section is run at constant rotational speed, the most
common mode of operation, because this allows electricity to be generated at
constant frequency. More detail about this method of operation will be discussed in
the next section but the main feature is that there is, theoretically, a unique power
output for a given wind speed.
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When the turbine was under test the chosen rotational speed was 44 r.p.m.
Energy output and wind speed were measured over 1 min time intervals and the
average power and wind speed determined. The test was continued until a
sufficient range of wind speeds had been covered. The results were then sorted in
‘bins’ 0.5 m/s of wind speed wide and a fairly smooth power versus wind-speed
curve was obtained as shown in Figure 4.11. The turbine has a diameter of 17 m and
would be expected to produce rather more power than shown above if operated at
a higher rotational speed.

From the data in Figure 4.11 the Cp — 4 curve can be derived. The tip speed of the
blades is 44 X 7/30 rad/s X 8.5m = 39.2 m/s, the swept area is 7 X 8.5* = 227 m?
and the air density was measured (from air pressure and temperature readings) at
1.19 kg/m?. Therefore

39.2 Power A3

=———— and Cp=——"-—"—
Windspeed 5119 39.2% 227

The mechanical and electrical losses were estimated at 5.62 kW and this value was
used to adjust the theoretical values of Cp. The resulting comparison of measured
and theoretical results are shown in Figure 4.12.

This comparison looks reasonable and shows that the theory is reliable but the
quality of the theoretical predictions really relies upon the quality of the aerofoil
data. The blade and aerofoil design are the same as given in Section 3.9.

One last point should be made before classifying the theory as complete: it would
be as well to look at the raw, 1 min averages data, which was reduced down by the
binning process and is shown in Figure 4.12. In the post stall region there seems to
be a much more complex process taking place than the simple theory predicts and
this could be caused by unsteady aerodynamic effects.
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Figure 411 Power versus Wind Speed Curve from the Binned Measurements of a Three-
blade Stall Regulated Turbine
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4.4 Variable-speed Operation

If the speed of the rotor can be continuously adjusted such that the tip speed ratio
remains constant at the level which gives the maximum Cp then the efficiency of
the turbine will be significantly increased. Active pitch control is necessary to
maintain a constant tip speed ratio but only in the process of adjustment of
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rotational speed; the pitch angle should always return to the optimum setting for
highest efficiency. Pitch control regulation is also required in conditions above the
rated wind speed when the rotational speed is kept constant.

4.5 Estimation of Energy Capture

The quantity of energy that can be captured by a wind turbine depends upon the
power versus wind speed characteristic of the turbine and the wind-speed distribu-
tion at the turbine site. The wind-speed distribution at a site can be represented by
the Weibull function: the probability that the wind speed will exceed a value U is

F(U) = e~ U/0"* 4.2)

where ¢, called the scale factor, is a characteristic speed related to the average wind
speed at the site by

u

@

(I being the gamma function and k is a shape parameter, see also Section 2.4). Let
U/U = u a normalized wind speed.

The wind speed distribution density is then the modulus of the derivative of
Equation (4.2) with respect to u:

c= (4.3)

—\ k
Flu) = k<lj> k1o (B)ur (4.4)
i.e., the probability that the wind speed lies between u and u + ou is f(u)ou.
Alternatively, Equation (4.4) gives the proportion of time for which the wind speed
u will occur.

The performance curve shown in Figure 4.14 is for a turbine designed with an
optimum tip speed ratio of 7. As an example, assume that the turbine is stall-
regulated and operates at a fixed rotational speed at a site where the average wind
speed is 6 m/s and the Weibell shape factor k = 1.8 then, from Equation (4.3), the
scale factor ¢ = 6.75 m/s.

Figure 4.15 shows the Kp — 1/4 curve for the turbine; from inspection of that
curve the tip speed ratio at which stall (maximum power) occurs is 3.7 and the
corresponding Cp is 0.22.

The required maximum electrical power of the machine is 500 kW, the transmis-
sion loss is 10 kW, the mean generator efficiency is 90 percent and the availability of
the turbine (amount of time for which it is available to operate when maintenance
and repair time is taken into account) is 98 percent.

The maximum rotor shaft power (aerodynamic power) is then
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P, =500/0.9 + 10 = 567 kW

The wind speed at which maximum power is developed is 13 m/s, therefore the
rotor swept area must be, assuming an air density of 1.225 kg/m?,

567000/(1/2 X 1.225 X 13% X 0.22) = 1.92 X 10> m?

The rotor radius is therefore 24.6 m.
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The tip speed of the rotor will be 3.7 X 13 m/s = 48.1 m/s and so the rotational
speed will be 48.1/24.6 rad/s =196 rad/s, which is 1.96 X 60/27 rev/min =
18.7 rev/min.

The power versus wind-speed curve for the turbine can then be obtained from
Figure 4.15.

Power (electrical) = (Kp X 1 X 1.225 kg/m> X (48.1 m/s)’
X 1.92 X 10° m? — 10 X 1000 W) X 0.9

Wind speed = 48.1 m/s/4

To determine the energy capture of the turbine over a time period T multiply the
power by f(u) X T (Equation 4.4); because f(u) is the proportion of time T spent at
a normalized wind speed u.

fw)ou = 6TT (4.5)

and
rof(u)du =1 (4.6)
0

Plot power against # and integrate over the operational wind-speed range of the
turbine to give the energy capture.

The operational speed range will be between the cut-in speed and the cut-out
speed. The cut-in speed is determined by the transmission losses and is the wind
speed at which the turbine begins to generate power. The cut-in speed is usually
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Figure 416 Power versus Wind Speed
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chosen to be somewhat higher than the zero power speed, in the present case, say
4 m/s.

The cut-out speed is chosen to protect the turbine from high loads, usually about
25m/s.

The energy captured over a time period T (ignoring down time) will be

U/ U
TJ ~ P(u)f(u)du = E 4.7)

i

which is the area under the curve of Figure 4.17 times the time period T.
Unfortunately, the integral does not have a closed mathematical form in general
and so a numerical integration is required, such as the trapezoidal rule or, for better
accuracy, Simpson’s rule.

For a time period of 1 year T =365 X 24 h. Therefore, for the 10 data points
shown in Figure 4.18, the energy capture will be, using the trapezoidal rule,

u,)

9
ui — U
= 098T 3 (P fluicn) + piftugy M~ (4.8)

where
E = 4.5413 X 10° kWh

Even though the upper limit of integration u., = 4.17 is greater than highest value
of u shown in Figure 4.18 it is clear that almost no energy is captured between those
speeds.

A turbine which has pitch control would be able to capture more energy but at
the expense of providing the control system and the concomitant reduction in
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Figure 4.17 Energy Capture Curve
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reliability. A turbine operating at variable speed (constant tip speed ratio) until
maximum power is reached and thence at constant speed, constant power and pitch
control, see Figure 4.19, would capture the maximum possible amount of energy in
a given time.

The annual energy capture would be

E = 4.8138 X 10° kWh

which is a 6 percent increase in energy capture compared with the fixed-speed,
stall-regulated machine. Whether or not the increase in captured energy is econom-
ically worthwhile is a matter for debate.
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4.6 Wind-turbine Field Testing
4.6.1 Introduction

Wind-turbine field testing is undertaken in the main for two different reasons. First,
as part of the development of new designs, manufacturers and researchers under-
take a wide range of measurements to check on the operation of a given machine
and in some instances to validate wind turbine models used in the design process.
The second, and perhaps the most common, reason for testing is to establish the
performance of a given wind turbine for commercial reasons. Because in the second
case the objectives are better defined and since many of the problems are common
to both sorts of tests, there will be a concentration on performance measurement.
Performance measurement is also the area best covered by agreed standards and
recommendations, although some difficulties and inconsistencies still remain. It
should be mentioned that testing is also increasingly undertaken, in a commercial
context by the operators, to verify the manufacturer’s performance warranty. Such
tests will tend to follow the agreed performance testing methodology although the
context is often more demanding, involving possibly complex terrain and also the
influence of adjacent turbines.

There are other specialized tests that are of importance, such as for determining
the acoustic emission characteristics, and the assessment of noise at a given site.
Other areas such as the evaluation of fatigue, including the associated mechanical
loads, and power quality can involve direct measurement.

This section will provide an overview of field testing, and in particular will:

e describe the reasons for undertaking field testing,
e identify recognized testing procedures,
e examine practical aspects of transducers and data loggers,

e discuss the difficulties associated with aerodynamic performance assessment,
and

e look at errors and uncertainty.

4.6.2 Information sources for wind-turbine testing
Wind turbines have increasingly become part of mainstream technology over the

last decade, and this is reflected by the attention paid to them by the national and
international standards bodies.

International Electro-technical Commission (IEC)

The IEC is currently developing a range of standards specifically applicable to wind
turbines. The work is being undertaken in the main by its TC88 Technical Committee,
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and covers power performance, acoustics, blade testing, mechanical loads and power
quality. Power performance testing is covered by the published IEC standard 61400-
12 (1998). The IEC standard also exists as a British and European Standard BS EN
61400-12:1998. All national standards bodies have a responsibility which extends to
any significant technology. Accordingly, national standards committees have been
formed in most countries to cover wind energy technology. In many instances these
merely formalize the national participation in international standards formation, and
tend to adopt acceptable international standards as national standards.

CENELEC

CENELEC is a European committee, concerned with electro-technical matters,
which has established a task force to manage the harmonization of safety and
testing standards in support of various European Union Directives. The task force
is presently assessing the adequacy of evolving IEC standards and may, or may not,
issue its own standards relevant to wind turbines in the future.

International Energy Agency (IEA)

In the early days of wind energy, prior to the involvement of the standards
organizations, the IEA took the lead in drawing up recommendations, or informal
codes of practice. The IEA codes of practice have been highly influential, and
covered power performance, acoustics, power quality and fatigue.

MEASNET

Most western European countries have established national wind test sites. There
has been a tradition of close co-operation between these sites and, supported by the
European Commission, many useful documents have been developed by ECWETS
(the European Community Wind Energy Test Station). More recently, the MEAS-
NET network for the promotion of quality, common interpretation and mutual
recognition in testing standards, was created.

MEASNET is a European collaboration of experts concerned with establishing
rigorous standards for all measurement procedures related to wind energy. In
particular, they have drawn up draft guidelines for ‘power performance measure-
ment procedure’. Although heavily reliant on the IEC Standard, they are in some
areas more precise.

4.7 Wind-turbine Performance Measurement

In the final analysis, wind-turbine performance is concerned with the estimation of
long-term energy production expected on a given site. The wind resource is
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described by the probability distribution (usually annual) of 1h (sometimes,
10 min) mean wind speeds. To calculate the average energy production for a given
probability distribution of wind speeds a relationship between wind speed and
wind power is needed—this is the power curve of the wind turbine. As dynamic
effects are not of interest for long-term performance, averaging of the measured
wind speed and wind turbine power is carried out which improves the correlation
between them and attenuates the effects of wind turbulence. This is not to say that
site turbulence is irrelevant—a point which will be dealt with later.

It is also important to note the power from the wind turbine which is of relevance
here is the net power, defined as the power available from the wind turbine less
power needed for control, monitoring, display or maintaining operation. In other
words it is the power available to the user and is measured at the point of
connection to the network.

4.7.1 Field testing methodology

Although a few years ago, the International Energy Agency (IEA) recommended
practices for wind turbine testing which were the nearest thing to an agreed
procedure for wind turbine evaluation. Now, as mentioned, an IEC standard is
available: IEC 61400-12: Wind-turbine Generator Systems, Part 12:- Wind-turbine
Power Performance Testing (1998). It is interesting to contrast it with Volume 1 of
the IEA recommendations (1982) and subsequent editions (1990), which deal with
power performance testing. These notes will draw on both the IEC standard, which
forms the basis of European and national standards, and its precursor IEA
documents. It is essential that the IEC standard, and any amendments which may
have been agreed, be obtained before contemplating power performance measure-
ments.

The wind turbine should ideally be located on a site free from obstructions and
local topographic features which could affect the measurements; the IEC standard
specifies relevant criteria. Site calibration is needed for non-ideal sites, and the IEC
document also includes an approach, included as Annex B (designated ‘informa-
tive” in contrast to the compulsory, ‘normative” content of the Standard). This is to
facilitate the evaluation of machine performance in situ, within a commercial wind
farm, which is unlikely to conform to the test site requirements. However, MEAS-
NET find that this calibration procedure is not rigorous enough, and have recom-
mended an alternative method. Testing should be conducted under "natural’
conditions which excludes towing tests, testing while it is raining (or other
precipitation) and when ice accumulates on the turbine, all of which affect wind
turbine performance and should be avoided. If conditions like rain do occur during
the tests the data affected should be appropriately demarcated. Clearly, modifica-
tions or adjustments should not be made to the wind turbine during the period of
data collection.

The test procedure consists of taking a series of measurements of wind speed,
wind direction, atmospheric pressure and temperature, net power and in some
circumstances rotor speed. These measurements should be taken over as wide a
range of wind speeds as possible. All data should be checked for accuracy and
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consistency and if any of the variables have been found to be misread the sample
should be discarded. Data collected while the anemometer is in the wake of the
wind turbine or in the wake of the anemometer tower, or other obstacle, should also
be discarded.

4.7.2 Wind-speed measurement

Wind speed is the most critical parameter to be measured so considerable emphasis
should be placed on its accuracy. According to the IEA (1982) the anemometer
should have an accuracy of 5 percent or better over the range of relevant wind
speeds and according to the revised IEA recommendation (1990) it should be
accurate to £0.1 m/s or less for wind speeds between 4 and 25 m/s. Finally the IEC
have opted to eschew a stated precision, and require instead calibration against a
traceable instrument. The instrument should be calibrated, before and after the test,
so as to establish that its accuracy has been maintained throughout the test
(MEASNET have documented a specified calibration procedure). To avoid pro-
blems, it is advisable to run in a new anemometer for a period of about 2 months
before use, to allow the bearings to ease. Another characteristic of an anemometer is
its distance constant, which the IEC states, should be 5 m or less. The distance
constant is an indication of the response of the anemometer and is defined as the
length of wind run which must pass the anemometer for its output to reach
(1 —1/e) = 0.63 of its final value. Large distance constants can give rise to a signifi-
cant over speeding effect because the cup anemometer responds more quickly to
increases in wind speed than decreases, and this is the reason for the 5 m cut off in
the standard. Some believe that, even with a distance constant of 5 m, the instru-
ment should be assessed to evaluate the likely over-speeding error, and a correction
applied if necessary. The IEC allow this as the accuracy can be shown to be
improved.

The wind speed that is measured should be as representative as possible of wind
which would have been present in the plane of the rotor in the absence of the wind
turbine. The desired velocity never exists and so a suitable upstream velocity is
selected instead. The anemometer location is generally chosen so as to minimize
any interference from the wind turbine rotor itself whilst maintaining a reasonable
correlation between the measured wind speed and the output from the wind
turbine. Between 2 and 4 rotor diameters from the wind turbine is stated in the IEC
standard, which recommends 2.5 diameters as the optimum. This compares with
the 2 and 6 diameters recommended by the IEA. If the anemometer were placed
significantly nearer than 2 diameters, correction for the velocity deficit caused by
the rotor would have to be made.

Although corrections can in theory be made to take account of wind shear for
anemometers not at hub height, this is discouraged and whenever possible the
wind speed should be measured at the same height (relative to ground level) as
the hub of the wind turbine rotor. The IEC specify a height within 2.5 percent of the
turbine hub height.

As already mentioned, the anemometer must not be located in the wake of the
turbine, or other significant obstacles on the site, including of course other wind
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turbines, operating or otherwise. Figure 4.20, taken from the Standard, shows the
allowed location in relation to the turbine being measured, with the exclusion zone
dependent on the distance from the turbine. A precise specification exists in the
Standard for the calculation of all other exclusion zones.

Poor location of the anemometer on the tower has recently been identified as a
potential cause of error and for the first time with the IEC standard, precise
guidelines exist. These reflect the need to avoid mast wake effects and any signifi-
cant blockage in the vicinity of the instrument. An ideal location is on a vertical tube
clear of the top of the meteorological mast.

To speed up the experimental assessment it is common to use more than one
meteorological mast, arranged so that at least one anemometer is free of any
exclusion zone at any given time.

4.7.3 Wind-direction measurement

The wind direction is monitored so as to eliminate wind-speed data taken in the
excluded zones. The wind vane should be located at the same height as the
anemometer (within 10 percent of the hub height) and in its proximity but not so as
to interfere with the wind-speed measurement. The IEC requires an absolute
accuracy better than 5 degrees for the direction measurement.

4.7.4 Air temperature and pressure measurement

For a given wind velocity the energy in the wind depends on the air density. So as
to be able to correct for changes in air density, the air temperature and pressure
should be measured. At high temperatures it is recommended that relative humid-

Meteorology mast at 4 D

Distance of meteorology
mast to WTGS between
2Dand4 D,2,5Dis
recommended

Maximum measurement sector:
257 at2 D

267 at2,5D

286 at4 D

Disturbed sector due
to wake of WTGS
on meteorology
mast; sector angle
taken from annex A:
103 at2 D

93 at2,5D

74 at4 D

Figure 420 Anemometer Placement in Relation to Turbine
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ity also be measured, and corrected for. Accuracy should be such as to give the air
density to a precision of 1 percent. The IEC Draft states that pressure should be
measured at hub height or corrected to that height using ISO 2533. The IEC require
that the data be normalized to two different reference air densities, the average
measured air density at the test site (rounded to the nearest 0.05 kg/m?), and
standard conditions at sea level defined as 15°C and 1013.3 mbar which, for dry air,
corresponds to a density of 1.225 kg/m?.

The standard requires that the measured power is corrected by multiplying it by
the ratio of the standard air density and the test air density, calculated from the
temperature and pressure, but only when the average air density lies outside the
standard value, plus or minus 0.05 kg/ m3.

The above procedure is appropriate for stall-regulated machines, but where pitch
regulation is active the results of the correction can be misleading. In these
circumstances it is more appropriate to correct the wind speed using the one third
power of the ratio of the test air density to the standard density. This approach was
adopted by the IEA (1990) and is specified for power levels above 70 percent of
rated. The IEC standard follows this line, and the formulae to be used for the
correction according to the standard are given below.

Density corrections

For stall-regulated wind turbines each 10 min averaged power value should be
corrected as follows. The test air density pr, is given by:

288.15 B
pr=1225 {T] [m}

where T is the test air temperature in degrees absolute and B is the barometric
pressure in mbar. The power corrected to standard condition, ps is given by

=[]
PT

where Pr is the measured power and ps is the standard air density of 1.225 kg/m?®.
For pitch-regulated wind turbines the above approach is applied below 70 percent
of rated power but above that value the following correction should be used:

1/3
Us = UT{ oT }

Here the averaged wind-speed value is corrected rather than the power.

Where Uy is the measured wind speed in m/s and Us is the value corrected to
standard conditions. After considerable debate, the exponent of 1/3 appearing in
Equation (4.13) has been adopted in the IEC standard, following the IEA precedent.
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4.7.5 Power measurement

As it is the net power which is of interest the power transducer should be located
downstream of any auxiliary loads. It is generally assumed that the wind turbine
will be operating at a nominally fixed speed. For variable speed operation, the IEA
indicated that the rotor speed must also be measured to enable changes in kinetic
energy to be calculated and compensated for, and this should be done to within 1
percent of the nominal rotor speed. No such prescription is included in the
international standard.

Generally the electrical output will be three-phase, 50/60 Hz with voltage in the
range 380—415 V. The recommended approaches are the ‘3 watt meter’ method and
the ‘2 watt meter’ method where no neutral connection exists. Both of these take
account of load imbalance between the phases. The IEC standard refers to IEC
60688 and recommends a transducer of class 0.5 or better (which means a maximum
error of 0.5 percent at rated power); the current transformers, and voltage transfor-
mers if used, should reach the equivalent standard (IEC 60044-1 and 60186
respectively). Usually these transducers will have an analogue output.

Alternative power measurement equipment, such as kWh meters equipped to
produce pulse outputs, can be used provided an equivalent accuracy can be estab-
lished. Whatever transducer is chosen a calibration should be obtained. The
transducers must be able to cope with the power range —50 percent to 200 percent
of the turbine rated capacity.

4.7.6 Wind-turbine status

At least one output should be measured which indicates the operational status of
the wind turbine system. MEASNET make clear that this should not be a sensor
showing whether the turbine is connected to the grid, but rather showing that the
turbine is available. This should be used to determine the time periods for which
the measured power data should be selected for performance analysis.

4.7.7 Data acquisition system

An automatic digital data acquisition system capable of taking analogue signals
(and pulse train inputs where appropriate) should be used. Raw data from all
channels should be stored and preferably the system should be able to collect data
continuously over the measurement period. Commercially available equipment
now enables quite sophisticated data logging systems to be built around a standard
micro-computer. A typical arrangement is shown in Figure 4.21. Some data proces-
sing such as the application of calibrations and averaging can be done on-line with
more complex analysis left to be done later. It is required that the resolution of the
data acquisition system does not reduce the accuracy of the data collected, indeed
measurement uncertainty should be minimal compared to the sensors used. Care
should also be taken to ensure that the signals are free from spurious noise.
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Figure 4.21 Data Logging Arrangement

4.7.8 Data acquisition rate

For the purpose of power performance estimation the collected data are averaged to
increase the correlation between wind speed and power. Consequently high rates
of data sampling are not required. Where pulse generating instruments are used
the logging interval should be chosen long enough to provide an acceptable
resolution. For example, an anemometer might give 20 pulses/m of wind run. If this
is sampled at 0.5 Hz at a wind speed of 5 m/s the resolution error will be 1 in 200 or
0.5 percent which is adequate. Analogue measurements are more likely and the
international standard specifies a minimum sampling rate of 0.5 Hz.

4.8 Analysis of Test Data

Both the IEA and the IEC standard use a 10 min averaging time. This corresponds
approximately to the ‘spectral gap’ (Section 2.1) and means that wind distributions
of either 10 min or 1 h means can be used with reasonable confidence to estimate
annual energy production. Once erroneous data have been eliminated and any
corrections applied, 10 min averages of wind speed and wind power should be
calculated. Scatter plots should be presented as shown in Figure 4.22. The data are
then analysed using the “‘method of bins’ (Akins, 1978). According to this procedure
the wind speed range is divided into a series of intervals (known as bins). The IEC
standard requires 0.5 m/s bins throughout the range. Data sets are distributed into
the bins according to wind speed and the ensemble average of the data sets in each
bin calculated as follows:

(4.9)

where Uj; is the jth 10 min average of wind speed in the ith bin; P;; is the jth 10 min
average of power in the ith bin; and N; is the number of data sets in the ith bin. The
ensemble averages (U;, P;) are then plotted and a curve drawn through the plotted
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Figure 4.22 Scatter Plots Showing 10 min Data

points. This curve is defined to be the power curve for the wind turbine. Figure 4.23
gives an example power curve, also showing errors bars representing the total
uncertainty. How these are calculated is dealt with in Section 4.11.

The IEC standard also provides a detailed prescription as to how annual energy
yield should be calculated from the power curve and site wind statistics which are
assumed to follow the Rayleigh probability distribution.

4.9 Turbulence Effects

Because extended averaging periods are used in power performance testing
(usually 10 min) a significant amount of wind energy is contained in the turbulence.

Let the wind speed, U, at any instant be composed of a mean value U and the
fluctuation U™ about U. Then

u=u-+u* (4.10)
Energy is proportional to the cube of the wind speed and since we are interested in

the mean energy, an expression is wanted for the mean cube wind speed, denoted
U3. From Equation (4.10)
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Figure 4.23 Turbine Power Curve with Error Bars

U’ =U+u*y

e +302U* +3u™u+u®

The fluctuations U* are assumed symmetrical about U and so the mean values of
U* and U™*3 are zero and hence this simplifies to:

P =02 +3u™2l 4.11)

By definition the mean square fluctuation about the mean is just the variance, 02,
and so Equation (4.11) can be written as

ud = U° + 302U
Also by definition the turbulence intensity, I is simply ¢ /U, and hence
us = U°(1 + 317 (4.12)

Consequently there is more energy in the wind than indicated by the average value
of the wind speed. Corrections to the power curve have been suggested on the basis
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of Equation (4.12). This can, however, be misleading as it assumes that the wind
turbine maintains a constant Cp across its output range and this is far from true.
Christensen and Dragt (1983) discuss this issue in detail and conclude that such
simple corrections should not be made. An example calculated in the same report
does show that a turbulence intensity of 13 percent could give rise to an error in the
predicted energy yield of a particular wind turbine of 1.6 percent. Higher turbu-
lence levels can be encountered and could give rise to errors of 5 to 15 percent. If
the proposed site has a turbulence intensity similar to that on which the wind
turbine was tested then no need for correction will arise. What is needed then is a
record of the turbulence present on the site during the testing, and this is indeed
specified in the international standard. Specifically, plots of mean wind speed and
turbulence intensity as a function of wind direction should be presented for each
data set selected.

410 Aerodynamic Performance Assessment

There is often a need for assessing the aerodynamic or instantaneous performance
of a wind turbine. Detailed features, such as the stall characteristic, will tend to be
smoothed out by the 10 min averaging employed in power performance assess-
ment. Consequently only short averaging periods can be used, but this introduces a
further limitation of the method of bins. It has been shown that poor correlation
between power and wind speed results in a systematic distortion of the binned
relationship (Christensen and Dragt, 1986; Dragt, 1983) and shorter averaging times
result in poorer correlation. The effect is to rotate the power curve about the point
where the wind speed probability is highest as shown in Figure 4.24. This can be
understood as follows. Consider a short gust of high wind at the anemometer. The
likelihood is that at this instant, the wind speed at the turbine will be lower (i.e.
nearer the mean), and consequently the power output measured will be less than
would have been expected from the power curve with the wind speed as measured
at the anemometer. This will bias the measured power curve down at higher than
average wind speeds. A similar argument shows that the curve will be biased
upwards at lower than average wind speeds, as illustrated in Figure 4.24.

Dragt (1983) has developed a formula for correcting the measured wind speed
based on the statistics of the sample data set. The corrected wind speed, u*, is
given by:

U =u-@a-nu-1ua (4.13)

Here U is the measured wind speed, U is the sample mean, and 7 is the correlation
coefficient between power and wind speed. This correction was derived on the
basis of a normal distribution for the wind speed variations, and care should be
taken to check that this is applicable to the sample data set before carrying out the
correction. It could be that data are collected so as to cover the wind-speed range
evenly. If this has been done effectively then no systematic distortion should occur.
Another approach to reducing the averaging time whilst maintaining a high
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Figure 4.24 Biasing Effect with Binning

correlation is to measure the wind much closer to the wind turbine. Some years
ago, at Rutherford Appleton Laboratory (RAL) in the UK, for a downwind machine,
the wind speed was measured by using a boom mounted anemometer located only
one radius upwind of the rotor. As close as one radius distance from the wind
turbine some retarding (velocity deficit) will be apparent. The easiest way to take
account of this is to determine experimentally the relationship between the boom
anemometer reading and the measured free wind speed. Figure 4.25 shows the
uncorrected power curve based on the boom anemometer readings and shows that
the results for the different averaging times are in close agreement, as expected,
since high correlations were achieved.

Figures 4.26 to 4.29 show the effect of applying Dragt’s correction directly to
measurements made on a 17 m, stall-regulated wind turbine at RAL. It is evident
that 1 min averaged data, when corrected, is preferable to 10 min averaging due to
the extended parameter ranges achieved. The similarity of the corrected results
derived from the differently averaged data lends confidence to the technique.
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Detailed aerodynamic experiments will often require the simultaneous measure-
ment of the transverse and vertical wind components, in addition to the long-
itudinal component measure by the cup anemometer. Very fast response sonic
anemometers are well suited to this purpose.
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411 Errors and Uncertainty

The testing guidelines and subsequent Standards were drawn up with a key
objective of reducing errors and uncertainty. Despite this, inaccuracies will remain.
For some years this has been an area of concern, and the recent IEC standard now
makes clear how these should be assessed.

A comprehensive study funded by the CEC (Christensen and Dragt, 1986)
identified the major sources of inaccuracy. As well as measurement and data
analysis error, uncertainties are also introduced by other factors such as operating
conditions (rain, ice, turbulence etc), blade condition/roughness, generator and
gearbox temperature, yaw error, unmeasured wind velocity components and wind
shear. These cannot be directly assessed, although some will be reflected in an
increase of the scatter in the results which is taken into account in the proposed IEC
analysis.

Work at Riso National Laboratory (Pedersen and Peterson, 1988) used a fre-
quency domain model to quantify the uncertainty associated with factors such as
averaging time, anemometer position and wind turbulence. Accuracy was ex-
pressed in terms of the precision index which is defined by:

Si = (4.14)

where N; is the number of samples and o; is the standard deviation of power
measurements for the ith bin. The uncertainty in annual energy production S(E)
resulting from a measured power curve was calculated by using the precision index
for each bin:

S(E) = 8760 _ S(P);f(U;) (4.15)

Where S(P); is the power error band (computed from S;) for a given confidence
level and f(U;) is the annual probability of the wind being in the ith bin. It should
be noted that this treatment only deals with random errors (referred to as category
A uncertainties by the IEC) and that the effect of bias errors associated with the
instruments and other factors (category B uncertainties) should be included sepa-
rately. The RISO work concluded that the testing procedures were not accurate
enough to identify with confidence differences in performance of less than 5
percent.

The current IEC standard presents a detailed methodology for analysing how
errors propagate through the power curve to the energy yield calculations. Because
of its importance, the approach is outlined here.

4.11.1 Evaluation of uncertainty

The measurands are the power curve, or more precisely the individual bin averages
which constitute the curve, and the estimated annual energy production. Uncertain-
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ties in the measurements are converted into uncertainty in the measurands by
means of sensitivity factors following the ISO methodology (1995).

Table 4.1 lists the minimum selection of parameters which must be included in
the analysis; all are category B except the variability of electrical power which is
determined from the scatter in the bins.

4.11.2 Sensitivity factors

The sensitivity factors indicate how changes in a particular measured parameter
affect the relevant measurand. For example, temperature measurements are used to
calculate the air density used in the power curve calculation through correction of
the wind speed or power. We are interested in the rate of change of power (the
measurand) with temperature, i.e. the gradient 0P/0K. From the correction formu-
la, this factor is P;/288.15 (kW /K). Similarly the sensitivity factor for air pressure
measurement is P;/1013 (kW /hPa).

The sensitivity factor for the impact of wind-speed error on the power curve is
given directly by the local gradient of the power curve, calculated from:

(4.16)

Table 4.1 Uncertainty Components

Measured parameter Uncertainty component

Electric power Current transformers
Voltage transformers
Power transducer
Data acquisition system
Variability of electric power
Wind speed Anemometer calibration
Operational characteristics
Mounting effects
Data acquisition system
Flow distortion due to terrain
Air temperature Temperature sensor
Radiation shielding
Mounting effects
Data acquisition system
Air pressure Pressure sensor
Mounting effects
Data acquisition system
Data acquisition system Signal transmission
System accuracy
Signal conditioning
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The same sensitivity factor applies to all other influences on wind-speed measure-
ment such as flow distortion and anemometer mounting effects.

Measurement uncertainties directly affecting power such as those associated with
current transformers, power traducers etc, all take a sensitivity factor of unity.
Annex D (ISO, 1995) gives a comprehensive specification of all the sensitivity factors
to be used.

4.11.3 Estimating uncertainties

Category A uncertainties are based on the standard deviation of the scatter in each
bin, calculated in the conventional way. The main uncertainties in this category are
for power variation and the relevant standard deviation is op,. Statistical theory
(the central limit theorem) requires that the standard uncertainty also reflects the
number of points in the bin. The appropriate expression is:

_Opji

Si=Sp; = N

This is the same as the sensitivity factor defined in Equation (4.14). Other statistical
uncertainties such as climatic variation could in theory be calculated by experi-
ments designed to isolate these effects. In practice such an approach is unlikely.
Category B uncertainties must be estimated from knowledge of the instrument. If
for example a sensor has an accuracy of £U, it is reasonable to assume that the real
value is equally likely to take any value within this interval. Such a rectangular
probability distribution implies that the standard uncertainty o = U/./3. If the
probability distribution is better represented by a triangular distribution, then

o =Uu/./6.

4.17)

4114 Combining uncertainties

Uncertainty components are the individual contributions to the overall uncertainty
associated with particular measurements. The general expression for the combined
uncertainty in the ith bin, u.;, is given by:

M M
2
Uei= Z Z Chillk,iCijULiPk1i,j (4.18)
k=1 =1

where: ci; is the sensitivity factor of component k in bin i, uy; is the standard
uncertainty of component k in bin 7, M is the number of uncertainty components in
each bin, and py,j,; ; is the correlation between uncertainty component k in bin i and
uncertainty component [ in bin j.

Note that in Equation (4.17), components k and [ both are both in bin i. The
correlation coefficients are in practice almost impossible to estimate and assump-
tions are usually made. For example, that different components are independent
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(p = 0). This will pick out only the terms with k = 1, for which p = 1. If in addition
we divide the M uncertainty components into subsets of M category A compo-
nents and Mg category B components, Equation (4.17) simplifies to:

Ma Mg

2 2 2 2 2 2, .2

Uy = § CriSki T E Ck iUk = Si + U; (4.19)
=1 =

where s; and u; are the combined uncertainties for categories A and B respectively.
Varying the bin size from the standard value will affect the overall uncertainty
calculated. This is because sp; depends on the number of data points in each bin,
according to Equation (4.17).
The combined uncertainty for annual energy production, uagp, is given by:

Mg

N My N 2
Wagp = N7, Zfzz Z C%{,is%c,i + N7, Z (Z fiCk,iuk,z') (4.20)
=1 k=1 k=1 \i=1

where f; is the annual wind-speed probability associated with bin i and N}, is the
number of hours in the year. This expression differs from Equation (4.15), in that
the second term is an algebraic sum rather than a sum of squares which reflects the
fact that the category B uncertainty components are fully correlated across the
different bins.
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Design Loads for Horizontal-Axis
Wind Turbines

5.1 National and International Standards
5.1.1 Historical development

The preparation of national and international standards containing rules for the
design of wind turbines began in the 1980s. The first publication was a set of
regulations for certification drawn up by Germanischer Lloyd in 1986. These initial
rules were subsequently considerably refined as the state of knowledge grew,
leading to the publication by Germanischer Lloyd of the Regulation for the Certifica-
tion of Wind Energy Conversion Systems in 1993. This was further amended by
supplements issued in 1994 and 1998. Meanwhile national standards were pub-
lished in The Netherlands (NEN 6096, Dutch Standard, 1988) and Denmark (DS
472, Danish Standard, 1992).

The International Electrotechnical Commission (IEC) began work on the first
international standard in 1988, leading to the publication of IEC 1400-1 Wind turbine
generator systems — Part 1 Safety Requirements in 1994 (Second Edition IEC, 1997). A
revised edition containing some significant changes appeared in 1999, bearing the
new number IEC 61400-1. The following sections describe the scope of the IEC
61400-1, Germanischer Lloyd and Danish requirements in outline.

5.1.2 IEC 61400-1

IEC 61400-1 Wind turbine generator systems — Part 1 Safety Requirements identifies four
different classes of wind turbines to suit differing site wind conditions, with
increasing class designation number corresponding to reducing wind speed. The
wind speed parameters for each class are given in Table 5.1.

The reference wind is defined as the 10 min mean wind speed at hub-height with
a 50 year return period. To allow for sites where conditions do not conform to any
of these classes, a fifth class is provided for in which the basic wind parameters are
to be specified by the manufacturer. The normal value of air density is specified as
1.225 kg/m?>.

A crucial parameter for wind turbine design is the turbulence intensity, which is
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Table 5.1 Wind Speed Parameters for Wind Turbine Classes

Parameters Class I Class II Class III Class IV
Reference wind speed, Uyer (m/s) 50 425 375 30
Annual average wind speed, U,ye (m/s) 10 8.5 7.5 6
50 year return gust speed, 1.4 Uyer (m/s) 70 59.5 52.5 42
1 year return gust speed, 1.05 U (m/s) 52.5 44.6 39.4 31.5

defined as the ratio of the standard deviation of wind speed fluctuations to the
mean. The standard specifies two levels of turbulence intensity, designated category
A (higher) and category B (lower), which are independent of the wind speed classes
above. In each case the turbulence varies with hub height mean wind speed, U,
according to the formula

I, = Lis(a+15/U)/(a + 1)

(Section 2.6.3) where I35 is the turbulence intensity at a mean wind speed of 15 m/s,
defined as 18 percent for category A and 16 percent for category B. The constant a
takes the values 2 and 3 for categories A and B respectively.

The standard then proceeds to the definition of external wind and other environ-
mental conditions on the one hand, and turbine normal operational states and fault
situations on the other. The selection of certain combinations of these results in the
specification of some 17 different ultimate load cases and five fatigue load cases
which require consideration in the design of the turbine. The standard does not
extend to the prescription of particular methods of loading analysis. Subsequent
sections cover the control and protection systems, the electrical system, installation,
commissioning, operation and maintenance.

5.1.3 Germanischer Lloyd rules for certification

Germanischer Lloyd’s Regulation for the Certification of Wind Energy Conversion
Systems, commonly referred to as the GL rules, adopts the same classification of
wind turbines as IEC 61400-1, but specifies a single value of hub-height turbulence
intensity of 20 percent. A larger number of load cases are specified, but many of
them parallel cases in IEC 61400-1. However, the GL rules also provide a simplified
fatigue spectrum for aerodynamic loading and simplified design loads for turbines
with three non-pitching blades.

The GL rules then go on to describe the design processes required for each
component of the turbine in turn — beginning with the blades and ending with the
foundation. This includes design load definition, analysis methods, material
strengths and fatigue properties. The level of detail provided here sets the GL rules
apart from the IEC and Danish standards, and is a consequence of their role in
defining the design documentation required for certification.

There is a rigorous treatment of the requirements for the control and safety
systems, and for the associated protection and monitoring devices. The centrality of
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these systems to the overall design process is emphasized by placing them at the
start of the document. Final sections deal with operation and maintenance, noise
and lightning protection.

5.1.4 Danish Standard DS 472

DS 472 bases the derivation of design-extreme wind speeds on four terrain classes,
ranging from the very smooth (expanses of water) to the very rough (e.g., built-up
areas). The base wind velocity is taken to be the same all over Denmark, so the
result is four alternative profiles of wind speed variation with height. The philoso-
phy behind the selection of design load cases in the Danish standard is similar to
that in IEC-1400 and the GL rules, although the number of load cases is fewer.
Similarly, the requirements for the control and safety systems are again clearly set
out. DS 472 is distinctive in that it includes detailed treatments of the derivation of
simplified fatigue load spectra for a three-bladed, stall-regulated machine of up to
25 m diameter and a method of calculating gust response factors for the blades and
the tower.

5.2 Basis for Design Loads
5.2.1 Sources of loading
The sources of loading to be taken into account may be catagorized as follows:

e aerodynamic loads,
e gravitational loads,
e inertia loads (including centrifugal and gyroscopic effects), and

e operational loads arising from actions of the control system (e.g., braking,
yawing, blade-pitch control, generator disconnection).

5.2.2 Ultimate loads

The load cases selected for ultimate load design must cover realistic combinations
of a wide range of external wind conditions and machine states. It is common
practice to distinguish between normal and extreme wind conditions on the one
hand, and between normal machine states and fault states on the other. The load
cases for design are then chosen from:

e normal wind conditions in combination with normal machine states,
e normal wind conditions in combination with machine fault states, or

e extreme wind conditions in combination with normal machine states.
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Extreme and normal wind conditions are generally defined in terms of the worst
condition occurring with a 50 year and 1 year return period respectively. It is
assumed that machine fault states arise only rarely and are uncorrelated with
extreme wind conditions, so that the occurrence of a machine fault in combination
with an extreme wind condition is an event with such a high return period that it
need not be considered as a load case. However, IEC 61400-1 wisely stipulates that
if there is some correlation between an extreme external condition and a fault state,
then the combination should be considered as a design case.

5.2.3 Fatigue loads

A typical wind turbine is subjected to a severe fatigue loading regime. The rotor of
a 600 kW machine will rotate some 2 X 10° times during a 20 year life, with each
revolution causing a complete gravity stress reversal in the low speed shaft and in
each blade, together with a cycle of blade out-of-plane loading due to the combined
effects of wind shear, yaw error, shaft tilt, tower shadow and turbulence. It is
therefore scarcely surprising that the design of many wind turbine components is
often governed by fatigue rather than by ultimate load.

The design fatigue load spectrum should be representative of the loading cycles
experienced during power production over the full operational wind speed range,
with the numbers of cycles weighted in accordance with the proportion of time
spent generating at each wind speed. For completeness, load cycles occurring at
start-up and shut-down and, if necessary, during shut-down, should also be
included. It is generally assumed that the extreme load cases occur so rarely that
they will not have a significant effect on fatigue life.

5.2.4 Partial safety factors for loads

Limit-state design requires the design load for a component to be calculated as the
sum of the products of each characteristic load and the appropriate partial load
factor. The partial safety factors for ultimate loads stipulated by IEC 61400-1, the GL
rules and DS 472 are given in Table 5.2:

Note that the GL rules treat machine fault conditions as abnormal cases with a
partial safety factor of unity. This implies that the fault conditions are considered to
be very rare events, which may be questionable in practice. On the other hand, IEC
61400-1 classifies load cases involving a machine fault as normal. IEC 61400-1
observes that in many cases, especially where varying loads result in dynamic load
effects, the loads from various sources cannot be evaluated separately. In these
situations, the standard requires the use of a single partial load factor equal to the
highest of the factors in the Table for the relevant design situation. The partial safety
factor for fatigue loads is taken as unity.
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Table 5.2 Partial Safety Factors for Loads

Source of loading Unfavourable loads Favourable loads

Types of loading

Normal and extreme Abnormal

IEC GL DS IEC GL IEC GL DS
and DS
Normal Extreme

Aerodynamic 1.35 1.2 1.5 1.3 1.1 1.0 0.9 - -
Operational 1.35 1.35 1.2 1.3 1.1 1.0 0.9 - -
Gravity L1* 1% L1* 1.0 1.1 10 09 10 -
Inertia 1.25 1.1* 1.1* 1.0 1.1 1.0 0.9 1.0 -

*Factor increased to 1.35 if masses are not determined by weighing.

5.2.5 Functions of the control and safety systems

A primary function of the control system is to maintain the machine operating
parameters within their normal limits. The purpose of the safety system (referred to
as ‘protection system’ in IEC 61400-1) is to ensure that, should a critical operating
parameter exceed its normal limit as a result of a fault or failure in the wind turbine
or the control system, the machine is maintained in a safe condition. Normally the
critical operating parameters are:

e turbine rotational speed,

® power output,

e vibration level,

e twist of pendant cables running up into nacelle.

For each parameter it is necessary to set an activation level at which the safety
system is triggered. This has to be set at a suitable margin above the normal
operating limit to allow for overshooting by the control system, but sufficiently far
below the maximum safe value of the parameter to allow scope for the safety

system to rein it in. The rotor speed at which the safety system is activated is a key
input to the design-load case involving rotor overspeed.

5.3 Turbulence and Wakes

Fluctuation of the wind speed about the short-term mean, or turbulence, naturally
has a major impact on the design loadings, as it is the source of both the extreme
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gust loading and a large part of the blade fatigue loading. The latter is exacerbated
by the gust slicing effect in which a blade will slice through a localized gust
repeatedly in the course of several revolutions.

The nature of free stream turbulence, and its mathematical descriptions in
statistical terms, form the subject of Section 2.6. Within a wind farm, turbines
operating in the wakes of other turbines experience increased turbulence and
reduced mean velocities. In general, a downwind turbine will lie off-centre with
respect to the wake of the turbine immediately upwind, leading to horizontal wind
shear. Models describing velocity deficits and the increase in turbulence intensity
due to turbine wakes are reported in Section 2.10 but, as is pointed out, no
consensus has yet emerged as regards their use for wind turbine design calcula-
tions.

5.4 Extreme Loads
5.4.1 Non-operational load cases—normal machine state

A non-operational machine state is defined as one in which the machine is neither
generating power, nor starting up, nor shutting down. It may be stationary, i.e.,
‘parked’, or idling.

The design wind speed for this load case is commonly taken as the gust speed
with a return period of 50 years. The magnitude of the 50 year return gust depends
on the gust duration chosen, which in turn should be based on the size of the
loaded area. For example, British Standard CP3 Chapter V, Part 2 (1972) Code of
basic data for the design of buildings: Wind Loading, states that a 3 s gust can envelope
areas up to 20 m across, but advises that for larger areas up to 50 m across, a 5s
gust is appropriate. Nevertheless, IEC 61400-1 and the GL rules specify the use of
gust durations of 3s and 5 s respectively, regardless of the turbine size. In each
case, the 50 year return gust value is defined as 1.4 times the 50 year return 10 min
mean (the ‘reference wind speed’), despite the fact that other authorities estimate
the 5 s gust to be between 5 percent (CP3) and 2 percent (ASCE, 1993) smaller than
the 3 s gust.

By contrast, DS 472 bases extreme loads on the dynamic pressure resulting from
the extreme 10 min mean wind speed rather than a 3 or 5s gust. These loads are
augmented by an ‘impact factor’ (see Equation (5.15)), which takes into account
both wind gusting and the excitation of resonant oscillations thereby. This approach
is also followed in Eurocode 1 (1997).

Care is required in selecting the turbine configurations to be considered in the
investigation of this case. IEC 61400-1 indicates that the possibility of grid failure is
to be considered as part of this load case, which would prevent the yaw system
tracking any subsequent changes in wind direction. This case is considered in more
detail in Section 5.12.1. Where slippage of the yaw brake is a possibility, it will be
necessary to consider a load case in which the turbine becomes backwinded, even
though winds are unlikely to change direction by more than 90° and still remain at
storm force.
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5.4.2 Non-operational load cases—machine fault state

Examples of load cases in this category are ones involving the failure of the yaw or
pitch mechanisms. On the assumption that there is no correlation between such a
failure and extreme winds, the design wind for this load case is normally taken as
the gust speed with a return period of 1 year. GL rules lay down that this is to be
taken as 80 percent of the 50 year return gust speed, whereas IEC 61400-1 specifies
the lower ratio of 75 percent.

5.4.3 Operational load cases—normal machine state

Several load cases have to be investigated in this category, so that the effects of
extremes of gust loading, wind direction change and wind shear can be evaluated
in turn. Two types of deterministic discrete gust models are used for the gust
loading: the ‘rising gust” and the ‘rising and falling gust’. In the former case, the
wind speed rises sinusoidally over the time interval t = 0 to f = T/2 to a new value,
according to the formula U(t) = U + AU(1 — cos 27t/ T), and remains there. In the
simple version of the ‘rising and falling gust’, the sinusoidal wind speed variation
continues over the full cycle until the wind speed has returned to its original value.
However, IEC 61400-1 defines a more sophisticated version, incorporating a brief
dip in the wind speed before and after the rising and falling gust, the complete
cycle being defined by

o u

)sinSnt/T[l — cos2mt/T] (5.1)

where o, is the standard deviation of the turbulent wind speed fluctuations, and
the factor f3 takes the values 4.8 and 6.4 for gusts with recurrence periods of 1 and
50 years respectively. D/A; is the ratio of the rotor diameter to the turbulence scale
parameter (see load case 1.7, below). The duration of the gust, T, is specified as
10.5s for the 1 year and 14s for the 50 year return gust. The gust profile is
illustrated in Figure 5.1.

The ultimate-load cases during normal running defined in IEC 61400-1 are
described below. The standard points out that the cases listed are the minimum that
should be investigated, and that other cases may need to be considered in relation
to specific turbine designs. Note that an inclination of the mean air flow of up to 8°
to the horizontal is to be considered in each case. The acronyms in capitals are those
used by the code to identify the types of gust and/or direction change.

Load case 1.1: Hub-height wind speed equal to U, or U,, with turbulence (Section
5.1.2), where U, is the rated wind speed, defined as the wind speed at which the
turbine’s rated power is reached, and U, is the upper cut-out speed.

(Load case 1.2 is a Fatigue Case).

Load case 1.3: Gust and direction change (ECD). Hub-height wind speed equal to U,
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Figure 5.1 IEC 61400-1 Extreme Rising and Falling Gust with 50 year Return Period for
Steady Wind of 25 m/s and Category A Turbulence

plus a 15 m/s rising gust, in conjunction with a simultaneous direction change of
720/ U, degrees—i.e., 60° for a rated wind speed of 12 m/s, for example. The gust
rise time and the period over which the direction change takes place are both
specified as 10s. Wind shear is to be included according to the ‘Normal wind
profile model’, with U(z)ooz%2. This is referred to as normal wind shear in the load
cases below.

Load case 1.4: External electrical fault, with hub height wind speed equal to U, or
U,. Normal wind shear is included, but turbulence is not.

Load case 1.5: Loss of load; this case is considered separately in Section 5.4.4.

Load case 1.6: 50 year return rising and falling gust, as defined by Equation (5.1),
superimposed on hub-height wind speed of U, or U, with normal wind shear
(EOGsp). The duration of the gust, T, is specified as 14 s. See illustration in Figure
5.1 for the case of U, =25m/s with category A turbulence for a 40 m diameter
rotor.

Load case 1.7: Extreme wind shear (EWS). Additional vertical or horizontal transient
wind shear superimposed on the ‘Normal wind profile model’, for hub-height wind
speeds of U, or U,. The additional wind shears are specified as:

(=) oo (2)) -3

m/s for0<t<T, for vertical shear (5.2)
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(3) (250 () ) (o)

m/s for 0 < t<T, for horizontal shear (5.3)

where z is the height above ground, vy is the lateral co-ordinate with respect to the
hub, D is the rotor diameter, § and ¢, are as defined above, A; is the turbulence
scale parameter of 0.7zpyp, or 21 m, whichever is the lesser, and T is the duration of
the transient wind shear, set at 12 s. The two shears are to be applied independently
as separate cases, not simultaneously. In the case of a 40 m diameter machine
operating at a 25 m/s cut-out speed, the resulting maximum additional wind speed
at the tip of a blade is 8.37 m/s, assuming category A turbulence.

Load case 1.8: 50 year return direction change for steady hub-height wind speed,
Unyp, of U, or U,, with normal wind shear (EDCsp). The direction change, Ocs, is
defined as:

Oy
Oes0 = £f3 arCtan<Uhub[1 + 0.1(D/A1)]> o

with the direction varying over time according to the relation:
0(t) = 0.560050{1 — cos(2nt/T)} for 0<t<T/2 (5.5)

The direction change takes place over a period T/2 of 6s. For a 40 m diameter
machine operating at a 25 m/s cut-out speed, the direction change is 48°, assuming
category A turbulence.

Load case 1.9: 15 m/s rising gust superimposed on hub-height wind speed of U,
with normal wind shear (ECG). The gust rise time is specified as 10 s.
Blade loadings arising from the above load cases are compared in Section 7.1.8.

5.4.4 Operational load cases—loss of load

If the connection to the grid is lost, then the aerodynamic torque will no longer meet
with any resistance from the generator—which therefore experiences ‘loss of
load’—and so the rotor will begin to accelerate until the braking systems are
brought into action. Depending on the speed of braking response, this load case
may well result in critical rotor loadings.

Grid loss is likely to be caused by a fault on the utility network and subsequent
circuit breaker operation, and thus may happen at any time. Accordingly, the
concurrent machine state is taken to be normal and so the grid loss case has to be
considered in combination with extreme wind conditions. The IEC 61400-1 grid loss
case is as described below.

Load case 1.5: Grid loss, with a rising and falling 1 year return gust, as defined by
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Equation (5.1), superimposed on hub-height wind speed of U, or U, (EOG;) The
duration of the gust, T, is specified as 10.5 s.

5.4.5 Operational load cases—machine fault states

As noted in Section 5.2.2, it is commonly assumed that the incidence of machine
faults is uncorrelated with extreme winds, so only normal wind conditions need to
be considered in the relevant load cases. IEC 61400-1 specifies two load cases as
follows.

Load case 2.1: Control system fault, with steady hub-height wind speed equal to U,
or U, and normal wind shear. Partial safety factor: normal.

Load case 2.2: Protection system fault or preceding internal electrical fault, with
steady hub-height wind speed equal to U, or U, and normal wind shear. Partial
safety factor: abnormal.

5.4.6 Start-up and shut-down cases

IEC 61400-1 also specifies start-up and shut-down cases with a 1 year return rising
and falling gust, a start up case with a 1 year return direction change and an
emergency shut-down case. In each, hub-height wind speeds of U, and U, are to be
considered.

5.4.7 Blade/tower clearance

In addition to checking the acceptability of the stresses arising from the above load
cases, the designer should also check that none can result in a collision between the
blade and the tower.

5.5 Fatigue Loading
5.5.1 Synthesis of fatigue load spectrum

The complete fatigue load spectrum for a particular wind turbine component has to
be built up from separate load spectra derived for turbine operation at different
wind speeds and from the load cycles experienced at start-up, normal and
emergency shut-down and while the machine is parked or idling. First the cycle
counts for each stress range for 1 h operation in a particular wind speed band are
calculated and scaled-up by the predicted number of hours of operation in that
band over the machine lifetime. IEC 61400-1 specifies that this prediction is to be
based on the Rayleigh distribution (Section 2.4), with the annual mean wind speed
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set according to the turbine class (see Section 5.1.2). Finally, the lifetime cycle counts
obtained for operation in the different wind speed bands are combined and added
to those calculated for start-ups, shut-downs and periods of non-operation.

5.6 Stationary Blade Loading
5.6.1 Lift and drag coefficients

Maximum blade loadings are in the out-of-plane direction and occur when the
wind direction is either approximately normal to the blade, giving maximum drag,
or at an angle of between 12° and 16° to the plane of the blade when the angle of
attack is such as to give maximum lift.

In the absence of data on drag coefficients for airflow normal to the blade,
designers formerly utilized the drag coefficient for an infinitely long flat plate of 2.0,
with an adjustment downwards based on the aspect ratio. Thus, on a typical blade
with a mean chord equal to one fifteenth of the radius, the length to width ratio
would be taken as 30, because free flow cannot take place around the inboard end
of the blade. Following CP3 (British Standard, 1972), the British code for wind
loading on buildings, this would give a drag coefficient of 1.68. More recently, field
measurements have shown that such an approach is unduly conservative, with
drag coefficients of 1.24 being reported for the LM 17.2 m blade (Rasmussen, 1984)
and 1.25 for the Howden HWP-300 blade (Jamieson and Hunter, 1985). The Danish
Standard DS 472 (1992) stipulates a minimum value of 1.3 for the drag coefficient.

The choice of lift coefficient value is more straightforward, because aerofoil data
for low-angle attacks is more generally available and is, in any case, required for
assessing rotor performance. The maximum lift coefficient rarely exceeds 1.6, but
values down to as low as 1.1 will obtain on the thicker, inboard portion of the blade.
The minimum value of lift coefficient of 1.5 specified in DS 472 for the calculation of
blade out-of-plane loads is therefore probably conservative.

5.6.2 Critical configuration for different machine types

It was shown in the preceding section that the maximum lift coefficient is likely to
exceed the maximum drag coefficient for a wind turbine blade, so consequently the
maximum loading on a stationary blade will occur when the air flow is in a plane
perpendicular to the blade axis and the angle of attack is such as to produce
maximum lift. For a stall-regulated machine, this will be the case when the blade is
vertical and the wind direction is 70°-80° to the nacelle axis, whereas for a pitch-
regulated machine the blade only needs to be approximately vertical with a wind
direction at 10°-20° to the nacelle axis.



220 DESIGN LOADS FOR HORIZONTAL-AXIS WIND TURBINES

5.6.3 Dynamic response
Tip displacement

Wind fluctuations at frequencies close to the first flapwise mode blade natural
frequency excite resonant blade oscillations and result in additional, inertial load-
ings over and above the quasistatic loads that would be experienced by a comple-
tely rigid blade. As the oscillations result from fluctuations of the wind speed about
the mean value, the standard deviation of resonant tip displacement can be ex-
pressed in terms of the wind turbulence intensity and the normalized power

spectral density at the resonant frequency, R,(1n1) = 1.S,(111)/02, as follows:

o _ % meHMMm (5.6)

X1

Here £ is the first mode component of the steady tip displacement, U is the mean
wind speed (usually averaged over 10 min), 6 is the logarithmic decrement of
damping and Ks(n) is a size reduction factor, which results from the lack of
correlation of the wind along the blade at the relevant frequency. Note that the
dynamic pressure, 1pU? =3p(U + u)* = 3p(U* +2Uu + u?), is linearized to
1pU(U + 2u) to simplify the result. See Sect10ns A5.2-4 in the Appendix for the
derivations of Equation (5.6) and the expression for Ks ().

Damping

It is evident from Equation (5.6) that a key determinant of resonant tip response is
the value of damping present. Generally the damping consists of two components,
aerodynamic and structural. In the case of a vibrating blade flat on to the wind, the
ﬂuctuatmg aerodynamic force per unit length is given by 1p(U — x)*Cq.c(r) —

3 pLI Cq.c(r) = pUxCq.c(r), where x is the blade flatwise velocity, C4 the drag coeffi-

cient and c(r) the local blade chord. Hence the aerodynamic damping per unit
length, ¢,(7), is pUCqc(r), and the first mode aerodynamic damping ratio,

R
En =ca/2mawr = J éa(r),u%(r)dr/Zmlwl
0
is given by
(R
i = pUCdJ w3 (r)e(r) dr/2mywn
0

Here u,(r) is the first mode shape,

R
m:meﬁmw
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is the generalized mass, and o is the first mode natural frequency in radians/s. The
logarithmic decrement is obtained by multiplying the damping ratio by 2.

When the wind direction is angled to the blade so as to generate maximum lift,
the blade will be approaching stall, with the result that the aerodynamic damping is
effectively zero. In this situation tip deflections are limited only by the blade
structural damping. Structural damping is discussed in Section 5.8.4, and values for
typical blade materials given.

Root bending moment

The standard deviation of tip displacement in combination with the blade mode
shape yields an inertial loading distribution from which the standard deviation of
the resulting bending moment at any position along the blade may be calculated. In
particular, the standard deviation of the root bending moment may be expressed in
terms of the mean root bending moment as follows:

Im _ \/ Ry(n1)v/ Ksx(m) Aan = oﬂ /1M1 (5.7)

M

where

R

J m((rdr

Avg =" | c(Npa(r)dr (5.8
m1J c(ryrdr

0

(See Section A5.5 in the Appendix for the derivation of the expression for Ayr;.)

The standard deviation of the quasistatic root bending moment fluctuation, or
root bending moment background response is expressed in terms of the mean root
bending moment by

o
5% Ko (59)

M

where Ksyp is a size reduction factor to take account of lack of correlation of wind
fluctuations along the blade. As shown in Section A5.6 of the Appendix, Ksyp is
usually only slightly less than unity because the blade length is small compared
with the integral length scale of longitudinal turbulence measured in the across
wind direction.

The variance of the total root bending moment fluctuations is equal to the sum of
the resonant and background response variances, i.e.,

2 2 2
OM=0m T O0mp

Hence
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T _ 5 %5 | Kepgs + 7 Ru(mn) Kss(m) 22 5.10
ﬁ_ ﬁ SMB +% w(11) Ksy (1) Ay (5.10)
The design extreme root bending moment is typically calculated as that due to the
50 year return, 10 min mean wind speed plus the number of standard deviations of
the root bending moment fluctuations corresponding to the likely peak excursion in
a 10 min period. Thus

Mmax = M+ g0 (5.11)

where g is known as the peak factor, and depends on the number of cycles of root
bending moment fluctuations in 10 min, according to the formula

g = /21In(600v) + _ 0577 (5.12)

2In(6000)

Here, v, is the mean zero-upcrossing frequency (i.e., the number of times per second
the moment fluctuation changes from negative to positive) of the root bending
moment fluctuations, which will be intermediate between that of the quasistatic
wind loading and the blade natural frequency, n; (see Section A5.7 of the Appen-
dix). (Note that, as g varies relatively slowly with frequency, it is a reasonable
approximation to set ¢ at an upper limit of 3.9, which corresponds to a frequency of
about 1.9 Hz, as is suggested in DS 472.)
Substituting Equation (5.10) into Equation (5.11) yields

2
Mmax = M|:1 + gOﬁM:| =M [1 + g(ZG_Uu> \/KSMB + ;t_é Ru(”l)KSx(nl)l%/ﬂ (513)

The expression in square brackets corresponds to the formula for the impact factor
¢ in Annex B of DS 472:

0= 1+2go—U“\/kb+k, (5.14)

It is often necessary to express the maximum moment in terms of the quasistatic
moment due to the 50 year return gust speed, U,sp. In order to do this, we equate
the latter quantity to the quasistatic component of Equation (5.13), obtaining

R
cf.%puﬁmj o(r)rdr = M(l n go.z% \/KSMB) (5.15)
0

Here the peak factor, g takes a lower value, gy, corresponding to the lower
frequency of the quasistatic root bending moment fluctuations. Equation (5.15) can
then be combined with Equation (5.13) to yield
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R

Muax = cf%pugoj c(r)rdr.Qp (5.16)
0

where Qp is a dynamic factor given by

oy m 2
T+ g( 277 )\ Koms 35 Ry (1) Ksx(11)Apy

Op = 5 (5.17)
1+ o (2 ﬁ) v Ksmp

There is considerable advantage in starting with the extreme gust speed and
calculating the extreme root moment as the product of ClpUz, OR c(r)rdrand Qp,
because it eliminates most of the error associated with linearizing the formula for
dynamic pressure. For example, if the extreme gust is 1.4 times the extreme 10 min
mean wind speed, as postulated in IEC 61400-1 (which implies that the product
go(o,/U) is 0.4), then the dynamic pressure due to the gust will be 1.4? = 1.96 times
that due to the 10 min mean, rather than 1.8 times as given by the formula

1+ go(2{o,/U}).

Example 5.1
Evaluate the dynamic factor, Qp, for the blade root bending moment for a 20 m long
stationary blade under extreme loading.

Consider a trial 20 m long blade design (designated Blade TR) utilizing NACA
632XX aerofoil sections with the chord and thickness distributions shown in Figure
5.2(a). The thickness distribution has a pronounced knee near mid span to minimize
the thickness to chord ratio in the outer half of the span. Assuming a uniform skin
thickness along the blade, apart from local thickening at the root, the resulting
mass and stiffness distributions are as shown in Figure 5.2(b). Modal analysis
as described in Section 5.8.2 yields the first and second mode shapes shown in

metres

Thickness

Radius (m)

Figure 5.2(a) Blade ‘TR’ Chord and Thickness Distributions
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Figure 5.2(b) Blade ‘TR’ Mass and Stiffness Distributions

Figure 5.3. The first mode shape for a blade of constant cross section (i.e., a uniform
cantilever) is also shown for comparison purposes, and it is evident that the high
stiffness of the inboard portion of the tapered blade results in dramatically reduced
deflections there as a proportion of tip deflection. For a fibreglass blade, typical
values of the Young’s modulus and material density would be 40000 N/mm? and
1.7 Tonnes/m? respectively, resulting in a first mode natural frequency of 1.65 Hz,
and a second mode natural frequency of 5.72 Hz.
Values of the other parameters assumed are:

Blade height, z 35m
50 year return 10 min mean wind 45m/s
speed at blade height, U
Eurocode 1 Terrain Category I (Roughness length, z, = 0.01 m)
Turbulence intensity, 0.1225

I(z) = 1/In(z/zp)

The corresponding integral length scale for longitudinal turbulence is 227 m accord-
ing to Eurocode 1 (1997).
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Figure 5.3 Blade ‘TR’ 1st and 2nd Mode Shapes

The values of the parameters in Equation (5.6) governing the resonant tip
response are determined as follows.

(a) The aerodynamic damping is assumed to be zero, so the damping logarithmic
decrement is taken as 0.05, corresponding to the structural damping value for
fibreglass.

(b) The non-dimensional power spectral density of longitudinal wind turbulence,
R,(n) = nS,(n1)/02, is calculated at the blade first mode natural frequency

according the Kaimal power spectrum defined in Eurocode 1 (Appendix, Equa-
tion A5.8) as 0.0339.

(c) A value of 9.2 is taken for the non-dimensional decay constant in the exponen-
tial expression for the normalized co-spectrum used in the derivation of the size
reduction factor, Ksy(71), in Equation (A5.25).

The various stages in the derivation of the extreme root bending moment and the
dynamic factor, Qp, are set out below. The figures in square brackets are the
corresponding values obtained using the method of Annex B of DS 472, which are
included for comparison.

Size reduction factor for resonant response, Ksy(n11)  0.426 (Equation  [0.312]
(A5.25))

Ratio of standard deviation of resonant tip

displacement to the first mode component of

steady tip displacement,
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oy oy, T
W 2 0 \/2—5\/Ru(711) v/ Ksx(11)

=2 X 0.1225 X 9.935 X 1/0.0339 X /0.426

=2 X0.1225 X 9.935 X 0.184 X 0.652

=2X0.1225 X 1.192 0.292
Root moment factor, A1 0.579

Ratio of standard deviation of resonant root

moment to mean value,

owi _ox . 0.169
M X

Size reduction factor for quasistatic or background  0.926

response, Ksyp

Ratio of standard deviation of quasistatic root

moment response to mean value,

G—AMAB - 2%‘ V/Kewp = 2 X 0.1225 X 0.962 0.236

Ratio of standard deviation of total root moment
response to mean value,

2 2
oM _ \/ (%) + (M> = V/0.236% + 0.1692 0.290
M M M

Zero up-crossing frequency of quasistatic response, 0.41 Hz
o

Zero up-crossing frequency of total root moment ~ 1.02 Hz
response, v

Peak factor, g, based on v 3.74

Ratio of extreme moment to mean value,

Mmax oM
—— =1+ ¢(=) =1+3.74(0.290 2.087
M g < M ) (0.20)

Peak factor, go, based on 19 3.49

Ratio of quasistatic component of extreme moment
to mean value

1+ goo—]\ﬁ/lB — 14 3.49(0.236) 1.823
Dynamic factor, Qp = 2.087,/1.823 1.145

(Equation
(5.6))

(Equation
(5.8))

(Equation
(5.7))

(Equation
(A5.40))

(Equation
(5.9))

(Equation
(A5.57))
(Equation
(A5.54))
(Equation
(5.12))

(Equation
(5.13))

(Equation
(5.15))
(Equation
(5.17))

[N/A]

[N/A]

[0.338]

[0.78]

[0.216]

[0.402]
[N/A]

[N/A]

[3.9]

[2.57]

[3.5]

[1.76]
[1.46]

It is apparent that the DS 472 method yields a significantly larger value of the
extreme root bending moment. However, the DS 472 ratio of extreme to mean
bending moment is intended to apply at all points along the blade, so a conservative
value at the root is inescapable, as is shown in the next section which examines the

variation of bending moment along the blade.
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Spanwise variation of bending moment

The resonant and quasistatic components of bending moments at intermediate
positions along the blade can be related to those at the root in a straightforward way.
As far as the quasistatic bending moment fluctuations are concerned, the varia-
tion along the blade follows closely the bending moment variation due to the steady
loading, although slight changes in the size reduction factor have a small effect. The
bending moment diagram for the resonant oscillations is, however, of a very
different shape, because of the dominance of the inertia loading on the tip. An

0.9
0.8
07 Resonant bending moment
0.6
0.5
0.4
0.3
Quasistatic bending moment

0.2

0.1

Moment at radius r as a proportion of root bending moment

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Radius (r/R)

Figure 5.4 Spanwise Variation of Resonant and Quasistatic Bending Moments — Blade “TR’

Dynamic magnification factor

0.8
0.6 Combined bending moment standard deviation/
steady bending moment
0.4
Resonant bending moment standard deviation/
steady bending moment
0.2

Quasistatic bending moment standard deviation/
steady bending moment

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Radius (r/R)

Figure 5.5 Spanwise Variation of (a) Fluctuating Bending Moment Standard Deviations in
Terms of Local Steady Bending Moment, and (b) Dynamic Magnification Factor — for Blade
ITRI
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expression for the resonant bending moment variation along the blade is given in
Section A5.8 of the Appendix, and it is plotted out for the example above in Figure
5.4, with the quasistatic bending moment variation alongside for comparison. It is
seen that the resonant bending moment diagram is closer to linear than the
quasistatic one, which approximates to a parabola.

A consequence of the much slower decay of the resonant bending moment out
towards the tip is an increase in the ratio of the resonant bending moment standard
deviation to the local steady moment with radius. This results in an increase in the
dynamic magnification factor, Qp, from 1.145 at the root to 1.69 at the tip for the
example above (see Figure 5.5).

5.7 Blade Loads During Operation
5.7.1 Deterministic and stochastic load components

It is normal to separate out the loads due to the steady wind on the rotating blade
from those due to wind speed fluctuations and analyse them in different ways. The
periodic loading on the blade due to the steady spatial variation of wind speed over
the rotor swept area is termed the deterministic load component, because it is
uniquely determined by a limited number of parameters — i.e., the hub-height wind
speed, the rotational speed, the wind shear, etc. On the other hand, the random
loading on the blade due to wind speed fluctuations (i.e., turbulence) has to be
described probabilistically, and is therefore termed the stochastic load component.

In addition to wind loading, the rotating blade is also acted on by gravity and
inertial loadings. The gravity loading depends simply on blade azimuth and mass
distribution, and is thus deterministic, but the inertial loadings may be affected by
turbulence — as, for example, in the case of a teetering rotor — and so will sometimes
contain stochastic as well as deterministic components.

5.7.2 Deterministic Aerodynamic Loads
Steady, uniform flow perpendicular to plane of rotor

The application of momentum theory to a blade element, which is described in
Section 3.5.3, enables the aerodynamic forces on the blade to be calculated at
different radii. Equations (3.51) or (3.51a) and (3.52) are solved iteratively for the
flow induction factors, a and a’, at each radius, enabling the flow angle, ¢, the angle
of attack, a, and hence the lift and drag coefficients to be determined. The solution
of the equations is normally simplified by omitting the C? term in Equation (3.51) —
an approximation which is justifed, because UVCEJ /Cx is negligibly small away from
the root area.

For loadings on the outboard portion of the blade, allowance for tip loss must be
made, so Equations (3.51) and (3.52) are replaced by Equations (3.51b) and (3.52a) in
Section 3.8.5, (with the omission of the Czy term in Equation (3.51b) again being
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permissible). These equations can be arranged to give the following expressions for
the forces per unit length on an element perpendicular to the plane of rotation and
in the direction of blade motion, known as the out-of-plane and in-plane forces
respectively:

Out-of-plane force per unit length: Fx = Cx%p W?c = 4mp Uio(l — af)a% r (5.18)

In-plane force per unit length: —Fy = Cy%pwzc =4mpQUy(1 — af)a’ % r*  (5.19)

The parameters in the expressions are as defined in Chapter 3 (f is the tip loss
factor, and N is the number of blades), while the x and y directions are as defined in
Figure C1.

The variation of the in-plane and out-of-plane forces with radius is shown in
Figure 5.6 for a typical machine operating in a steady 10 m/s wind speed. The 40 m
stall-regulated turbine considered in this example is fitted with three ‘TR’ blades as
described in Example 5.1 and rotates at 30 r.p.m. The blade twist distribution is
linear, and selected to produce the maximum energy yield for an annual mean
wind speed of 7m/s. It is evident that the out-of-plane load per unit length
increases approximately linearly with radius, in spite of the reducing blade chord
until the effects of tip loss are felt beyond about 75 percent of tip radius. Note that
the form of the variation would be the same for any combination of rotational
speed, wind speed and tip radius yielding the same tip speed ratio, because it is the
tip speed ratio that determines the radial distribution of flow angle ¢, and of the
induction factors a and a’.

Integration of these forces along the blade then yields in-plane and out-of-plane

1.6 4 Out-of-plane force
per unit length

Rotational speed = 30 rpm

0.8

Load per metre (KN)

0.6

0.4 In-plane force
’ per unit length

0.2 q

0 2‘ l‘l é é 1‘0 1‘2 1‘4 1‘6 1‘8 20
Radius (m)
Figure 5.6 Distribution of Blade In-plane and Out-of-plane Aerodynamic Loads during

Operation of Typical 40 m Diameter Stall-regulated Machine in a Steady, Uniform 10 m/s
Wind
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Figure 5.7 Blade In-plane and Out-of-plane Aerodynamic Bending Moment Distributions for

Typical 40 m Diameter Stall-regulated Machine Operating in a Steady, Uniform 10 m/s Wind

aerodynamic blade bending moments. The variation of these moments with radius
is shown in Figure 5.7 for the example above. The blade bending moments
effectively decrease linearly with increasing radius over the inboard third of the
blade because of the concentration of loading outboard.

The variation of the blade root out-of-plane bending moment with wind speed is
illustrated in Figure 5.8 for the 40 m diameter example machine described above.

N
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Figure 5.8 Blade Out-of-plane Root Bending Moment During Operation in Steady, Uniform
Wind - Variation with Wind Speed for Similar Stall-regulated and Pitch-regulated Machines
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As explained in Section 3.12, the phenomenon of stall delay results in significantly
increased values of the lift coefficient at higher wind speeds on the inboard section
of the rotating blade than predicted by static aerofoil data, such as that reproduced
in Figure 3.41. Accordingly, Figure 5.8 and the other figures referred to in this
section have been derived using realistic aerofoil data for a rotating LM-19.0 blade
reported in Petersen et al. (1998), which is based on an empirical modification of
static or two-dimensional aerofoil data. The modified data are reproduced in Figure
5.9, and display much higher lift coefficients for the thicker, inboard blade sections
at high angles of attack than for the thinner, outboard blade sections because of stall
delay at the inboard sections.

Figure 5.8 shows the blade root out-of-plane bending moment increasing nearly
linearly with wind speed at first and then levelling off, becoming almost constant
for winds between 12 m/s and 16 m/s, as the blade goes into stall. Thereafter the
root moment increases again, but much more gently than before.

Also shown on Figure 5.8 is the variation of blade root out-of-plane bending
moment with wind speed for the same machine with pitch regulation to limit the
power output to 400 kW. It is evident that the bending moment drops away rapidly
at wind speeds above rated.

Yawed flow

The application of blade element-momentum theory to steady yawed flow is
decribed in Section 3.10.8. This methodology has been used to derive Figure 5.10,

1.8 4 tlc = 24%

tlc=18%

tlc=15%

tlc=13%

Lift and Drag Coefficients
=)
Y -

Drag

=4
=)

tlc = 13%,
15%
and 18%

o
~

<
)

tlc = 24%

0 5 10 15 20 25 30
Angle of attack

Figure 5.9 Aerofoil Data for LM-19.0 Blade for Various Thickness/Chord Ratios (from
Petersen et al. (1998))



232 DESIGN LOADS FOR HORIZONTAL-AXIS WIND TURBINES

which shows the variation of the blade root out-of-plane and in-plane moments
with azimuth for the 40 m diameter stall-regulated machine described above,
operating at a steady yaw angle of 4+-30°. Note that the blade azimuth is measured
in the direction of blade rotation, from a zero value at top dead centre, and the yaw
angle is defined as positive when the lateral component of air flow with respect to
the rotor disc is in the same direction as the blade movement at zero azimuth.

Figure 5.10 reveals a distinct difference between the behaviour at 10 m/s and
20 m/s. In the latter case, the bending moment variation is sinusoidal with a
maximum value at 180° azimuth, indicating that the variation is dominated by the
effect of the fluctuation of the air velocity relative the blade, W. At 10 m/s, however,
the maximum out-of-plane bending moment occurs at about 240° azimuth, suggest-
ing that the non-uniform component of induced velocity, u; (Equation (3.107)) is
also significant. As wind speed increases, of course, the induction factor, a2, becomes
small, reducing the impact of u;.

Shaft tilt

Upwind machines, i.e., wind turbines with the rotor positioned between the tower
and the oncoming wind, normally have the rotor shaft tilted upwards by several
degrees in order to increase the clearance between the rotor and the tower. Thus, as
for the case of yaw misalignment, the flow is inclined to the rotor shaft axis, but
tilted upwards rather than sideways, so the treatment of shaft tilt mirrors that of
yawed flow.

450 4 20 m/s wind speed

10 m/s wind speed

Out-of-plane BM

ic Root
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150 4
>

20 m/s wind speed

In-plane BM
50 4 10 m/s wind speed
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Azimuth (degrees)

Figure 510 Variation of Blade Root Bending Moments with Azimuth, for Typical 40 m
Diameter Stall-regulated Machine Operating at a Steady 30° Yaw
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Wind shear

The increase of wind speed with height is known as wind shear. The theoretical
logarithmic profile, U(z) o« In(z/zp), is usually approximated by the power law,
U(z) x (z/zrer)* for wind turbine design purposes. The appropriate value of the
exponent a increases with the surface roughness, zo, with a figure of 0.14 typically
quoted for level countryside, although the speed up of airflow close to the ground
over rounded hills usually results in a lower value at hill tops. As already noted,
IEC 61400-1 specifies a conservative value of 0.20.

In applying momentum theory to this case, the velocity component at right angles
to the plane of rotation is expressed as U,(1 + 7 cos '/ znu)*(1 — a). The variation of
blade root bending moments with azimuth due to wind shear is illustrated in
Figure 5.11 for the example 40 m diameter stall-regulated machine, taking the
exponent as 0.20, the hub height as 40 m and considering hub-height wind speeds
of 10 m/s and 15 m/s. In the former case, the variation is nearly sinusoidal, but in
the latter case the root bending moments are effectively constant, as the blade is in
stall.

Tower shadow

Blocking of the air flow by the tower results in regions of reduced wind speed both
upwind and downwind of the tower. This reduction is more severe for tubular

350
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Figure 511 Variation of Blade Root Bending Moments with Azimuth due to Wind Shear,
for Typical 40 m Diameter Stall-regulated Machine Operating in Steady Hub-height Winds of
10 m/s and 15 m/s (shear exponent = 0.2)
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towers than for lattice towers and, in the case of tubular towers, is larger on the
downwind side because of flow separation. As a consequence, designers of down-
wind machines usually position the rotor plane well clear of the tower to minimize
the interference effect.

The velocity deficits upwind of a tubular tower can be modelled using potential
flow theory. The flow around a cylindrical tower is derived by superposing a
doublet, i.e., a source and sink at very close spacing, on a uniform flow, U, giving
the stream function:

2
v=ua1- 22 520

where D is the tower diameter, and x and y are the longitudinal and lateral co-
ordinates with respect to the tower centre (see Figure 5.12). Differentiation of ¢ with
respect to y yields the following expression for the flow velocity in the x direction:

2002 2
uzum<1—%xyz)zy)> (5.21)

The second term within the brackets, which is the velocity deficit as a proportion of
the undisturbed wind speed, is plotted out against the lateral co-ordinate, y,
divided by tower diameter, for a range of upwind distances, x, in Figure 5.13. The
velocity deficit on the flow axis of symmetry is equal to U, (D/2x)? and the total
width of the deficit region is twice the upwind distance. Consequently the velocity
gradient encountered by a rotating blade decreases rapidly as the upwind distance,
X, increases.

The effect of tower shadow on blade loading can be estimated by setting the local
velocity component at right angles to the plane of rotation equal to U(1 — a) in place
of Ux(1 —a), and applying blade element theory as usual. Results for blade root
bending moments for the example 40 m diameter stall-regulated machine are given
in Figure 5.14, assuming a tower diameter of 2 m and ignoring dynamic effects. The
plots show the variation of in-plane and out-of-plane root moments with azimuth
during operation in wind speeds of 10 m/s and 15 m/s, for a blade-tower clearance
equal to the tower radius i.e., for x/D = 1. Note that the dip in out-of-plane bending
moment is more severe at the lower wind speed. Also shown are 10 m/s plots for
x/D = 1.5, which exhibit a much less severe disturbance.

In the case of downwind turbines, the flow separation and generation of eddies
which take place are less amenable to analysis, so empirical methods are used to
estimate the mean velocity deficit. Commonly the profile of the velocity deficit is
assumed to be of cosine form, so that

U=u, (1 — kcos? <%>> (5.22)
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Figure 512 Tower Shadow Parameters

where 9 is the total width of the deficit region. The slight enhancement of velocities
beyond the deficit region is usually ignored (see also Section 6.13.2).

The sharp dip in blade loading caused by tower shadow is more prone to excite
blade oscillations than the smooth variations in load due to wind shear, shaft tilt
and yaw, and this aspect is considered in the section on blade dynamic response.

Wake effects

Within a wind-farm it is common for one turbine to be operating wholly or partly
in the wake of another. In the latter case, which is more severe, the downwind
turbine is effectively subjected to horizontal wind shear, and the blade load
fluctuations can be analysed accordingly.



236 DESIGN LOADS FOR HORIZONTAL-AXIS WIND TURBINES

0.5

x/D=0.75

04 Tower diameter = D

Velocity deficit as a proportion of undisturbed wind speed

’ 01.5 M%s

-0.1

Lateral distance from flow axis of symmetry through tower centreline, as a proportion of tower diameter

Figure 513 Profile of Velocity Deficit due to Tower Shadow at Different Distances x/D
Upwind of Tower Centreline

5.7.3 Gravity loads

Gravity loading on the blade results in a sinusoidally varying edgewise bending
moment which reaches a maximum when the blade is horizontal, and which
changes sign from one horizontal position to the other. It is thus a major source of
fatigue loadmg For the blade ‘TR’ (see Example 5.1), the maximum gravity
moment, fo m(r)rdr is 134 kNm, so the edgewise bending moment range due to
gravity is 268 kNm. This dwarfs the variations in edgewise moment due to yaw or
wind shear, which are typically one tenth this value or less. The spanwise distribu-
tion of gravity bending moment is shown in Figure 5.15 for blade “TR’.

5.7.4 Deterministic inertia loads
Centrifugal loads

For a rigid blade rotating with its axis perpendicular to the axis of rotation, the
centrifugal forces generate a 51mple tensile load in the blade which at radius r* is
given by the expression sz m(r)rdr. As a result, the fluctuating stresses in the
blade arising from all loading sources always have a tensile bias during operation.
For blade ‘TR’ rotating at 30 r.p.m., the centrifugal force at the root amounts to
134 kN - approximately seven times its weight.

Thrust loading causes flexible blades to deflect downwind, with the result that
the centrifugal forces generate blade out-of-plane moments in opposition to those
due to the thrust. This reduction of the moment due to thrust loading is known as
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centrifugal relief. The phenomenon is non-linear, so iterative techniques are
required to arrive at a solution. Greater centrifugal relief can be obtained by coning
the rotor so that the blades are inclined downwind in the first place. A balance can
be struck so that the maximum forward out-of-plane moment due to centrifugal
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loads in very low wind is approximately equal to the maximum rearward out-of-
plane moment due to the thrust loading in combination with centrifugal loads
during operation in rated wind.

Gyroscopic loads

When an operating machine yaws, the blades experience gyroscopic loads perpen-
dicular to the plane of rotation. Consider the point A on a rotor rotating clockwise
at a speed of Qrad/s, as illustrated in Figure 5.16. The instantaneous horizontal
velocity component of point A due to rotor rotation is Qz, where z is the height of
the point above the hub. If the machine is yawing clockwise in plan at a speed of
A rad/s, then it can be shown that point A accelerates at 2QAz towards the wind,
assuming the rotor is rigid. Integrating the resulting inertial force over the blade
length gives the following expression for blade root out-of-plane bending moment

/aE | 20:zA

Qz

2QzA

Q = Speed of rotor rotation

|
AN ; B
A = Speed of yawing
A

Figure 5.16 Gyroscopic Acceleration of a Point on a Yawing Rotor
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R R
My = J 2QAzrm(r)dr = ZQAcost r*m(r)dr = 2QA cos I (5.23)
0 0

where Ip is the blade inertia about the root.

As an example, consider a 40 m machine with ‘TR’ blades yawing at one degree
per second during operation at 30 r.p.m. The blade root inertia is 153 Tm?, so the
maximum value of My is 27(0.0175)153 = 17 kNm. This is only about 5 percent of
the maximum out-of-plane moment due to aerodynamic loads.

Braking loads

Rotor deceleration due to mechanical braking introduces edgewise blade bending
moments which are additive to the gravity moments on a descending blade.

Teeter loads

Blade out-of-plane root bending moments can be eliminated entirely by mounting
each blade on a hinge so that it is free to rotate in the fore—aft direction. Although
centrifugal forces are effective in controlling the cone angle of each blade at normal
operating speeds, the need for alternative restraints during start-up and shut-down
means that such hinges are rarely used. However, in the case of two bladed
machines, it is convenient to mount the whole rotor on a single shaft hinge allowing
fore—aft rotation or ‘teetering’, and this arrangement is frequently adopted in order
to reduce out-of-plane bending moment fluctuations at the blade root, and to
prevent the transmission of blade out-of-plane moments to the low speed shaft. As
teetering is essentially a dynamic phenomenon, consideration of teeter behaviour is
deferred to Section 5.8.

5.7.5 Stochastic aerodynamic loads — analysis in the frequency
domain

As noted in Section 5.7.1, the random loadings on the blade due to short-term wind
speed fluctuations are known as stochastic aerodynamic loads. The wind speed
fluctuations about the mean at a fixed point in space are characterized by a
probability distribution — which, for most purposes, can be assumed to be normal —
and by a power spectrum which describes how the energy of the fluctuations is
distributed between different frequencies (see Sections 2.6.3 and 2.6.4).

The stochastic loads are most conveniently analysed in the frequency domain
but, in order to facilitate this, it is usual to assume a linear relation between the
fluctuation, u, of the wind speed incident on the aerofoil and the resultant loadings.
This is a reasonable assumption at high tip speed ratio, as will be shown. The
fluctuating quasisteady aerodynamic lift per unit length, L, is JpW?2Cic, where W is
the air velocity relative to the blade, C; is the lift coefficient and the drag term is
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ignored. Because the flow angle, ¢, is small at high tip speed ratio, 4, the relative air
velocity, W, can be assumed to be changing much more slowly with the wind speed
than C;, so that dW/du can be ignored. As a result,

dL dC; da
.= %szcd—al a (5.24)

where a, the angle of attack, is equal to (¢ — ).

If the blades are not pitching, then the local blade twist, 8, is constant, so that
da/du = d¢/du. To preserve linearity, it is necessary to assume that the rate of
change of lift coefficient with angle of attack, dC;/da is constant, which is tenable
only if the blade remains unstalled. Assuming, for simplicity, that the wake is
frozen, i.e., that the induced velocity, Ua, remains constant, despite the wind speed
fluctuations, 1, we obtain

tan ¢ = (U(1 — a) + u)/Qr,

so that, for ¢ small, dp/du =~ 1/Qr and W = Qr, leading to

= %pQrch (5.25)

AL=L—-L= u% = %p(Qr)zch
da

e
du da Qr

Hence

oL = @pQ (31(3) rco,

Normally dC;/da is equal to 27.

If the turbulence integral length scale is large compared to the blade radius, then
the expression for the standard deviation of the blade root bending moment
(assuming a completely rigid blade) approximates to

. 169G . 2
opm=| orrdr=3pQ——0,| c(r)r-dr (5.26)
0 da 0

where o, is the standard deviation of the wind speed incident on the rotor disc
which, by virtue of the ‘frozen wake” assumption, equates to the standard deviation
of the wind speed in the undisturbed flow. If, as will be the case in practice, the
longitudinal wind fluctuations are not perfectly correlated along the length of the
blade, then

2 1 dG R (R 2
oy = Epga Jo Jo Ku(ry, 12, O)C(rl)c(rz)rlrgdrl dr, (5.27)
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where x,(r1, 1, 0) is the cross correlation function x,(r1, 2, 7) between the wind
fluctuations at radii # and r» with the time lag 7 set equal to zero, i.e.,

1 T
Ky(11, 12, 0) = lTJ u(ry, tyu(ry, f)dt] (5.28)
0

In reality, of course, the blade will not be completely rigid, so the random wind
loading will excite the natural modes of blade vibration. In order to quantify these
excitations, it is first necessary to know the energy content of the incident wind
fluctuations as seen by each point on the rotating blade at the blade natural frequencies
— information which is provided by the ‘rotationally sampled spectrum’. This
spectrum is significantly different from the fixed point spectrum, because a rotating
blade will often slice through an individual gust (defined as a volume of air
travelling at above average speed) several times, as the gust dimensions are
frequently large compared with the distance travelled by the air in one turbine
revolution. This phenomenon, known as ‘gust slicing’, considerably enhances the
frequency content at the rotational frequency, and to a lesser extent, at its harmonics
also.

The method for deriving the rotational spectrum is described below. The
dynamic response of a flexible blade to random wind loading is explored in Section
5.8.

Rotationally sampled spectrum

The derivation of the power spectrum of the wind seen by a point on a rotating
blade is based on the Fourier transform pairs:

o0

Su(n) = 4J K,(7) cos 2mnt dt (5.29)
0

Ku(7) = J:Su(n) cos2antdn (5.30)

where S,(n) is the single sided spectrum of wind speed fluctuations in terms of
frequency in Hz. First, the latter equation is used to obtain the autocorrelation
function, x,(7), for the along wind turbulent fluctuations at a fixed point in space
from the corresponding power spectrum. Second, «,(7) is used to derive the related
autocorrelation function, k9(r, 7), for a point on the rotating blade at radius r.
Finally this function is transformed using Equation (5.29) to yield the rotationally
sampled spectrum. The three steps are set out in more detail below. Note that three
key simplifying assumptions are made: that the turbulence is homogeneous and
isotropic, and that the flow is incompressible.
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Step 1 — Derivation of the autocorrelation function at a fixed point: The von Karman

spectrum

Su(n) 4L,
o2 U@+ 70.8(nLx/U)2)k

(5.31)

is chosen as the input power spectrum of the along-wind wind speed fluctuations
at a fixed point in space. It can be shown that Equation (5.30) yields the following
expression for the corresponding auto correlation function:

202 (1/2 e
(1) = 22 ( > K() (5.32)

where T is related to the integral length scale, L;, by the formula

r l Lx LX
T — (3> 4340 (5.33)

(O

I'() is the Gamma function and Ki(x) is a modified Bessel function of the second
kind and order v = 1. The general definition of Ky (x) is:

B p 00 (x/2)2m (x/z)—“ (X/Z)v
Ko(®) _ZSinnv;:O m! [F(m —v+1) T(m+v+1

(5.34)

Step 2 — Derivation of the autocorrelation function at a point on the rotating blade: This
derivation makes use of Taylor’s ‘frozen turbulence” hypothesis, by which the
instantaneous wind speed at point C at time = 7 is assumed to be equal to that at a
point B a distance Ur upwind of C at time t = 0, U being the mean wind speed.
Thus, referring to Figure 5.17, the autocorrelation function x{(r, 7) for the along-
wind wind fluctuations seen by a point Q at radius r on the rotating blade is equal
to the cross correlation function «, (5, 0) between the simultaneous along-wind wind
fluctuations at points A and B. Here A and C are the positions of point Q at the
beginning and end of time interval 7 respectively, B is Ut upwind of C and §'is the
vector BA. (Note that the superscript ° denotes that the autocorrelation function
relates to a point on a rotating blade rather than a fixed point. The same convention
will be adopted in relation to power spectra.)

Batchelor (1953) has shown that, if the turbulence is assumed to be homogeneous
and isotropic, the cross correlation function, (s, 0) is given by:

2
5 0) = (0(9) = 1) (2 ) 1o 5:39)

where k1 (s) is the cross correlation function between velocity components at points
A and B, s apart, in a direction parallel to AB (v} and v? in Figure 5.17), and «xr(s) is
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Figure 517 Geometry for the Derivation of the Velocity Autocorrelation Function for a
Point on a Rotating Blade

the corresponding function for velocity components (v4 and v2) in a direction
perpendicular to AB. s; is the separation of points A and B measured in the along-
wind direction, Ur. Noting that the distance between points A and C on the rotor
disc is 2rsin(Q7/2), we have

§% = U*1? + 41 sin®(Q1/2) (5.36)

Hence

— \ 2 — \ 2
s 0) = 10 (L) 4769 [1 - (1)

=\ 2 . 2
— k1(s) <%> () <2r sin (Q‘L’/Z))

S

(5.37)
For incompressible flow, it can also be shown (Batchelor, 1953) that
B s dk(s)
Kk7(s) = kL(s) + 5 ds (5.38)
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Substitution of Equation (5.38) in Equation (5.37) gives

Ku(3, 0) = K1(s) + (5.39)

s drr(s) <2rsin (Qr/2)>2
2 ds S

When the vector § is in the along-wind direction, x(s) translates to x,(s1), which,
by Taylor’s ‘frozen turbulence’ hypothesis, equates to the autocorrelation function
at a fixed point, x,(7) (Equation (5.32)), with 7 = s; /U. Thus

B 20% S1/2>% S1

Because the turbulence is assumed to be isotropic, x1(s) is independent of the
direction of the vector s, so we can write, with the aid of Equation (5.33),

1 1
202 (5/2)? s 202 ( s/2 '\’ s
kr(s) = —-4 (/_> K%< ,> — “Cu ( . K%< x) (5.41)
F(%) T'u) \17'U r(%) 1.34L; ) 3\1.34L;

Noting that

d
T Ko (0] = " Ky ()

the following expression for the autocorrelation function for the along-wind
fluctuations at a point at radius r on the rotating blade is obtained by substituting
Equation (5.41) in Equation (5.39):

15,(1, T) = 1u (8, 0)

1

~20% [ s)2 ’ K s L5k s (21’sin(£2t/2)>2
_r(l) 1.34L° 1/3(1.34L;j) 2(1.34L%) 2/3(1.34Lf,) s

3
(5.42)

where s is defined in terms of 7 by Equation (5.36) above.
Step 3 — Derivation of the power spectrum seen by a point on the rotating blade: The

rotationally sampled spectrum is obtained by taking the Fourier transform of
kY (r, T) from Equation (5.42):

Sy (n) = 4J Kk, (r, T)cos 2wntdr
0

= ZJ Ky (r, ) cos2rntdr as k;(r, ) = x,(r, —7) (5.43)

—00
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As no analytical solution has been found for the integral, a solution has to be
obtained numerically using a discrete Fourier transform (DFT). First the limits of
integration are reduced to —T/2, +T/2, as k%(r, 7) tends to zero for large 7. Then the
limits of integration are altered to 0, T with k’(r, 7) set equal to x%(r, T — 1) for
©>T/2,as k)(r, 7) is now assumed to be periodic with period T. Thus

T
S%(n) = ZJ K°(r, 7) cos 2 wnt dr (5.44)
0

where the asterisk denotes that x(r, 7) is ‘reflected’ for T>T/2. The discrete
Fourier transform then becomes

N—
So(ny) = 2T Z *o(r, pT/N)cos 2tkp/N (5.45)

p=0

Here, N is the number of points taken in the time series of Kjo( r, pT/N), and the
power spectral density is calculated at the frequencies ny = k/T for k=0,
1,2 ... N — 1. The expression in square brackets can be evaluated using a standard
fast Fourier transform (FFT), provided N is chosen equal to a power of 2. Clearly N
should be as large as possible if a wide range of frequencies is to be covered at high
resolution. Just as x:°(r, 7) is symmetrical about T/2, the values of S () obtained
from the FFT are symmetrical about the mid-range frequency of N/(2T), and the
values above this frequency have no real meaning. Moreover, the values of power
spectral density calculated by the DFT at frequencies approaching N/(2T) will be in
error as a result of aliasing, because these are falsely distorted by frequency
components above N/(2T) which contribute to the «°(r, pT/N) series. Assuming
that the calculated spectral densities are valid up to a frequency of N/(4T), then the
selection of T =100 s and N = 1024 would enable the FFT to give useful results up
to a frequency of about 2.5 Hz at a frequency interval of 0.01 Hz.

Example 5.2

As an illustration, results have been derived for points on a 20 m radius blade
rotating at 30 r.p.m. in a mean wind speed of 8 m/s. Following IEC 61400-1, the
integral length scale Lj, is taken as 73.5 m. Figure 5.18 shows how the normalized
autocorrelation function, pd(r, 7) (= x(r, 7)/02), for the longitudinal wind fluctua-
tions varies with the number of rotor revolutions at 20 m, 10 m and 0 m radii. For
r =10 m, and even more so for r = 20 m, these curves display pronounced peaks
after each full revolution, when the blade may be thought of as encountering the
initial gust or lull once more.

Figure 5.19 shows the corresponding rotationally sampled power spectral density
function, RY(r, n)(= nS)(r, n)/o?) plotted out against frequency, n, using a loga-
rithmic scale for the latter It is clear that there is a substantial shift of the frequency
content of the spectrum to the frequency of rotation and, to a lesser degree to its
harmonics, with the extent of the shift increasing with radius. Note that the spectral
density is shown as increasing above a frequency of about 3 Hz. This is an error
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Figure 518 Normalized Autocorrelation and Cross Correlation Functions for Along-wind
Wind Fluctuations for Points on a Rotating Blade at Different Radii

14
T
x r=20m
x 12
I3
2
8
e
e 41 Integral length scale, L = 73.5 m
> .
a5 Mean wind speed = 8 m/s
s Speed of rotation = 30 r.p.m.
T o8+——
ki
3
o
"
g
2 06
Q
- H
3 4
a "
£ 04 i
"
2>
T
c
H T =
£ 02 = —
x -

o =20 —— T}
0.001 0.01 0.1 1 10

Frequency, n (Hz, logarithmic scale)

Figure 519 Rotationally Sampled Power Spectra of Longitudinal Wind Speed Fluctuations
at Different Radii

which arises from the aliasing effect described above. Figure 5.20 is a repeat of
Figure 5.19, but with a logarithmic scale used on both axes.

It is instructive to consider how the various input parameters affect the shift of
energy to the rotational frequency. As «(r, 7) = k’(s, 0) decreases monotonically
with increasing s, Equation (5.36) indicates that the depths of the troughs in this
function — and hence the transfer of energy to the rotational frequency — increases
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at Different Radii: log—log Plot

roughly in proportion to the tip speed ratio, Qr/U, and will thus be most significant
for fixed-speed two-bladed machines (which generally rotate faster than three-
bladed ones) in low wind speeds.

Rotationally sampled cross spectra

The expressions for the spectra of blade bending moments and shears are normally
functions of entities known as rotationally sampled cross spectra for pairs of points
along the blade, which are analogous to the rotationally sampled ordinary spectra
for single points described above. The cross spectrum for a pair of points at radii ry
and 7, on a rotating blade is thus related to the corresponding cross correlation
function by the Fourier transform pair

Si(r1, 1, n) = 4J0 Ko (11, 1, T) cos 2antdr (5.46a)
Ky (r1, 12, T) = Jo Si(r1, 12, n)cos2mnrdn (5.46b)

Setting 7 = 0 in Equation (5.46b) gives
Ko (r1, 12, 0) = J Si(r1, 1, n)dn (5.47)
0

which, when substituted into the expression for the standard deviation of the blade
root bending moment in Equation (5.27) gives
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R 00
0%, = ( qu) J J U S°(r1, 1, n)dn} c(r)c(r)rdr dr, (5.48)

da 0 0

From this, it can be deduced that the power spectrum of the blade root bending
moment is

R
Sm(n) = ( Q%) Jo L S (r1, 12, n)c(rl)c(rz)r%r% dridnr (5.49)

The derivation of the rotationally sampled cross spectrum, S)(r, r2, 1), exactly
parallels the derivation of the rotationally sampled single point spectrum given
above, with the cross correlation function «(r, 12, 7) between the longitudinal
wind fluctuations at points at radii 7 and r, on the rotating blade replacing the
autocorrelation function in step 2. Here the expression for the separation distance,
s, given in Equation (5.36), is replaced by

s2 = U + 1} + 13 — 2111, cos Qr (5.50)

The expression for the cross-correlation function thus becomes:

1
202 [ s/2 \° s s
0 _ u
Ku(rll r, T) - (3) (134[;([) [K1/3 (134LZ) + 2(134[4;;)

Ky s s (r% + 15 — 21115 COS Qr)
P 1347 $2

with s defined by Equation (5.50).

The form of the resulting normalized cross-correlation function, p{(ri, 12, 7) =
Ko (1, 12, T)/ 0%, is illustrated in Figure 5.18 for the case considered in Example 5.2,
taking 71 =10 m and 1 =20 m. In Figure 5.21, the rotationally sampled cross
spectrum for this case is compared with the rotationally sampled single point
spectra or ‘autospectra’ at these radii. It can be seen that the form of the cross
spectrum curve is similar to that of the autospectra with a pronounced peak at the
rotational frequency roughly midway between the peaks of the two autospectra. At
higher frequencies, however, the cross spectrum falls away much more rapidly.

The evaluation of the the power spectrum of the blade root bending moment is,
in practice, carried out using summations to approximate to the integrals in
Equation (5.49), as follows:

(5.51)

Su(n) = < Q@) ZZ Su(r], Tk, n)c(r])c(rk)rzrz(Ar) (5.52)
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at 10 m and 20 m Radii Compared with Auto Spectra: log—log Plot

Limitations of analysis in the frequency domain

As noted at the beginning of this section, analysis of stochastic aerodynamic loads
in the frequency domain depends for its validity on a linear relationship between
the incident wind speed and the blade loading. Thus the method becomes increas-
ingly inaccurate for pitch regulated machines as winds approach the cut-out value
and breaks down completely for stall-regulated machines once the wind speed is
high enough to cause stall. In order to avoid these limitations, it is necessary to
carry out the analysis in the time domain.

5.7.6 Stochastic aerodynamic loads — analysis in the time domain
Wind simulation

The analysis of stochastic aerodynamic loads in the time domain requires, as input,
a simulated wind field extending over the area of the rotor disc and over time.
Typically, this is obtained by generating simultaneous time histories at points over
the rotor disc, which have appropriate statistical properties both individually, and
in relation to each other. Thus, the power spectrum of each time history should
conform to one of the standard power spectra (e.g., Von Karman or Kaimal), and
the normalized cross spectrum (otherwise known as the coherence function) of the
time histories at two different points should equate to the coherence function
corresponding to the chosen power spectrum and the distance separating the
points. For example, the coherence of the longitudinal component of turbulence
corresponding to the Kaimal power spectrum for points j and k separated by a
distance Asjx perpendicular to the wind direction is:
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. 2 2
Cji(n) = ‘sz((s)) — exp | —8.8Asj (%) +(0—L12) (5.53)

(Note that coherence is sometimes termed coherency, and that some authors define
coherence as the square of the normalized cross spectrum.) See Section 2.6.6 for
details of the coherence corresponding to the Von Karman spectrum.

Three distinct approaches have been developed for generating simulation time
histories:

(1) the transformational method, based on filtering Gaussian white noise signals;

(2) the correlation method, in which the velocity of a small body of air at the end of
a time step is calculated as the sum of a velocity correlated with the velocity at
the start of the time step and a random, uncorrelated increment;

(3) the harmonic series method, involving the summation of a series of cosine
waves at different frequencies with amplitudes weighted in accordance with
the power spectrum.

This last method is probably now the one in widest use, and is described in more
detail below. The description is based on that given in Veers (1988).

Wind simulation by the harmonic series method

The spectral properties of the wind-speed fluctuations at N points can be described
by a spectral matrix, S, in which the diagonal terms are the double-sided single point
power spectral densities at each point, Si(n), and the off-diagonal terms are the
cross-spectral densities, Sj(n), also double sided. This matrix is equated to the
product of a triangular transformation matrix, H, and its transpose, HT

Sun Sa S ... Hy Hyy Hy Hy
Sa1 S» S» ... | _ |Ha Hxn Hy, Hj
S31 S» S ... H3;  Hz  Has Has
SNN oo oo .« e HNN HNN

resulting in a set of N(N + 1)/2 equations linking the elements of the S matrix to
the elements of the H matrix:

Sy = H%, Sy = Hy.Hyy Sy = H3, + H3, Ss1 = Hz1.Hn
Ss3p = Hz1.Hy + Hz.Hyp Sss = H3, + H3, + H,

k K
Si=>_ Hj.Hy Sk = Hu
I=1 =1

(5.54)
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As with the elements of the S matrix, the elements of the H matrix are all double-
sided functions of frequency, n.

Noting that the expression for the power spectral density Sy resembles that for
the variance of the sum of group of k independent variables, it is apparent that the
elements of the H matrix can be considered as the weighting factors for the linear
combination of N independent, unit magnitude, white noise inputs to yield N
correlated outputs with the correct spectral matrix. Thus the elements in the jth
row of H are the weighting factors for the inputs contributing to the output at point
j. The formula for the linear combination is

j
uj(n) =Y Hy(n)Anexp (=i6x(n)) (5.55)
k=1

where u(n) is the complex coefficient of the discretized frequency component at
n Hz of the simulated wind speed at point j. The frequency bandwidth is An. 6y(n)
is the phase angle associated with the n Hz frequency component at point k, and is
a random variable uniformly distributed over the interval 0 — 2.

The values of the weighting factors, Hj, which are N(N + 1)/2 in number are
derived from the Equations (5.54), giving:

Hii =S Hy = Sn/Hn Hy =1/5n — H, Hs1 = S31/Hn

etc. (5.56)

Hence

u1(n) = \/Sn(n)Anexp(—ib(n))
up(n) =/ S(n)An[Cy (1) exp(—ib1(n)) + /1 — CZ,(n) exp(—i6(n))]

etc. (5.57)

Time series for the wind-speed fluctuations are obtained by taking the inverse
discrete Fourier transform of the coefficients u;(n) at each point j. Lateral and
vertical wind-speed fluctuations can also be simulated, if desired, using the same
method. As an illustration, examples of time series derived by this method for two
points 10 m apart are shown in Figure 5.22, based on the Von Karman spectrum.

In his 1988 paper, Veers pointed out that computation time required can be
reduced by arranging for the simulated wind speed to be calculated at each point
only at those times when a blade is passing, i.e., at a frequency of QB/2x, where B
is the number of blades. This is achieved by applying a phase shift to each
frequency component at each point of v ;n27/Q, where v; is the azimuth angle of
point j.
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Figure 5.22 Simulated Wind Speed Time Series at Two Points 10 m Apart

Blade load time histories

Once the simulated wind speed time histories have been generated across the grid,
the calculation of blade load histories at different radii can begin. If the wake is
assumed to be ‘frozen’, then the axial induced velocity, all, and the tangential
induced velocity, a’Qr, are taken as remaining constant over time, at each radius, at
the values calculated for a steady wind speed of U. The instantaneous value of the
flow angle, ¢, and hence the values of the lift and drag coefficients, may then be
calculated directly from the instantaneous value of the wind-speed fluctuation
(including lateral and vertical components) by means of the velocity diagram.

Alternatively, an equilibrium wake may be assumed. In this case, the induced
velocities are taken to vary continuously so that the momentum equations are
satisfied at each blade element at all times. Obviously, this requires that these
equations are solved afresh at each time step, which is computationally much more
demanding.

Neither the equilibrium wake model nor the frozen wake model provide an
accurate description of wake behaviour. A better model is provided by dynamic
inflow theory, which assumes that there is some delay before induced velocities
react to changes in the incident wind field (see Section 3.13.1).

Note that, if desired, the spatial wind variations causing deterministic loading
can be included in the simulated wind field, enabling the combined deterministic
and stochastic loading on the blade to be calculated in a single operation.

5.7.7 Extreme loads

The derivation of extreme loads should properly take into account dynamic effects,
which form the subject of the next section. However, in the interests of clarity, this
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section will be restricted to the consideration of extreme loads in the absence of
dynamic effects.

As described in Section 5.4, it is customary for wind turbine design codes to
specify extreme operating load cases in terms of deterministic gusts. The extreme
blade loadings are then evaluated at intervals over the duration of the gust, using
blade element and momentum theory as described in Section 5.7.2.

Although the discrete gust models prescribed by the codes have the advantage of
clarity of definition, they are essentially arbitrary in nature. The alternative
approach of adopting a stochastic representation of the wind provides a much more
realistic description of the wind itself, but is dependant on assumptions of linearity
as far as the calculation of loads is concerned.

Normally the loading under investigation, for example the blade root bending
moment, will contain both periodic and random components. Although it is
straightforward to predict the extreme values of each component independently,
the prediction of the extreme value of the combined signal is quite involved.
Madsen et al. (1984) have proposed the following simple, approximate approach,
and have demonstrated that it is reasonably accurate.

The periodic component, z(t), is considered as an equivalent 3 level square wave,
in which the variable takes the maximum, mean (u.), and minimum values of the
original waveform, for proportions ¢, &, and &3 of the wave period respectively. It
is easy to show that:

02 o2

& = = & = = 5.58
! (Zmax - ,uz)(Zmax - Zmin) ? (,uz - Zmin)(zmax - Zmin) ( )

Extreme values of the combined signal are only assumed to occur during the
proportion of the time, ¢, for which the square wave representation of the periodic
component is at the maximum value, zmay.

Davenport (1964) gives the following formula for the extreme value of a random
variable over a time interval T:

xmax _ y
oy T V20T V2In(vT) 65

where v is the zero up-crossing frequency (i.e., the number of times per second the
variable changes from negative to positive) given by Equation (A5.46) and
y = 0.5772 (Euler’s constant). Thus the extreme value of the combined periodic and
random components is taken to be

4

\/2In(ver T)

Zmax T Xmax = Zmax T+ Ox( 21n (V€1T) + ) = Zmax T gl~(7x (560)

where g7 is termed the peak factor.

The variation of Xmax/0x With exposure time, T, is shown Table 5.3 for a zero up-
crossing frequency of 1 Hz. The periodic component is assumed to be a simple
sinusoid, giving &; = 0.25.

The method for determining the extreme load described above has to be applied
with caution when the wind fluctuations exceed the rated wind speed. In the case
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Table 5.3 Extreme Values of Random Component for Different Exposure Times

T 1 min 10min  1h 10h 100 h 1000 h 1 year
T (s) 60 600 3600 36000 360000 3600000 3153600
e1 T (s) 15 150 900 9000 90000 900000 7884000
Xmax/ O x 2.57 3.35 3.84 4.40 4.90 5.35 5.74

of a stall-regulated machine, the linearity assumption breaks down completely,
invalidating the method. With pitch-regulated machines, however, the blade pitch
will respond to wind fluctuations at frequencies below the rotor rotational fre-
quency in order to limit power, causing a parallel reduction in blade loading. This
will modify the spectrum of blade loading dramatically, effectively removing the
frequency components below the pitch system cut-off frequency, and consequently
reducing the magnitude of o, to be substituted in Equation (5.60).

To illustrate the method, the procedure for calculating the extreme flapwise blade
root bending moment of a pitch-regulated machine operating at rated wind speed
is described below.

(1) Equation (5.48) for the standard deviation of the random component of blade
root bending moment is first modified to eliminate the contribution of frequen-
cies below half the rotational speed to account for the blade pitching response,
and then discretized to give:

2 m m
o= (9029) S5 stt ] cparis? G

j=1 k=1

Here the blade is assumed to be divided up into m sections of equal length
Ar=R/m.

(2) After evaluation of the integrals of the m(m + 1)/2 different curtailed rotational
spectra, the standard deviation of the blade root bending moment is obtained
from Equation (5.61).

(3) The time, T, that the machine spends in a wind speed band centred on the rated
wind speed is estimated using the Weibull curve, and multiplied in turn by the
factor &1 appropriate to the waveform of the periodic component of blade root
bending moment and by the zero up-crossing frequency of the random root
bending moment fluctuations, to give the effective number of peaks, ve;T.

(4) The predicted extreme value of the total moment is calculated by substituting
the standard deviation of the blade root bending moment, o (= 04), the effec-
tive number of peaks, ve; T, and the extreme value of the periodic moment into
Equation (5.60).

In the case of a machine with a rated wind speed of 13 m/s operating at 30 r.p.m.
at a site with an annual mean of 7 m/s, the expected proportion of the time spent
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operating within a 2 m/s wide band centred on the rated wind speed is 5.6 percent.
Taking the machine lifetime as 20 years and a zero up-crossing frequency of 1.2 Hz,
this results in a peak factor, g, of 5.8. For the 40 m diameter machine considered in
Section 5.7.2 and a turbulence intensity of 20 percent, this translates to a peak value
of the random component of blade root bending moment of about 230 kNm,
compared to the extreme value of the periodic component, including wind shear, of
about 300 kNm. It should be emphasized that the peak value of the random
component quoted is a theoretical one, i.e., it assumes the linearity assumptions are
maintained even for the large wind speed fluctuation needed to generate this
moment. In practice, a machine operating in a steady wind speed equal to rated is
usually not all that far from stall, so the larger fluctuations may induce stall. In this
example, the square root of the weighted mean of the integrals of all the curtailed
rotational spectra is about 0.50, so the idealized uniform wind speed fluctuation
equivalent to the extreme root moment is about 0.20 X 13 X 0.5 X 5.8 =7.5m/s.

The method outlined above has more validity at higher wind speeds, when the
blades are pitched back, and are operating further away from stall. However, it is
important to note that the other linearity assumption used in deriving Equation
(5.25), namely that ¢ is small, becomes increasingly in error.

It will be now be evident that the calculation of stochastic extreme loads is
fraught with difficulties because non-linearities are likely to arise as the extremes
are approached. In so far as lift forces ‘saturate” due to stall, or even drop back, as
wind speed increases, a crude and simple approach to extreme out-of-plane
operational loads is to calculate an upper-bound based on the maximum lift coeffi-
cient for the local aerofoil section and the relative air velocity, W. The induction
factors will be small, and can be ignored.

The most sophisticated approach, however, is to analyse the loads generated by a
simulated wind field. As computing costs normally restrict the length of simulated
‘campaigns’ to a few hundred seconds or less, statistical methods have to be used to
extrapolate from the extreme values of loadings calculated during the campaign to
the extreme values to be expected over the machine design life.

One method, which is discussed by Thomsen and Madsen (1997), is to use
Equation (5.60) with T set equal to the appropriate exposure period over the
machine design life, and values of zm.« and o, abstracted from the simulation time
history with the aid of azimuthal binning to separate the periodic and stochastic
components. The danger of this approach with simulations of short duration is that
the azimuthal binning process treats some load fluctuations due to the slicing of
low frequency gusts as periodic rather than stochastic, so that the standard
deviation of the stochastic component, o, is underestimated.

5.8 Blade Dynamic Response
5.8.1 Modal analysis

Although dynamic loads on the blades will, in general, also excite the tower
dynamics, tower head motion will initially be excluded from consideration in order
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to focus on the blade dynamic behaviour itself. The treatment is further limited to
the response of blades in unstalled flow because of the inherent difficulty in
predicting stalled behaviour.

The equation of motion for a blade element at radius r subject to a time varying
load ¢(r, t) per unit length in the out-of-plane direction is

m(r)x + ¢(r)x + 6 {El(r) Ox } =q(r, t) (5.62)

where the terms on the left-hand side are the loads on the element due to inertia,
damping and flexural stiffness respectively. I(7) is the second moment of area of the
blade cross section about the weak principal axis (which for this purpose is
assumed to lie in the plane of rotation) and x is the out-of-plane displacement. The
expressions m(r) and ¢(r) denote mass per unit length and damping per unit length
respectively.

The dynamic response of a cantilever blade to the fluctuating aerodynamic loads
upon it is most conveniently investigated by means of modal analysis, in which the
the excitations of the various different natural modes of vibration are computed
separately and the results superposed:

x(t, 1) =Y fi(bu(r) (5.63)
j=1

where ui(r) is the jth mode shape, arbitrarily assumed to have a value of unity at
the tip, and f;(t) is the variation of tip displacement with time. Equation (5.62) then
becomes

S0 + oo+ B DD ft g n Gen
dr

=1
For low levels of damping the beam natural frequencies are given by

o) — o | 1)

d ”’(r)} (5.65)

so Equation (5.64) becomes

o0

S (D) + Euinfi(8) + m(N?u(NFiD)} = q(r, 1) (5.66)

j=1

Multiplying both sides by u;(r), and integrating over the length of the blade, R,
gives:
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00 R

R . .
Z{L OO OFOAr+ | 0 dr

j=1 0

R

R
+ L m(r)wiuxr)m(r)fj(t)dr} = j wi(N(r, dr (5.67)

0

The undamped mode shapes are orthogonal as a result of Betti’s law, so they satisfy
the orthogonality condition:

JRm(r)/,ti(r)u]-(r)dr =0 fori#j (5.68)
0

If we assume that the variation of the damping per unit length along the blade, ¢(7),
is proportional to the variation in mass per unit length, m(r), i.e., ¢(r) = a.m(r), then

R
J c(rui(ruj(r)dr=0 fori#j (5.69)
0

As a result, all the cross terms on the left-hand side of Equation (5.67) drop out, and
it reduces to

R

mifi(t) + cifi(t) + miw? fi(t) = JO ui(r)g(r, tydr (5.70)

where m; = fOR m(r)u>(r)dr and is known as the generalized mass, ¢; =
fOR é(r)u3(r)dr and J"OR ui(r)q(r, t)ydr = Q;(t) is termed the generalized fluctuating
load with respect to the ith mode. Equation (5.70) is the fundamental equation
governing modal response to time varying loading.

Blade flexural vibrations occur in both the flapwise and edgewise directions (i.e.,
about the weak and strong principal axes respectively). Blades are typically twisted
some 15°, so the weak principal axis does not, in general, lie in the plane of rotation
as assumed above. Consequently blade flexure about one principal axis inevitably
results in some blade movement perpendicular to the other. This is illustrated in
Figure 5.23, in which the maximum blade twist near the root has been exaggerated
for clarity. Point P represents the undeflected position of the blade tip, point Q
represents the deflected position as a result of flexure about the weak principal axis,
and the line between them is built up of the contributions to the tip deflection made
by flexure of each element along the blade, M(R — r)Ar/EI.

The interaction between flexure about the two principal axes can be explored
with the help of some simplifying assumptions. If the moment M varies as (R — r)
for the first mode and I varies as (R — r)?, then each of the tip deflection contribu-
tions referred to above are equal, so that, for a linear twist distribution, the line PQ
is the arc of a circle. If the twist varies between zero at the tip and a maximum value
of B towards the root, then the tip deflection, 01, in the direction of the weak
principal axis, at the blade section with maximum twist, is /2 times the tip
deflection, 11, perpendicular to this axis. Hence in the case of f = 15°, the ratio



258 DESIGN LOADS FOR HORIZONTAL-AXIS WIND TURBINES
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Figure 5.23 Deflection of Tip Due to Flapwise Bending of Twisted Blade (Viewed Along
Blade Axis)

012/011 approximates to 0.13, with the result that blade first mode flapwise oscilla-
tions will result in some relatively small simultaneous edgewise inertia loadings.
These will not excite significant edgewise oscillations, because the edgewise first
mode natural frequency is typically about double the flapwise one.

It can be seen from the above that the effects of interaction between flapwise and
edgewise oscillations are generally minor, so they will not be considered further.

Blades will also be subject to torsional vibrations. However, these can generally
be ignored, because both the exciting loads are small, and the high torsional
stiffness of a typical hollow blade places the torsional natural frequencies well
above the exciting frequencies.

Finally, in the case of a blade hinged at the root, the whole blade will experience
oscillations involving rigid body rotation about the hinge. This phenomenon is
considered in Section 5.8.8.

5.8.2 Mode shapes and frequencies

The mode shape and frequency of the first mode can be derived by an iterative
technique called the Stodola method after its originator. Briefly, this consists of
assuming a plausible mode shape, calculating the inertia loads associated with it for
an arbitrary frequency of 1rad/s, and then computing the beam deflected profile
resulting from these inertia loads. This profile is then normalized, typically by
dividing the deflections by the tip deflection, to obtain the input mode shape for the
second iteration. The process is repeated until the mode shape converges, and the
first mode natural frequency is calculated from the formula:



BLADE DYNAMIC RESPONSE 259

Tip deflection input to last iteration
w1 =
! Tip deflection output from last iteration

If the mode shapes are orthogonal, advantage can be taken of this property to
simplify the derivation of the mode shapes and frequencies of the higher modes,
provided this is carried out in ascending order. A trial mode shape is assumed as
before, but before using it to calculate the inertia loadings, it is ‘purified” so that it
does not contain any lower mode content. For example, ‘purification’ of a second
mode trial mode shape, u1(r), of first mode content is achieved by subtracting

R R
J s (Npar(ym(r) dr j s (Dpar(rym(r) dr
pac(r) = ua (r)=— = ()=

L y%(r)m(r)dr

o (5.71)

from it. The modified second mode trial mode shape, uxp(7) = por(r) — uoc(r), then
satifies the orthogonality condition

R
L P (Pt (P) dr = 0

After ‘purification’ of the trial mode shape, the Stodola method can be applied
exactly as before. Further “purification” before succeeding iterations should not be
necessary if the lower mode shapes used for the initial ‘purification” are accurate
enough. See Clough and Penzien (1993) for a rigorous treatment of the method.

5.8.3 Centrifugal stiffening

When a rotating blade deflects either in its plane of rotation or perpendicular to it,
the centrifugal force on each blade element exerts a restoring force which has the
effect of stiffening the blade and thereby increasing the natural frequency compared
with the stationary value. The centrifugal forces act radially outwards perpendicu-
lar to the axis of rotation, so in the case of an out-of-plane blade deflection, they are
parallel to the undeflected blade axis and act at greater lever arms to the inboard
part of the blade than they do in the case of in-plane blade deflection. This is
illustrated in Figure 5.24.

In order to take account of the effects of centrifugal loads, the equation of motion
for a blade element loaded in the out-of-plane direction is modified by the addition
of an additional term to become

.0 ox] P[P
m(nE + (k-5 {N(r) a—ﬂ +57 [Ela—rf] = q(r, ) (5.72)

where the centrifugal force at radius #, N(r), is the summation of the forces acting
on each blade element outboard of radius 7, thatis N(r) = Z:zfm(r)Qz rAr.
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Figure 5.24 Restoring Moments due to Centrifugal Force for In-plane and Out-of-plane
Blade Deflections

The Stodola method for deriving blade mode shapes and frequencies described
in the preceding section can be modified to take account of centrifugal effects. In the
case of out-of-plane modes, the procedure is:

1) assume plausible trial mode shape;

(
(2) ‘Purify’ trial mode shape of any lower mode content;
(3) assume trial value for frequency, w? ;

(

4) calculate bending moment distribution due to lateral inertia forces according to:

R
m(r)a)?,u(r)[r —r*]dr (5.73)

7

MYLat(r*) = J
(5) calculate bending moment distribution due to centrifugal forces according to:

R
m(r)Qr{u(r) — u(r*)ldr (5.74)

7

My ce(r") = —J

(6) calculate combined bending moment distribution;



BLADE DYNAMIC RESPONSE 261

(7) calculate new deflected profile resulting from this bending moment distribu-
tion;

(8) calculate revised estimate of natural frequency from:

P Trial tip deflection
J 7\ Tip deflection calculated for new deflected profile

(9) repeat steps (2)—(8) with revised mode shape and frequency until calculated
mode shape converges.

It is important to note that the lateral loads and deflections of a centrifugally
loaded beam do not conform to Betti’s Law, so, as a consequence, the mode shapes
are not orthogonal. It is for this reason that the ‘purification’ stage has been included
in each cycle of iteration. When convergence of the calculated mode shape has
occurred, it will be found that it differs significantly from the “purified” mode shape
input into each iteration, indicating that a true solution has not been obtained. It is
then necessary to use a trial and error approach to modify the magnitudes of the
‘purifying” corrections applied until the output mode shape and input “purified’
mode shape match. A few further iterations will be required until the natural
frequency settles down.

A quick estimate of the first mode frequency of a rotating blade can be derived
using the Southwell formula reported by Putter and Manor (1978) as follows

w1 = /02 + 1 Q2 (5.75)

in which w; g is the corresponding frequency for the non-rotating blade. The value
of ¢1 depends on the blade mass and stiffness distribution, and Madsen et al. (1984)
suggest the value 1.73 for wind-turbine blade out-of-plane oscillations. In the case
of Blade TR rotating at 30 r.p.m., this yields a percentage increase in first mode
frequency due to centrifugal stiffening of 7.7 percent compared to the correct value
of 8.1 percent. Typically, centrifugal stiffening results in an increase of the first
mode frequency for out-of-plane oscillations of between 5 percent and 10 percent.
For higher modes, the magnitude of the centrifugal forces is less in proportion to
the lateral inertia forces, so the percentage increase in frequency due to centrifugal
stiffening becomes progressively less.

The procedure for deriving the blade first mode shape and frequency in the case
of in-plane oscillations is the same as that described above for out-of-plane
vibrations, except that the formula for the bending moment distribution due to the
centrifugal forces has to be modified to:

! m(r)Q2r [éu(r) — /l(?’*):| dr (5.76)

r

Myx.cr(r*) = J

The first mode frequency for in-plane oscillations of Blade TR in the absence of
centrifugal force is 3.13 Hz. This is approximately double the corresponding
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frequency for out-of-plane oscillations of 1.65 Hz, and so the relative effect of the
centrifugal loads is much reduced, even before allowance is made for the smaller
lever arms at which they act (Figure 5.24). In fact the increase in the first mode
frequency for in-plane oscillations due to centrifugal force is only 0.5 percent —
probably small enough to be ignored.

5.8.4 Aerodynamic and structural damping

Blade motion is generally resisted by two forms of viscous damping, aerodynamic
and structural, which are considered in turn.

An approximate expression for the aerodynamic damping per unit length in the
flapwise direction can be derived by a method analagous to that used in Section
5.7.5 to derive the linear relation

d
q=3pQrc(r) d—il u (5.25)

between blade load fluctuations per unit length, g, and fluctuations in the incident
wind, u. The wind-speed fluctuation, u, is simply replaced by the blade flapwise
velocity, —x, giving

. dc
éulr) = _ix = lpQre(n T (.77)

The rate of change of lift coefficient with angle of attack, dC;/da, is constant and
equal to 27 before the blade goes into stall, but can become negative post-stall,
leading to the risk of instability (see Section 7.1.9).

It can be seen that the aerodynamic damping per unit length, ¢,(r), varies
spanwise as the product of radius and blade chord, and is therefore not very close
to being proportional to the mass per unit length, as is required to satisfy the
orthogonality condition. This will result in some aerodynamic coupling of modes,
which is not accounted for in normal modal analysis.

The aerodgnamic damping ratio for the ith mode, defined as &, =
cai/2miw; = [ Ca(ru?(r)dr/2mw;, can be calculated using Equation (5.77) as fol-
lows:

R
%pQ%J re(rui(rdr
Eai = 7 (5.78)
2wiJ m(r),uf(r)dr
0

In the case of fibreglass Blade TR described in Example 5.1, this yields values of 0.16
and 0.04 for the first and second modes respectively. These high values are a
consequence of the lightness of the blade in relation to its width in the vicinity of
the tip, an area which dominates the integrals thanks to the mode shape weighting.
The corresponding first mode logarithmic decrement (= 27§,) is thus 1.0.

Structural damping can be considered as an internal resistance opposing the rate
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of strain, i.e., as an additional moment which results in an additional lateral load.
Equation (5.62) can thus be written

2 2 2 2
m(r)F + éa()% + ;2 [alEI(r) 0 {g H +§2 [EI( )g ﬂ = q(r, 1) (5.79)

where ¢,(r) is the aerodynamic damping per unit length, and a; is a constant
defining the magnitude of the structural damping. Inserting x(t, r) = Z?o of (Hui(r)
as before, and using Equation (5.65), the structural damping term becomes
> M m(r)w? ],u] )fi(t). Thus the structural damping per unit length for the jth
mode is a1 m(r)w? i j(r), and therefore varies as the mass per unit length as assumed
in the Section 5.8.1. Continuing with the same procedure as in the Section 5.8.1, a
modified modal response equation is obtained as follows

R
mifi(t) + {Cai + m m,-w%}fi(t) + miw?fi(t) = J ui(r)p(r, f) dr (5.80)
0

Thus the structural damping ratio for the ith mode, defined as &g =
Csi/2miw; = aym;w? /2m;w;, becomes &; = a1w;/2, i.e., it increases in proportion to
the modal frequency. Values for the structural damping logarithmic decrement,
0s = 27t&; at the fundamental natural (i.e., first mode) frequency are given in DS 472
for several different materials, and these are reproduced in Table 5.4 below. Similar
values are given in Eurocode 1 for welded steel and concrete. Note that the first
mode structural damping ratio for a fibreglass blade is much smaller than the
aerodynamic damping ratio for Blade TR derived above.

It is instructive to evaluate the combined damping ratio for the first and second
flapwise modes of Blade TR. These are presented in Table 5.5.

Table 5.4 Values of First Mode Structural Damping Logarithmic
Decrements for Different Materials

Material Logarithmic decrement, Structural damping
O ratio, &

Concrete 0.05 0.008

Steel — welded 0.02 0.003

Steel — bolted 0.05 0.008

GRP 0.05 0.008

Timber 0.05 0.008

Table 5.5 Comparison of Blade TR Damping Ratios for First Two Modes

First mode  Second mode

Natural frequency including effect of centrifugal stiffening 1.78 Hz 5.88 Hz
Aerodynamic damping ratio 0.16 0.04
Structural damping ratio (proportional to frequency) 0.008 0.03

Combined damping ratio 0.17 0.07
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It is seen that the damping ratio for the second mode is under half that for the
first.

5.8.5 Response to deterministic loads—step-by-step dynamic
analysis

As set out in Section 5.8.1, blade dynamic response to time varying loading is best
analysed in terms of the separate excitation of each blade mode of vibration, for
which, under the assumptions of unstalled flow and mass-proportional aerody-
namic damping , the governing equation is

R

mifi(t) + cifi(t) + miw? fi(t) = j ui(rq(r, dr = Qi(t) (5.70)

0

where f;(t) and u;(r) are the tip displacement and mode shape for the ith mode
respectively. Starting with the initial tip displacement, velocity and acceleration
arbitrarily set at zero, this equation can be used to derive values for these quantities
at successive time steps over a complete blade revolution by numerical integration.
The procedure is then repeated for several more revolutions until the cyclic blade
response to the periodic loading becomes sensibly invariant from one revolution to
the next.

Linear acceleration method

The precise form of the equations linking the tip displacement, velocity and
acceleration at the end of a time step to those at the beginning depends on how the
acceleration is assumed to vary over the time step. Newmark has classified
alternative assumptions in terms of a parameter 8 which measures the relative
weightings placed on the initial and final accelerations in deriving the final
displacement The simplest assumption is that the acceleration takes a constant
value equal to the average of the initial and final values (f = 1/4). Clough and
Penzien (1993), however, recommend that the acceleration is assumed to vary
linearly between the initial and final values, as this will be a closer approximation
to the actual variation. Step-by-step integration with this assumption is known as
either the linear acceleration method or the Newmark = 1/6 method.

Expressions for the tip displacement, velocity and acceleration at the end of the
first time step — fi1, fi and f;1 respectively — are derived in terms of the initial
values — fi, fio and fip — as follows. The acceleration at time t during the time step
of total duration & is

F = fo+ (2210, G81)

This can be integrated to give the velocity at the end of the time step as
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fio = fo+ fol + (fa = f)h/2 (5.82)
Equation (5.81) can be integrated twice to give an expression for the displacement

at the end of the time step, which, after rearrangement yields the following expres-
sion for the corresponding acceleration:

6 6 . N
filzﬁ(fil_fio)—ﬁfio—zfio (5.83)
Substituting Equation (5.83) into Equation (5.82) yields
. 3 . .
fil:E(fil_fio)_zfio_fioh/z (5.84)
Equation (5.70) can be written as
.. . R
M fin + Cifin + miw? iy = J ui(1)qn(r)dr = Qin (5.85)
0

where the suffix n refers to the state at the end of the nth time step. Substituting
Equations (5.83) and (5.84) into Equation (5.85) with n =1 and collecting terms
yields the displacement at the end of the first time step as:

6 6 . . 3 . k.
Qn + mi(ﬁfio +Efi0 +2fi0) +Ci(zfi0+2fi0 +§in>
fa =

- 3¢, 6m (5.86)
m;ws; +7+ 2

The velocity and acceleration at the end of the first time step are then obtained by
substituting f;; in Equations (5.84) and (5.83) respectively.

The full procedure for obtaining the blade dynamic response to a periodic
loading using the Newmark 8 = 1/6 method (which is just one of many available)
may be summarized as follows:

(1) calculate the blade mode shapes, ui(r);

(2) select the number of time steps, N, per complete revolution, then the time step,
h=2n/NQ;

(3) calculate the blade element loads, g(7, ¥,) = q.(r), at blade azimuth positions
corresponding to each time step (i.e., at 27/N intervals) using momentum

theory (here, the suffix 7 denotes the number of the time step);

(4) calculate the generalized load with respect to each mode, Q;, = fOR wi(r)ga(r)dr,
for each time step;

(5) assume initial values of blade tip displacement, velocity and acceleration;
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(6) calculate first mode blade tip displacement, velocity and acceleration at end of
first time step, using Equations (5.86), (5.84) and (5.83) respectively (with i = 1);

(7) repeat Stage 6 for each successive time step over several revolutions until
convergence achieved;

(8) calculate cyclic blade moment variation at radii of interest by multiplying the
cyclic tip displacement variation by appropriate factors derived from the modal
analysis;

(9) repeat Stages 6-8 for higher modes;

(10) combine the responses from different modes to obtain the total response.

Figure 5.25 shows some results of the application of the above procedure to the
derivation of the out-of-plane root bending moment response of Blade TR to tower
shadow loading. The case chosen is for a mean wind speed of 12 m/s, uniform
across the rotor disc, and an x/D ratio of 1 (where x is the distance between the
blade and the tower centreline, and D is the tower diameter), giving a maximum
reduction in the blade root bending moment for a rigid blade of 70 kNm. Centrifu-
gal stiffening is included in the derivation of the mode shapes and frequencies, and
the damping ratios for the first and second modes are taken as 0.17 and 0.07
respectively. It is evident from Figure 5.25 that the tower shadow gives the blade a
sharp ‘kick” away from the tower, but the duration is too short in relation to the
duration of the first mode half cycle for Blade TR to ‘feel’ the root bending moment
reduction that would be experienced by a completely rigid blade. The blade

Rotational speed = 30 r.p.m. = 0.5 Hz
First mode frequency = 1.78 Hz
Second mode frequency = 5.86 Hz

First mode
response
<, alone

I s Sl b
R IR O S RSNSOI I RO € SRR

e

Rotor diameter = 40 m
104 Wind speed = 12 m/s
(uniform over disc)

First and second
mode

15T combined

response

Blade root bending moment relative to mean (kNm)
o

-20

Blade azimuth (Degrees)

Figure 5.25 Blade TR Out-of-plane Root Bending Moment Dynamic Response to Tower
Shadow
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oscillations have largely died away after a complete revolution because of the
relatively high levels of damping.

The response of the Blade TR out-of-plane root bending moment to tower shadow
combined with wind shear is shown in Figure 5.26 for a hub-height wind speed of
12 m/s. Also plotted is the corresponding bending moment for a completely rigid
blade. The wind shear loading is approximately sinusoidal (see Figure 5.11), and,
consequently, the response is also. However, it is worth noting that the amplitude
of the dominating first mode response to wind shear is the result of two effects
working against each other — in other words the increase due to the dynamic
magnification factor of about 9 percent is largely cancelled out by the reduction due
to centrifugal stiffening.

Avoidance of resonance: the Campbell diagram

In the course of blade design, it is important to avoid the occurrence of a resonant
condition, in which a blade natural frequency equates to the rotational frequency or
a harmonic with a significant forcing load. This is often done with the aid of a
Campbell diagram, in which the blade natural frequencies are plotted out against
rotational frequency together with rays from the origin representing integer multi-
ples of the rotational frequency. Then any intersections of the rays with a blade
natural frequency over the turbine rotational speed operating range represent
possible resonances. An example of a Campbell diagram is shown in Figure 5.27.

Clearly blade periodic loading is dominated by the loading at rotational fre-
quency from wind shear, yawed flow and shaft tilt (Section 5.7.2), gravity (Section
5.7.3) and gust slicing (Section 5.7.5). However, the short-lived load relief resulting
from tower shadow will be dominated by higher harmonics.

290

270 +

[N}
@
1=}

N
@
=3

Blade TR root bending moment:
First and second mode
combined response

Blade root bending moment (kNm)

210
Rotational speed = 30 r.p.m.
190 Rotor diameter =40 m
Hub-height wind speed = 12 m/s
Wind shear exponent = 0.2 :
T ! Root bending moment variation for
completely rigid blade
150 A
SO PSR LOOD® OSSO RPN OO DA DO DD O DD
SRPERRETCTR PSRN PR L L LRGPP S A0 D D o o o> 5 o o oS

Blade azimuth

Figure 5.26 Blade TR Out-of-plane Root Bending Moment Dynamic Response to Tower
Shadow and Wind Shear
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5.8.6 Response to stochastic loads

The analysis of stochastic loads in the frequency domain has already been described
in Section 5.7.5 for a rigid blade, and this will now be extended to cover the
dynamic response of the different vibration modes of a flexible blade using the
governing equation, Equation (5.70). Note that the restriction to an unstalled blade
operating at a relatively high tip speed ratio still applies.

Power spectrum of generalized blade loading

The generalized fluctuating load with respect to the ith mode is Q; = fOR wi(r)q(r)dr,
where

g(r) = %pg%u(r, te(r)r (5.25)
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Hence

dG

Qi —sz da

J ui(nu(r, t)c(r)dr (5.87)

An expression for the standard deviation of Q;, 0, can be derived by a method
analagous to that given in Section A5.4 of the Appendix for a non-rotating blade,
yielding

R poo
o%g,.< foj) J | UO s, 1 n)dn}m(m)m(m)c(m)c(rzmrzdndrz (5.89)

Here S%(r, 1, n) is the rotationally sampled cross spectrum for a pair of points on
the rotating blade at radii # and r,. Equation (5.88) is parallel to Equation (A5.16) in
the Appendix with r and " replaced by 7 and 7 and (pUCf)* replaced by
(%pQ(dCl)/ (da))®. From this it can be deduced that the power spectrum of the
generalized load with respect to the ith mode is

2 R (R
Sg,(n) = (ngd—) J J Sy(r1, 12, mui(r)ui(r2)e(r)c(r)rir, dr dr (5.89)
a 0Jo

In practice, this expression is evaluated using summations to approximate to the
integrals.

Power spectrum of tip deflection

The expression for the amplitude of the ith mode blade tip response in response to
excitation by a harmonically varying generalized load is given by Equation (A5.4)
in the Appendix. Hence the power spectrum of the tip displacement is related to
the power spectrum of the generalized load by

Sg,(n) 1

B T Y RO ey

(5.90)

This can be written S,i(1) = (Sg,(n)/ kzz.)[DMR]2 where DMR stands for the dynamic
magnification ratio. #; is the ith mode natural frequency in Hz.

Figure 5.28 shows the power spectrum of first mode tip deflection, S,(n), for
Blade TR operating at 30 r.p.m. in a mean wind of 8 m/s. A lower damping ratio of
0.1 has been selected so that the effect of dynamic magnification is emphasized and
the turbulence intensity has been arbitrarily set at 12.5% so that o0, =1 m/s. Also
shown is the first mode tip deflection spectrum ignoring dynamic magnification,
So1(n)/k;, which, when multiplied by the square of the dynamic magnification ratio
(also plotted), yields the Syi(n) curve. The standard deviation of first mode tip
deflection, 0,1 = j()oo Sxi(n)dn, comes to 54 mm, a 24 percent increase compared
with the value without dynamic magnification. The former is at a minimum,
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Figure 5.28 Power Spectrum of Blade TR First Out-of-plane Mode Tip Deflection

because the blade TR first mode natural frequency of 1.78 Hz is approximately
midway between the third and fourth harmonics of the rotational frequency. How-
ever, it is found that, even if the first mode natural frequency coincided with the
third harmonic of the rotational frequency, o1 would only increase by 4 percent.
This increase is small, because the peak of Sy1(7) at the third harmonic is not very
pronounced, and because the peak in the dynamic magnification ratio is relatively
broad.

Power spectrum of blade root bending moment

If the amplitude of tip deflection due to excitation of the blade resonant frequency
is defined as xr(n1), the amplitude of the corresponding blade root bending
moment, My(n;) is given by

R
My(m) = wxe(n) | () dr (5.91a)
0
Noting that w? = k; /m;, this becomes

R
My(m) _ klRL m(np (n(r/R)dr

xgr(n1) my

= k1 RXMl (5.91b)

This relationship applies at all exciting frequencies, because the right-hand side is
essentially a function of mode shape. Hence the power spectrum of blade root
bending moment due to excitation of the first mode is given by
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1
— n2/n3)? + 4&1n2 /n3]

S () = (k1 Ryan)*Sxa () = (Ryan)*So1(n) [ (5.91¢)

For Blade TR, the ratio y s takes a value of 1.4.

5.8.7 Response to simulated loads

The blade dynamic response to time varying loading derived from wind simulation
(Section 5.7.6) can be obtained by a step-by-step dynamic analysis such as that
described for use with deterministic loads in Section 5.8.5. The procedure is
essentially the same, except that it is more important to select realistic values for the
initial blade tip displacement, velocity and acceleration, unless the results from the
first few rotation cycles are to be discarded.

5.8.8 Teeter motion

When the rotor is rigidly mounted on the shaft, out-of-plane aerodynamic loads on
the blades result in fluctuating bending moments in the low speed shaft additional
to those due to gravity. In the case of two bladed machines, the transfer of blade
out-of-plane aerodynamic moments to the shaft can be eliminated and blade root
bending moments reduced by mounting the rotor on a hinge with its axis perpendi-
cular to both the low speed shaft and the axis of the rotor. This allows the rotor to
teeter to and fro in response to differential aerodynamic loads on each blade.

The restoring moment is generated by the lateral components of the centrifugal
force acting on each blade element (see Figure 5.29). It is given by

R
Mg = Jo r.m(r)Q2r.Cdr = IQ*¢ (5.92)

where ( is the teeter angle and I is the rotor moment of inertia about its centre. The
equation of motion for free teeter oscillations is thus I + IQ?¢ = 0 (omitting the
aerodynamic damping term for the moment), indicating that the natural frequency
of the teeter motion with the teeter hinge perpendicular to the rotor axis is equal to
the rotational frequency. Since both the deterministic and stochastic components of
the exciting moment are dominated by this frequency, it is clear that the system
operates at resonance, with aerodynamic damping alone controlling the magnitude
of the teeter excursion.

The magnitude of teeter excursions would clearly be reduced if the teeter natural
frequency were moved away from the rotational frequency. This can be done by
rotating the teeter hinge axis relative to the rotor in the plane of rotation, as
illustrated in Figure 5.29, so that teeter motion results in a change of blade pitch —
positive in one blade and negative in the other — known as Delta 3 coupling.
Consider the case of blade A slicing through a gust. The increased thrust on the
blade will cause it to move in the downwind direction, by rotating about the teeter
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hinge. If the teeter angle, defined as the rotation of the blade in its own radial plane,
is &, then the increase in blade A’s pitch angle will be { tan 03, where 03 is as defined
in Figure 5.29. The increase in the pitch angle of blade A will reduce the angle of
attack, @, and thereby reduce the thrust loading on it. The net result of this and a
simultaneous increase in the thrust loading on blade B is to introduce a restoring
moment augmenting that provided by centrifugal force.

The first stage for the exploration of teeter response to different loadings is the
derivation of the complete equation of motion. It is assumed that the blades are
unstalled and are operating at a relatively high tip speed, so that the linear relations
adopted in the derivation of Equation (5.25) in Section 5.7.5 can be retained. The
various contributions to the change in the aerodynamic force on a blade element
relative to the steady-state situation are therefore:

%pQrc%(u —¢r) - %p(Qr)ZC%AG (5.93)

where the three terms result from the fluctuation of the incident wind, teeter motion
and Delta 3 coupling respectively. Multiplication of these terms by radius, integra-
tion over the length of the blade and addition of the centrifugal and inertia hub
moment terms yields the following equation of motion for the teeter response:
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IE+1pQ

dcC
o {+3p02

-, 10dG
da

R
J rie(r)dr| Q(tan 03)¢ + IQ>C
-R

R
J rPe(r)dr
-R

L ~dG R
= Qde— u(r, tye(ryr|r|dr (5.94)
a J-Rr

assuming a frozen wake. By dividing through by the moment of inertia and writing

d R
=12 _il J Per) dr] (5.95)
-R
this can be simplified to
. . Qdq (®
E+nQE+ (1 +ytand3)Q%¢ = %pT —alj u(r, Hye(r)r|r|dr (5.96)
-R

7 is a measure of the ratio of aerodynamic to inertial forces acting on the blade, and
is one eighth of the Lock number.

Delta 3 coupling thus raises the natural frequency, w,, of the teeter motion from
Q to Qy/1+ntands. For a 40 m diameter rotor consisting of two TR blades
mounted on a teeter hinge set at a 03 angle of 30°, 7 = 0.888 and tan d3 = 0.577, so
the increase in natural frequency due to the 3 angle is 23 percent. The correspond-
ing damping ratio, given by & = (1/2),/1 + 5 tan d3 is quite high at 0.36.

Teeter response to deterministic loads

The teeter response to deterministic loads can be found using the same step-by-step
integration procedure set out in Section 5.8.5. However, as the loadings due to wind
shear and yaw are both approximately sinusoidal, an estimate of the maximum
teeter angle for these cases may be obtained by using the standard solution for
forced oscillations. For a harmonically varying teeter moment, Mt = Mrcos Q¢
due to wind shear, the teeter angle is given by

_ Mro cos (Qt — 9)
Con /A= (QJw,)2)Y + 2EQ/w,)?

5 (5.97)

where 9 = tan1(2EQ/w,)/(1 — (Q/w)?)) = 90° — 5 is the phase lag with respect
to the excitation.

For the two-bladed turbine described above, rotating at 30 r.p.m. in a wind with a
hub-height mean of 12m/s and a shear exponent of 0.2, the teeter moment
amplitude, M,, is approximately 50 kNm (see Figure 5.11, which gives the blade
root bending moment variation with azimuth for a fixed hub machine, based on
momentum theory). Taking the rotor moment of inertia as 307 000 kgm? for TR
blades, and @, = 1.237 rad/s, the maximum teeter angle comes to 0.9° for 63 = 30°.
This increases by about 16 percent to 1.05° if the d; angle is reduced to zero.
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If the wind speed variation due to wind shear is assumed to be linear with height,
i.e., u = U(kr/R), and the teeter moment is calculated from the expression on the
right-hand side of Equation (5.94), which assumes a frozen wake instead of the
equilibrium wake resulting from momentum theory, a very simple expression for
the teeter angle results in the case of zero d; angle. The teeter moment becomes

dc Uk (R
M7t = Mrocos Qt = %,OQ—1 —J c(r)r® drcos Qt (5.98)
da R _R

Substitution of Equation (5.98) in Equation (5.97), with w, set equal to € for the case
of a zero 03 angle, results in the following expression for the teeter angle

L= % cos(Qt — 7/2)) (5.99)

Thus the teeter response lags the excitation by 90° and the magnitude of the teeter
excursion is simply equal to the velocity gradient divided by the rotational speed.
For a hub height of 35 m, the equivalent uniform velocity gradient over the rotor
disc for the case above is 0.125U/R = 0.075 m/s per m, giving a teeter excursion of
0.024 radians or 1.4°. This differs from the earlier value of 1.05° because of the
frozen wake assumption.

Teeter response to stochastic loads

As usual, it is convenient to analyse the response to the stochastic loads in the
frequency domain. The teeter moment providing excitation is given by the right-
hand side of Equation (5.94). By following a similar method to that used for the
generalized load in Section 5.8.6, the following expression for the power spectrum
of the teeter moment can be derived:

dG

2R (R
surn = (23 [ [ s2tn, o ictmtnninlinldndr, @100

where S)(r1, 1, n) is the rotationally sampled cross spectrum. In practice,
S)(r1, 12, n) is evaluated for a few discrete radius values, and the integrals replaced
by summations.

The power spectrum of the teeter angle response is related to the teeter moment
power spectrum by a formula analagous to Equation (5.90), as follows:

Su(n) = Smr(n) 1
¢ (I02)? [(1 — (2xn/w,)?)? + (2E271/w,)?]

(5.101)

This can be written S¢(1n) = (Syr(n)/(Io%))[DMR]*> where DMR stands for the
dynamic magnification ratio.
Figure 5.30 shows the teeter angle power spectrum, S¢(n), for a two-bladed rotor



BLADE DYNAMIC RESPONSE 275

25 T T T T T 17T TTTT]1
T T
Power spectrum of
teeter angle x100
) I |
T

T

Diameter =40 m
Rotational speed = 30 r.p.m.
Mean wind speed = 12 m/s
T— Turbulence intensity = 8.33%
— Integral length scale, L =73.5 m
Delta 3 angle = 0 degrees

Damping ratio = 0.444

N}

Power spectrum of teeter angle x100
ignoring dynamic magnification (proportional

15 - to spectrum of teeter moment)
s 1
s | Dynamic magnification ratio squared ”I
| i
1 \\l
|
0s /I \
/ \
/ \\
/4 A\ /\

0.01 0.1 1
Frequency (Hz)

Figure 530 Teeter Angle Power Spectrum for Two-bladed Rotor with “TR” Blades

with TR blades and zero 03 angle operating at 30 r.p.m. in a mean wind of 12 m/s.
The turbulence intensity is arbitrarily taken as 8.33 percent, to give ¢, =1 m/s, and
the damping ratio, § = /2, is 0.444, calculated from Equation (5.95). Also shown in
the figure is the teeter angle power spectrum ignoring dynamic magnification,
Smr(n)/(Iw?)?, which, when multiplied by the square of the dynamic magnification
ratio (also plotted), yields the Sg(n) curve. The resulting teeter angle standard
deviation, obtained by taking the square root of the area under the power spectrum,
is 0.46°.

Having calculated the teeter angle standard deviation, the extreme value over
any desired exposure period can be predicted from Equation (5.59). As is evident
from Figure 5.30, the teeter angle power spectrum is all concentrated about the
rotational frequency, Q, so the zero upcrossing frequency, v, can be set equal to it.
Thus, for a machine operating at 30 r.p.m., a 1 h exposure period gives, vT = 1800
and Cmax/0r = 4.02. Taking a turbulence intensity of 17 percent, the predicted
maximum teeter angle due to stochastic loading over a 1 h period for the case above
is 4.02 X (12 X 0.17) X 0.46° = 3.8°, which reduces to 3.2° if a 03 angle of 30° is
introduced.

As already mentioned, teetering relieves blade root bending moments as well as
those in the low speed shaft. The reduction of the stochastic component of root
bending moment can be derived in terms of the standard deviations of blade root
bending moment and hub teeter moment for a rigid hub two-blade machine.
Integration of Equation (5.100) yields the following expression for the latter:

) dC1 2R (R
Oyr = <%pQ E) J_RJ_RKZ(Tl, 12, O)C(i’l)C(T’z).ﬁ1’2|1’1||1’2| dri dn, (5.102)

where, as before, | and r, take negative values on the second blade. x%(r1, 12, 0) is
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the cross correlation function between the longitudinal wind fluctuations between
points at radii 7y and r, on the rotating rotor and is given by the right-hand side of
Equation (5.51), with Q7 set equal to zero when r; and r, define points on the same
blade, and replaced by & when r; and r, define points on different blades. Defining
po(r1, rp, 0) as the normalized cross correlation function, «9(r;, 2, 0) /of{, Equation
(5.102) can be rewritten as:

dc R
OMT =0 ( 2pQ dal> J J po (11, 12, 0)c(rr)c(r2). ri12|r1| 12| Ay Ay (5.102a)
~RJ-R

The corresponding expression for the standard deviation of the mean of the two-
blade root bending moments is:

R
ok = ( Q@> J J °(r1, 12, 0)c(r1)c(r2). 7313 dry dry (5.103)
da —-R —R

By inspection of the integrals, it is easily shown that:

d¢

R
40MT +0M =0 ( Qda) [ J p5 (11, 12, 0)c(r1)c(2). rlr2 dridr = oM (5.104)
Jo

where o is the standard deviation of root bending moment for a rigidly mounted
blade. Thus, if the rotor is allowed to teeter, the standard deviation of the blade root
bending moment will drop from oy to o3; where oy is given by the equation
above. The extent of the reduction is driven primarily by the ratio of rotor diameter
to the integral length scale of the wind turbulence. For a two-bladed rotor with TR
blades and an integral length scale of 73.5 m, the reduction is 11 percent.

5.8.9 Tower coupling

In the preceding sections, consideration of the dynamic behaviour of the blade has
been based on the assumption that the nacelle is fixed in space, i.e., that the tower is
rigid. In practice, of course, no tower is completely rigid, so fluctuating loads on the
rotor will result in fore—aft flexure of the tower, which, in turn, will affect the blade
dynamics. This section explores the effect the coupling of the blade and tower
motions has on blade response.

The application of standard modal analysis techniques to the dynamic behaviour
of the system comprising the tower and rotating rotor treated as a single entity is
complicated by the system’s continually changing geometry, which means that the
mode shapes and frequencies of the structure taken as a whole would have to be re-
evaluated at each succeeding rotor azimuth position.

An alternative approach is to base the analysis on the mode shapes and
frequencies of the different elements of the structure considered separately, with
the displacements arising from each set of modes superposed. Thus the tower
modes are calculated on the basis of a completely rigid rotor, and the blade modes
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are calculated as if the blades were cantilevered from a rigidly mounted shaft, i.e.,
in the same way as before. The blade modes are not orthogonal to the tower modes,
so the equations of motion for the different modes are no longer independent of
each other, but contain coupled terms. Furthermore, the blade deflections arising
from excitation of the tower modes vary with blade azimuth, so a step-by-step
solution is required. The treatment which follows is limited to the fundamental
blade and tower modes, but could be extended to encompass higher modes.

The equation of motion of the blade is given by Equation (5.62). The blade
deflection for blade ] may be written

x(r, 1) = u()-f(8) + pry(r).fr () (5.105)
where u(r) is the first blade mode shape for a rigid tower and ury(r) is the
normalized rigid body deflection of blade ] resulting from excitation of the tower

first mode. Assuming the normalization is carried out with respect to hub deflec-
tion,

.
urp(r) =1+ ZCOS Yy (5.106)

where L is the depth below the hub of the intercept between the tangent to the top
of the deflected tower and the undeflected tower axis, as illustrated in Figure 5.31.
Substitution of Equation (5.105) into Equation (5.62) yields, with the aid of Equation
(5.65):

m(Au(r)f(H) + eu(r) fi(H) + m(r)eu(r) fi(H)
= q(r.t) — m(Pury(r) fr(t) — &r)ury(r) fr(b) (5.107)

CON HrA7)

Figure 531 Fundamental Mode Shapes of Blade and Tower
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where the coupled terms have been transferred to the right hand side. Multiplying
through by u(r) and integrating over the length of the blade gives:

R

.. . R .
s fy () + c1fy(0) + mya®fi(6) :L u(r)(r, Hdr - J m(r)(r)ery(r) dr.fr (1)

0

R .
— L c(nu(rury(r) dr. fr(t) (5.108)

By analogy with Equation (5.70), the equation of motion of the tower is

H

mr1 fr(t) + cri fr(t) + mmo? fr(t) = L ur(2)q(z, t)dz (5.109)

Here ur is the tower first mode shape and my; is the generalized mass of the tower,
nacelle and rotor (including the contribution of rotor inertia), with respect to the
first mode, given by

H
mr = J mr(z)ut(z) dz + my + mg + Ir/L? (5.110)
0

Here mr(z) is the mass per unit height of the tower, my and mg are the nacelle and
rotor masses, and Iy is the inertia of the rotor about the horizontal axis in its plane,
which is constant over time for a three-bladed rotor. For a two-bladed, fixed-hub
rotor it varies with rotor azimuth, and for a teetering rotor it is omitted altogether.

The major component of the loading on the tower, q(z, t), is the load fed in at hub
height, H, from the blades. The inertia forces on the blades due to rigid body
motion associated with the tower first mode have been accounted for by including
rotor mass and inertia in mr;, and the corresponding damping forces can be
accounted for in the calculation of the damping coefficient, cti. However, the
aerodynamic loads on the blades and the inertia and damping forces associated
with blade flexure — all of which are transmitted to the tower top — have to be
included in the right-hand side of Equation (5.109) as

r(H).F + <%> M=F+M/L (5.111)
dz H

where

R R R .
F=>Y q(r, tydr - ZJO my(Nu(r)dr.fy(t) — ZJ é(r)u(r) dr.fi(t) (5.112)

N N N J0

and
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R ..
M= Z rcos yyq(r, tydr — Z Jo rcos Yyma(r)u(r) dr.fi(t)
N

N

— ZJ rcos yyc(r)u(r)dr. f] (5.113)

The suffix J refers to the Jth blade, and N in the summations is the total number of
blades.
Hence

R .
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omitting the term for loading on the tower itself.

Equations (5.108) and (5.114) provide (N + 1) simultaneous equations of motion
with periodic coefficients ur; corresponding to the (N + 1) degrees of freedom
assumed. The procedure for the step-by-step dynamic analysis which is based on
these equations may be summarized as follows:

(1) Substitute the displacements, velocities and aerodynamic loads at the beginning
of the first time step into Equations (5.108) and (5.114), and solve for the initial
accelerations.

(2) Formulate the incremental equations of motion for the time step, based on
Equations (5.108) and (5.114), retaining the coupled terms on the right-hand
side, i.e., as pseudo forces.

(3) Assume initially that the coupled terms are constant over the duration of the
time step, so that they disappear from the incremental equations of motion
altogether, rendering them uncoupled.

(4) Solve the uncoupled incremental equations of motion to obtain the increments
of displacement and velocity over the time step. Adopting the linear accelera-
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tion method (Section 5.8.5), the expressions for the displacement and velocity
increments at the tip of blade J are as follows:
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The derivation of these expressions parallels that for the absolute values of
displacement and velocity at the end of the time step, given in Section 5.8.5.
Similar expressions obtain for the displacement and velocity increments at the
hub due to tower flexure.

(5) Solve Equations (5.108) and (5.114) for the accelerations at the end of the time
step.

(6) Solve the incremental equations of motion again — this time including the
changes in the coupled terms on the right hand side over the time step — to
obtain revised increments of displacement and velocity over the time step.

(7) Repeat Step 5 and Step 6 until the increments of displacement and velocity
converge.

(8) Repeat Steps 1-7 for the second and subsequent time steps.

If the analysis is being carried out to obtain the response to deterministic loads,
advantage may be taken of the fact that the behaviour of each blade mirrors that of
its neighbours with an appropriate phase difference. This means that the number of
equations of motion can be reduced to two, and the analysis iterated over a number
of revolutions until a steady-state response is achieved. For example, in the case of
a machine with three blades, A, B and C the values of blade B and blade C tip
velocities and accelerations, which are required on the right-hand side of Equation
(5.114), would be equated to the corresponding values for blade A occurring T/3
and 2T /3 earlier (T being the period of blade rotation).

Figure 5.32 shows the results from the application of the above procedure to the
derivation of blade tip and hub displacements in response to tower shadow
loading, considering only the blade and tower fundamental modes. The machine is
three bladed and the parameters chosen are, as far as the rotor is concerned,
generally the same as for the rigid tower example in Section 5.8.5 illustrated in
Figure 5.25. The tower natural frequency is 1.16 Hz, and the tower damping ratio
(which is dominated by the aerodynamic damping of the blades) is taken as 0.022.

It can be seen that the tower response is sinusoidal at blade passing frequency,
which is the forcing frequency. The amplitude is only about one fiftieth of the
maximum blade tip displacement of about 30 mm, reflecting the large generalized
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Figure 532 Tower Top and Blade Tip Deflections Resulting from Tower Shadow, Consider-
ing Fundamental Mode Responses Only

mass associated with the tower mode relative to that associated with the blade
mode. The tower shadow effect causes the blade to accelerate rapidly upwind as it
passes the tower, with the maximum deflection occurring at an azimuth of about
205°. Also plotted on Figure 5.32 is the deflection that would occur if the nacelle
were fixed, and it is seen from the comparison that one effect of tower flexibility is
to slightly reduce the peak deflection. However, a more significant effect of the
tower motion is the maintenance of the amplitude of the subsequent blade oscilla-
tions at a higher level prior to the next tower passing.

The modal analysis method outlined above forms the basis for a number of codes
for wind turbine dynamic analysis, such as the Garrad Hassan BLADED code
(Bossanyi, 2000). Typically these codes encompass several blade modes, both out-
of-plane and in-plane, and several tower modes, both fore—aft and side-to-side,
together with drive train dynamics (see Section 5.8.10).

Rather than use modal analysis, the dynamic behaviour of coupled rotor/tower
systems can also be investigated using finite elements. Standard finite-element
dynamics packages are, however, inappropriate to the task, because they are only
designed to model the displacements of structures with fixed geometry. Lobitz
(1984) has pioneered the application of the finite-element method to the dynamic
analysis of wind turbines with two-bladed, teetering rotors, and Garrad (1987) has
extended it to three-bladed, fixed-hub machines. In both cases, equations of motion
are developed in matrix form for the blade and tower displacement vectors and
then amalgamated using a connecting matrix which is a function of blade azimuth
and satisfies the compatibility and equilibrium requirements at the tower/rotor
interface. Solution of the equations is carried out by a step-by-step procedure. The
finite-element method is more demanding of computing power, so the modal
analysis method is generally preferred.
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5.8.10 Wind turbine dynamic analysis codes

A large modern turbine is a complex structure. Relatively sophisticated methods
are required in order to predict the detailed performance and loading of a wind
turbine. These methods should take into account:

e the aerodynamics of the rotating blade, including induced flows (i.e., the mod-
ification of the flow field caused by the turbine itself), three-dimensional flow
effects, and dynamic stall effects when appropriate;

e dynamic analysis of the blades, drive train, generator and tower, including the
modification of the aerodynamic forces due to the vibrational velocities of the
structure;

e dynamic response of subsystems such as the yaw system and blade pitch control
system;

e control algorithms used during normal operation, start-up and shut-down of the
turbine;

e temporal and spatial variations of the wind field impinging on the turbine,
including the three-dimensional structure of the turbulence itself.

Starting from a wind turbulence spectrum, it is possible to develop techniques in
the frequency domain which account for many of these aspects, including rotational
sampling of the turbulence by the blades, the response of the structure, and the
control system. These techniques are set out in Sections 5.7.5, 5.8.6, 5.12.4 and
elsewhere. However, although frequency domain methods are elegant and compu-
tationally efficient, they can only be applied to linear time-invariant systems, and
therefore cannot deal with some important aspects of wind turbine behaviour, such
as:

o stall hysteresis;

¢ non-linearities in subsystems such as bearing friction, pitch rate limits, and non-
linear aspects of control algorithms;

e variable speed operation;

e start-up and shut-down.

As a result, time-domain methods are now used almost exclusively for wind
turbine design calculations. The ready availability of computing power means that
the greater computational efficiency of frequency domain methods is no longer
such an important consideration.

A number of codes are available commercially for the calculation of wind turbine
performance and loads using time-domain simulations. These simulations use
numerical techniques to integrate the equations of motion over time, by subdividing
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the time into short timesteps (which may be of fixed or variable length), as
described in Section 5.8.5. In this way, all the non-linearities and non-stationary
aspects of the system, such as those listed above, can be dealt with to any desired
level of accuracy. A useful comparative survey of such codes is given by Molenaar
and Dijkstra (1999).

Two principal approaches to the modelling of structural dynamics are embodied
in these software packages. Some use a full finite-element representation of the
structure, which is broken down into small elements. The equations of motion are
solved for each element, with boundary conditions matched at the interfaces
between elements. An example of such a code is Adams-WT (Hansen, 1998), which
consists of a general purpose finite-element code (Adams) interfaced to an aero-
dynamic module.

The other main approach is the modal analysis method as described in the
preceding section, in which simple finite-element methods are used to predict just
the first few modes of vibration of the structure as a whole, or of its main parts. The
equations of motion for these modes, which include periodic coefficients, are then
derived and solved with appropriate boundary conditions over each time step. This
gives a much smaller set of equations (although the equations themselves may be
more complex). The higher frequency modes of the system tend to contribute very
little to the system dynamics and loads, and so the modal method generally gives a
very good approximation to the performance of the structure. An example of a code
based on this approach is Bladed for Windows (Bossanyi, 2000), which allows the
most important rotor and tower modes to be calculated. These are then linked to
the remaining system dynamics (drive train, control systems, etc.), and to an
aerodynamics module similar to that of Adams-WT.

Both of these codes include a full three-dimensional, three-component model of
the turbulent wind field computed using the Veers method (Veers, 1988) as
described in Section 5.7.6. Bladed for Windows additionally has an offshore module,
allowing stochastic wave loading and current loading on the tower to be modelled
for an offshore turbine. As with the effect of aerodynamics, the effect of the
vibrational velocities of the structure on the hydrodynamic forces is significant. This
leads to considerable interactions between the wind and wave loading. Jamieson
et al. (2000) have demonstrated that if wind and wave loading are treated in
isolation from each other, an over-conservative design is likely to result.

The use of sophisticated calculation methods such as those described above are
rapidly becoming mandatory for the certification of wind turbines, particularly at
the larger sizes. A few illustrative examples of results obtained with Bladed for
Windows are described below.

Figure 5.33 shows a Bladed for Windows simulation of the in- and out-of-plane
bending moments at the root of one of the blades, during operation in steady,
sheared wind. The in-plane moment is almost a sinusoidal function of azimuth,
being dominated by the gravity loading due to the self-weight of the blade which,
relative to the blade, changes direction once per revolution. The mean is offset from
zero because of the mean positive aerodynamic torque developed by the blade.
There is a slight distortion of the sinusoid, partly because of the variation of
aerodynamic torque due to wind shear and the effect of tower shadow, and partly
because of the in-plane vibration of the blade.
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Figure 5.33 Blade Root Bending Moment in Steady Wind

The out-of-plane moment is always positive, the mean value being dominated by
the aerodynamic thrust on the blade. There is a systematic variation with azimuth
resulting from the wind shear, giving a lower load at 180° azimuth (bottom dead
centre) than at 0°. A sharp dip at 180° is also visible, and this is the effect of the
tower shadow (the reduction in wind speed in the vicinity of the tower). The blade
out-of-plane vibrational dynamics contribute a significant higher-frequency varia-
tion.

In turbulent wind, the loads take on a much more random appearance, as shown
in Figure 5.34. The out-of-plane load in particular is varying with wind speed and,
as this is a pitch-controlled machine, with pitch angle. The in-plane load is more
regular, as it is always dominated by the reversing gravity load.

Spectral analysis provides a useful means of understanding these variations.
Figure 5.35 shows auto-spectra of the blade root out-of-plane bending moment and
the hub thrust force. The out-of-plane bending moment is dominated by peaks at all
multiples of the rotational frequency of 0.8 Hz. These are caused mainly by the
rotational sampling of turbulence by the blade as it sweeps around, repeatedly
passing through turbulent eddies. Wind shear and tower shadow also contribute to
these peaks. A small peak due to the first out-of-plane mode of vibration at about
3.7 Hz is just visible. There is also a significant effect of the first tower fore—aft
mode of vibration at about 0.4 Hz.

This tower effect is also visible in the spectrum of the hub thrust force. However,
this force is the sum of the shear forces at the roots of the three blades. These forces
are 120° out of phase with each other, with the result that the peak at the rotational
frequency (1P) is eliminated, as are the peaks at multiples of this frequency such as



BLADE DYNAMIC RESPONSE 285

(kNm)

Auto spectral density ((Nm)2/Hz)

300——

250——

200

150——

100

-50——

-100

Out-of-plane

Wl
Ml

In-plane

%

1.0e+10

1.0e+09

1.0e+08

1.0e+07

1.0e+06

1.0e+05

1.0e+04

1.0e+03

T T f T T 1
20 40 60 80 100 120

Time (s)

Figure 5.34 Blade Root Bending Moment in Turbulent Wind
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Figure 5.35 Spectra of Out-of-plane Loads in Turbulent Wind
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2P, 4P etc. Only the peaks at multiples of 3P remain, since at these frequencies the
three blades act in phase with each other.

This effect is even more significant in the in-plane load spectra (Figure 5.36). Of
the blade load peaks at multiples of 1P, only the relatively small peaks at 3P and 6P
come through to the hub torque. The 1P peak in the blade load, which is dominated
by gravity, is particularly large, but it is completely eliminated from the hub torque.
The tower peak at 0.4 Hz is visible in both loads. A large blade load peak at the first
in-plane blade vibrational mode at 4.4 Hz is also seen, but this is a mode which does
not include any rotation at the hub, and consequently is not seen in the hub torque.
Some higher frequency blade modes (not shown) will be coupled with hub rotation.

5.8.11 Aeroelastic stability

Aeroelastic instability can arise when the change in aerodynamic loads resulting
from a blade displacement is such as to exacerbate the displacement rather than
diminish it, as is normally the case. A theoretical example would be a teetering
rotor operating in stalled flow, where the rate of change of lift coefficient with angle
of attack is negative, so that the aerodynamic damping is negative likewise. In such
circumstances, teeter excursions would be expected to grow until the limits of the
negative damping band or of the teeter stops were reached. In practice, this
phenomenon can be avoided if the blade is designed so that the blade root flapwise
bending moment increases monotonically with wind speed over the full wind
speed operational range (Armstrong and Hancock, 1991).
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A real instance of incipient aeroelastic instability was the development of an
edgewise blade resonance under stalled conditions on some larger three-bladed
machines. A negative rate of change of lift coefficient with angle of attack is
believed to have been the prime cause — see Section 7.1.9.

Another potential instance of aeroelastic instability is classical flutter, encoun-
tered in the design of helicopter rotors, in which the blade structure is such that
out-of-plane flexure in the downwind direction results in blade twisting, causing an
increase in the angle of attack. During the development of some of the early large
machines, the dangers of aeroelastic instability were considered to be a real concern,
and much analysis work was directed to demonstrating that individual turbine
designs would not be susceptible to it. However, partly no doubt because of the
high torsional rigidity of the closed cell hollow structure adopted for most wind
turbine blades, aeroelastic instability has not yet been found to be critical in
practice, and stability analyses are no longer regarded as an essential part of the
design process. This may change, however, if designs become more flexible.

5.9 Blade Fatigue Stresses
5.9.1 Methodology for blade fatigue design

The verification of the adequacy of a blade design in fatigue requires knowledge of
the fatigue loading cycles expected over the lifetime of the machine at different
radii, derivation of the resultant stress cycles and calculation of the corresponding
fatigue damage number in relation to known fatigue properties of the material. The
procedure is less or more complicated, depending upon whether blade loading in
one or two planes is taken into account. If bending about only the weaker principal
axis is taken into account, considering only aerodynamic lift forces, the steps
involved are as follows.

(1) Derive the individual fatigue load spectra for each mean wind speed and for
each radius. This is a non-trivial task because, unless wind simulation is used,
the information on the periodic and stochastic load components is available in
different forms, i.e., as a time history and a power spectrum respectively.
Sections 5.9.2 and 5.9.3 consider methods of addressing this difficulty.

(2) Synthesize the complete fatigue load spectrum at each radius from the separate
load spectra for each mean wind speed, including start-ups and shutdowns (see
Section 5.5.1).

(3) Convert the fatigue load cycles (expressed as bending moments) to fatigue
stresses by dividing by the appropriate section modulus. (The section modulus
with respect to a particular principal axis is defined as Second Moment of Area
of the cross section about that axis divided by the distance of the point under
consideration from the axis.)
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(4) Sum the fatigue damage numbers, n;/N;, according to Miner’s rule, for each
moment range ‘bin” in the fatigue load spectrum, according to the appropriate
S—N curve for the material. S—N curves for different blade materials are
considered in Section 7.1.6 and 7.1.7, together with the allowance necessary for
mean stress.

Sections 5.9.2 and 5.9.3 are concerned with the first step of the sequence above. For
a given mean wind speed, the periodic component of blade loading will be invariant
over time, and the stochastic component will be stationary. As noted in Section 5.7.5,
the stochastic component can be analysed either in the frequency domain (provided
that a linear relationship between incident wind speed and blade loadings can be
assumed) or in the time domain, i.e., by using wind simulation. Section 5.9.2
considers how the deterministic and stochastic components may be combined if the
latter have been analysed in the frequency domain, while Section 5.9.3 looks in detail
at the option of assessing fatigue damage completely in the frequency domain.

If the fatigue damage resulting from both in-plane and out-of-plane loading is to
be computed, it is necessary to revise the ordering of the steps above, in order to
derive the periodic and stochastic components of the stress variation for each point
under consideration and for each mean wind speed. For a chosen point, the
procedure becomes as shown below.

(A1) For a given mean wind speed, calculate the time histories of the bending
moments about the principal axes resulting from the periodic load compo-
nents over one blade rotation. The derivation of aerodynamic moments from
blade element loads is illustrated in Figure 5.37.

(A2) Convert these bending moment time histories to stress time histories by
dividing by the appropriate section modulus, and adding them together.

(B) For the same mean wind speed, convert the power spectrum of the stochastic
bending moment component (which, because of the linearity assumption,
arises from fluctuating lift only) to a power spectrum of stress at the chosen

point.

(C) Calculate the fatigue damage resulting from the combined periodic and
stochastic stress components, using the methods of Sections 5.9.2 and 5.9.3.

(D) Repeat the above steps for the other mean wind speeds.

(E) Add together the fatigue damages arising at each mean wind speed to obtain
the total fatigue damage during normal running.

5.9.2 Combination of deterministic and stochastic components

Previous sections have shown how the deterministic (i.e., periodic) and stochastic
components of blade bending moments can be characterized in terms of time
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Figure 5.37 Derivation of Blade Bending Stresses at Radius * due to Aerodynamic Loads

histories and power spectra respectively. Unfortunately the spectral description of
the stochastic loading is not in a suitable form to be combined with the time history
of the periodic loading, but this difficulty can be resolved by one of two methods, as
follows.

(1) The power spectrum of the stochastic component can be transformed into a time
history by inverse Fourier transform, which can then be added directly to the
time history of the periodic component. Applications of this method have been
reported by Garrad and Hassan (1986) and Warren et al. (1988). With the
subsequent development of wind simulation techniques, this method is no
longer commonly used, because the use of transformations to generate time-
histories of wind speed rather than of wind loading avoids the need to assume
that wind speed and wind loading are linearly related when deriving the power
spectrum of the stochastic load component.
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(2) A probability density function for the load cycle ranges can be derived
empirically, based on the spectral properties of the power spectrum of the
stochastic and periodic components of loading combined.

The second approach is considered in the next Section.

5.9.3 Fatigue prediction in the frequency domain

The probability density function (p.d.f.) of peaks of a narrow band, Gaussian
process are given by the well-known Rayleigh distribution. As each peak is
associated with a trough of similar magnitude, the p.d.f. of cycle ranges is Rayleigh
likewise.

Wind turbine blade loading cannot be considered as narrow band, despite the
concentration of energy at the rotational frequency by ‘gust slicing’ (Section 5.7.5),
and neither can it be considered as Gaussian because of the presence of periodic
components. Dirlik (1985) produced an empirical p.d.f. of cycle ranges applicable to
both wide and narrow band Gaussian processes, in terms of basic spectral proper-
ties determined from the power spectrum. This was done by considering 70 power
spectra of various shapes, computing their rainflow cycle range distributions and
fitting a general expression for the cycle range p.d.f. in terms of the first, second and
fourth spectral moments. Dirlik’s expression for the cycle range p.d.f. is:

Di 210 P2 z2pr) y p, 702212

_Q R
p(S) = SN (5.117)
where
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m; = J n'Sy(n)dn Ss(n) is the power spectrum of stress,
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and S is the cycle stress range.

Although the Dirlik cycle range p.d.f. was not intended to apply to signals
containing periodic components, several investigations (Hoskin et al. (1989), Mor-
gan and Tindal (1990), Bishop et al. (1991)) have been carried out to determine its
validity for wind turbine fatigue damage calculations, using monitored data for
flapwise bending from the MS1 wind turbine on Orkney. Cycle range p.d.f.s were
calculated from power spectra of monitored strains using the Dirlik formula and
fatigue damage rates derived from these p.d.f.s compared with damage rates
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derived directly from the monitored signal by rainflow cycle counting. The ratio of
damage calculated by the Dirlik method to damage calculated by the rainflow
method ranged from 0.84 to 1.46, from 1.01 to 2.48 and from 0.73 to 2.34 in the three
investigations listed above, using a S/N curve exponent of 5 in each case, as the
blade structure was of steel. In view of the fact that the calculated damage rates
vary as the fifth power of the stress ranges, these results indicate that the Dirlik
method is capable of giving quite accurate results, despite the presence of the
periodic components.

There are two main drawbacks to the application of the Dirlik formula to power
spectra containing periodic components. First, the presence of large spikes in the
spectra due to the periodic components renders them very different from the
smooth distributions Dirlik originally considered, and second, information about
the relative phases of the periodic components is lost when they are transformed to
the frequency domain. Morgan and Tindal (1990) illustrate the effect of varying
phase angles by a comparison of plots of (coswt+ 0.5cos3wt) and (coswt
— 0.5 cos 3wt) which is reproduced in Figure 5.38. For a material with a S/N curve
exponent of 5, stresses conforming to the first time history would result in 5.25
times as much fatigue damage as stresses conforming to the second.

Bishop, Wang and Lack (1995) developed a modified form of the Dirlik formula
to include a single periodic component, using a neural network approach to
determine the different parameters in the formula from computer simulations.

Madsen et al. (1984) adopted a different approach to the problem of determining
fatigue damage resulting from combined stochastic and periodic loading, involving
the derivation of a single equivalent sinusoidal loading that would produce the same
fatigue damage as the actual loading. The method applies a reduction factor, g,
which is dependent on bandwidth, to account for the reduced cycle ranges implicit
in a wide band as opposed to a narrow band process, and utilizes Rice’s p.d.f. for the
peak value of a single sinusoid combined with a narrow band stochastic process,
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Figure 5.38 Effect of Variation of Phase Angle between Harmonics on Combined Signal
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substituting half the maximum range of the periodic signal, including harmonics, for
the amplitude of the sinusoid. A fuller summary is given in Hoskin, Warren and
Draper (1989). They concluded, along with Morgan and Tindal (1990), that the
Madsen method yielded slightly less accurate fatigue damage values than the Dirlik
method for the MS1 monitored data for flapwise bending referred to above.

5.9.4 Wind simulation

Wind simulation, which was introduced in Section 5.7.6, has two significant
advantages over the methods described above for fatigue damage evaluation. First,
it can handle non-linear relationships between wind speed fluctuations and blade
loadings in the calculation of stochastic loads, and second, it avoids the difficulty of
deriving the fatigue stress ranges arising from combined periodic and stochastic
load components. It is therefore currently the favoured method for detailed fatigue
design. The procedure is essentially as follows.

(1) Generate a three-dimensional ‘run of wind’ for the chosen mean wind speed,
with the desired shear profile and tower shadow correction.

(2) Perform a step-by-step dynamic analysis on the turbine operating in this wind
field, to obtain in-plane and out-of-plane bending moment time histories at
different radii.

(3) Convert these bending moment time histories to time histories of bending
moments about the principal axes.

(4) Compute stress—time histories at chosen points on each cross section.

(5) Derive the number of cycles in each stress range ‘bin” by Rainflow Cycle
Counting (see Section 5.9.5 below).

(6) Scale up the cycle numbers in line with the predicted number of hours of
operation at the chosen mean wind speed.

(7) Calculate corresponding fatigue damage numbers based on the applicable S/N
curve.

(8) Repeat above steps for different mean wind speeds, and total the resulting
fatigue damages at each point.

A computationally simpler alternative is to generate a one-dimensional ‘run of
wind” (in which only the longitudinal component of turbulence is modelled), and
run a number of simulations at different, fixed yaw angles.

The duration of wind simulations is limited by available computer power, with a
time history length of 600 s being frequently chosen. A consequence of this is that a
single simulation will not provide an accurate picture of the infrequent high-stress
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range fatigue cycles, which can have a disproportionate effect on fatigue damage
for materials with high m value such as those used for blades. However, this
inaccuracy can be reduced (and quantified) by running several simulations with
different random number seeds at each wind speed — see Thomsen (1998).

5.9.5 Fatigue cycle counting

As noted in Section 5.9.4, the dynamic analysis of turbine behaviour in a simulated
wind field yields time histories of loads or stresses which then need to be processed
to abstract details of the fatigue cycles. There are two established methods of fatigue
cycle counting: the reservoir method and the rainflow method, both of which yield
the same result.

In the reservoir method, the load or stress history (with time axis horizontal) is
imagined as the cross section of a reservoir, which is successively drained from
each low point, starting at the lowest and working up. Each draining operation then
yields a load or stress cycle (see BS 5400 (1980) for a full description).

The rainflow method was first proposed by Matsuishi and Endo in 1968, and its
title derives from the concept of water flowing down the ‘rooves’ formed when the
time history is rotated so that the time axis is vertical. However, the following
description not involving the rainflow analogy may be easier to understand.

The first step is to reduce the time history to a series of peaks and troughs, which
are then termed extremes. Then each group of four successive extremes is examined
in turn to determine whether the values of the two intermediate extremes lie between
the values of the initial and final extremes. If so, the two intermediate extremes are
counted as defining a stress cycle, which is then included in the cycle count, and the
two intermediate extremes are deleted from the time history. The process is contin-
ued until the complete series of extremes forming the time history has been
processed in this way. Then the sequence remaining will consist simply of a
diverging and a converging part from which the final group of stress ranges can be
extracted (see ‘Fatigue Characteristics” in the IEA series of Recommended Practices
for Wind Turbine Testing and Evaluation (1984) for a full description of the method
and for details of algorithms that can be used for automating the process).

Al